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Finite-Difference Strong Numerical
Methods of Order 1.5 and 2.0 for Stochastic
Differential Ito Equations with Nonadditive
Multidimensional Noise

D.F. KUZNETSOV

The paper is devoted to construction of strong numerical methods of the Runge-Kutta type of
order 1.5 and 2.0 for Ito stochastic differential equations. Explicit and implicit one-step and implicit
two-step strong numerical schemes are presented.
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Introduction

Let (Q, @, P) be a complete probabilistic space; {8t } 1€ 10,71 is a non-decreasing continuous from the

right family of o-subalgebras @¥; {Wt, t € [0, T1} is an m-dimensional ¥ t-measurable for each t€ [0, T]

standard Wiener process with independent components Wt(i) i=1,..,m.

Consider an Ito stochastic differential equation of the form

dx, = a(x, ) dt + Z (x, ) dW,, x;, = x(0, w), (¢}

where x € R " is a solution of equation (1); a(x,):R"*x O, TI-R", Z(x, ): R " x 0, T]» R ™

are non-random functions that together with X, € R " satisfy standard conditions [1] of existence and
uniqueness of solution of (1) in the meaning of stochastic equivalence.

One of known approaches to construction of numerical methods for Ito stochastic differential equations
is based on the Taylor-Ito expansion of their solutions [2]. For their realization, numerical methods based
on this expansion require calculation of partial derivatives of different order of functions a(x, ) and
2 (x, t) at each step of integration. Calculation of thesé derivatives requires additional calculation effort
which results in inconvenience when numerical methods are used. Note that this was the reason due to
which numerical methods for ordinary differential equations, based directly on the Taylor formula, have not
been widely used in practice. Instead of them, as a rule, finite-difference numerical methods of the
Runge-Kutta type are used. They do not require calculation of partial derivatives of the right-hand side of
an ordinary differential equation.

Authors of some works (see, for instance, [2 D, theoretically and practically demonstrated that heuristic
generalizations of well-familiar numerical methods of the Runge-Kutta type as a rule appear low-efficient
for stochastic differential equations or do not converge to solutions of these equations at all. The cause of
this lies in essential distinctions between rules of differentiation of complex function in deterministic and

- stochastic calculi. In other words, a number of terms is absent in formulae of numerical methods for ordinary
differential equations. However, taking them into account is obligatory for attaining required degree of
accuracy of a numerical method as applied to a stochastic differential equation.

Thus a necessity arises to construct “correct”, i.e., taking into account the rule of differentiating of
complex function in stochastic calculation (the Ito formula), finite-difference numerical methods of the

Runge-Kutta type for Ito stochastic differential equations.
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Consider a partition {rp}p’i 0 of the interval [0,T], for which 0 = Ty <7 <..<7T,= T: AN =

= max It -7l
os<psN-1 PtL P

Discrete approximation Y, »P= 0, 1,..., N, of solution X, 1€ [0, T}, to equation (1) corresponding
P

to AN is called [2] to be strongly converging with the order y > 0 at the time instant T to the process x o

t € [0, T], if there exists a constant C > 0 independent of AN and a number 60 > 0 such, that

M{x, -y} CAJVA, € (0, 3,)-

Strong numerical methods (discrete approximations) for Ito stochastic differential equations are applied
[2] in solutions of problems of constructing new mathematical models of the type (1), in Markov chains
filtering with continuous time and a finite discrete state space, in testing procedures of parameter estimation
of dynamic systems described by equations of the type (1) etc.

This paper is devoted to derivation of finite-difference strong numerical methods of the Runge-Kutta
type of orders of accuracy 1.5 and 2.0 for (1). At that we present explicit and implicit one-step and also
implicit two-step numerical schemes.

Taylor approximations of partial derivatives
of deterministic functions

Let f(x, ), g(x, ) : M " x [0, T]1> N " and function f is twice continuously differentiable with respect
to x and it is continuously differentiable with respect to ¢, and g is bounded. Then for any A > 0 we obtain
by Taylor formula

n 2
A eOr =S afix+oAg0+0@42, @
i=1 i=1
n . 2 3
A 21: g (l)fli = 21 a f(x + B,Ag, 1) + O(A°), 3)
1= =
n . 4 4
A 21 g O, = 21 7,f(x + 0, Ag, 1) + O(AY), @
i= i=
2 @ ) 2 3
A Zlg Og Op, = }:, p,f(x +y,Ag, 1) + 04, %)
ij= i=
2 ¢ i & 4
A?Y g0y O)f"ij = 2} uf(x + 1. Ag, 1) + 0A ), ©
hj=1 i=
. n 2 2
A(f+2g(i)f’i] = > xf(x +8,A8,t+y,8) + 0(a?), D
i=1 i=1
- n - 2 2
2f+A{f+21 g (‘)f’i] = ;pif(x +v,Ag, t+ M) +0B?), ®)
i= i=

def

. def . def | def 2 def
where u(x, f) = u; u O, 1) = u®; Lt of 4 o7t

. = f - =" .q®; i
v "X ® P oy @ g O f grut s the i-th component of

u (u denotes any of functions f, g); coefficients Ty Tppeees f;‘i satisfy the following systems of equations:
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It is easy to check up that one of possible solutions of systems (9)—(11) is the following one:
1 1
q=—q=L=-f=gu=pm=lpy==-2,4 ==4=1,1=0,7 =-n, =18

=1 = =L =—g =L = = 0 =
X]:—x2=1, 'yl=—y2—7,5 —'—52—2, Jtl— .71'2—-2, 01—2, 02-0, fpl—(pz—l,

‘Pa = —2’7/"1 =0v¢2 =2’¢3 = l
From this point onwards, in numerical experiments we shall use only this solution of systems (9)—(11).

Explicit one-step strong finite-difference methods
of orders of accuracy 1.5 and 2.0

Introduce notations:

m 2

(i - 1 o = (4
== 4 Z a Ox, t) (;) + -2—2 2 = Bx, 1 = @x, t)——m
i=1 =1 Li=1

Go(z) _jZ > 0')()(, ) —-—6, i=1,.,m,

where a(x, ) = [la O, 0,2, ; Z(x, 1) = [|= @, DY Priil

Denote by l( k) (s>t z vni, =1, ml .., =0,1,2,..;k=>1) the repeated stochastic
k k

I “k
st

Ito integral of the form
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t
. s .
16 = [t - f t-t)h W(’ e dW D,
t k

N
and denote its approximation by J, @ ~l~ik).
Ll
3¢
Consider first an auxiliary explicit one-step strong numerical scheme of order of accuracy 1.0 based

on the unified Taylor-Ito expansion [3]:

You

m e
(z i @)
i1 =Y, +221 +aa+ Y Gz 12+

1 T T 1 T T
i =1 p+1"p 11 12~—l p+1"p

(12)

T
p+1"p 41" p+1"p 1l p+"p

m ~ .
+2[Go('})a(uo(‘t) '”1' )—Llel ]+ E G WG LDE, 1(‘3‘2‘:)

i =l i, i =1 g

def
Here and further Y, =Y T, = pA; Z,(x,1) is the i-th column of matrix Z(x, 7); the functions
P

2‘. s Byenny Go(ia )Go(iz)zi in the right-hand side of (12) are calculated at the point (yp, 'tp).
1 1
1 3

Despite the right-hand side of (12) contains terms of A2, A and A2 orders of smallness in the
mean-square sense at A -» 0, the numerical method (12) has strong order of accuracy 1.0, not 1.5 as it
might have appeared at first sight. This conclusion follows from [2, Theorem 11.5.2, Pages 391-392]
and is confirmed by the numerical experiment 1 (see below).

Put y0'>—y + VAL (Y,.7,) z‘D ¥,* Aray,, ) u‘ﬂ)— Yt ArZ (v, ) Ap@ =1,+ r,A,
where T denotes any coefhc1ent appearing in the systems (9)— (11).

Using formulae (2)-(8), let us construct on the basis of numerical scheme (12) the following auxiliary
explicit one-step strong finite-difference method of order of accuracy 1.0:

Yo =Y, + Aa(y,, )+22 ”, r)I(' +

41"
LR TN
+7x 2 zajz (y R APACY +
ll,2=lj=l p41""p
13| s ) 16 4 @)
1 13 1
+ KE ana(upan ,Tp) AIo(l + 4 1 - 13)
h =1 | /=1 orp “p+1"p

r=1 j=l p+’ P

3
%2 7% 0')1)+2x.2i(z A‘f))]z(’ +
1

2
1 z ii)
"'Ki Z zajkiliz(yp ’T) oo’oZl ’

»T
p +Hp
where

(i) 14
7)) = 2 2, (0 7, as
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By making use of Taylor formula the right-hand side of (13) can be transformed to a representation

that differs from the right-hand side of (12) by a quantity of higher order of smallness, in the mean square
3

sense, compared to A 2. Then, strong convergence of order of accuracy 1.0 of the numerical scheme (13)

can be substantiated using [2, Theorem 11.5.2, Pages 391-392] or [4, Theorem 5.4, Pages 293-294].

Using standard relationships between Ito and Stratonovich repeated stochastic integrals [2] we obtain

Io(il) = 10"(‘]) , 11(i‘) _ Il*(i,) almost surely (a. s.), 15)
1" T oup 1
(i)  _ i) _ 1
Iooztl o= Io?! 3 l{l.l =) A a.s., (16)
pH+'p p417p
G,ii) &) 1 ) _1 *(i,) *(i,)
Ioo’of' . 8 ooty {: =i }1 ) l{i2=i1) AIot > +Ilt > ) a.s., an
pH’p T4 pr1p P+’ p pH'p
where
o,
i) _ _ @) ).
111 k f(t 1) f(t )4 Wﬂ""dW'kk’

5,
§> 8 ey iy = 1,..., m;ll yoeey l/c =0,1,2,.;5k = l;f denotes Stratonovich integral; 1.4 is the indicator
of the set A.

The stochastic integrals in the right-hand sides of (15)—(17) can be approximated by the method that
makes use of multiple Fourier series in Legendre polynomials [4]. In the result, using (15)—(17) we obtain
approximations of repeated Ito stochastic integrals appearing in (12), (13).

Consider an Ito stochastic differential equation of the form

dxt = ax, dt + bxt dwt, (18)

where a, b are constants, w ¢ is a standard scalar Wiener process. It is known [2] that the solution of equation
(18) at ¢ = T has the form

1 .2
- =b°|T+b
xe(" 2 ) r 19)

x=0

T

Let us test numerical method (12) by the scheme suggested in [2]. This scheme [2] consists in
calculation of estimate ?L u Of error & = M{lx, — ¥, I} by formula

A 1 - () Ak,j) 20
SL'M=mk 12 le i = Yr )
=l j=

for different values of the integration step A; yTA("' ) (k=1,.,L,j=1,.., M are independent realizations
of random variable Yr = yTA obtained by the studied numerical method at constant integration step A. The
random variable is the approximate value of X5 x7(.k"’) k=1,.,L, j=1,.., M are independent

realizations of random variable X, of the form (19); Xy &) and yf("") at fixed & and j correspond to the
same realization of the Wiener process W, tE 0, 7].

Numerical experiment 1 (Figure 1). To model 2000 (M = 20 groups with L = 100 items in each of
them) of independent realizations of random variable X of the form (19) by formula

l 1
T+bva 3, ¢%)
xe( 77 > @n

0 p=t
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Figure 1

atxy =1;T=1;a=b=15N=T/A;A = 273, and also by the numerical method (12) for the same

input data and Yo = 1. For approximation of integrals from (12), use relationships

. . A
B =vELO, D =2 d)? as, o7
tp +1 'tp 1P +H'p
3 3
. _ A2 1 «(111 _ A2 3
o ___2__(;0(1)+ﬁ¢10)),,0& ) =56 as. @3)
'p +1 "p tP + 'tP

def def
and formulae (15)—(17), here Co(lp) = Co(l ), Cl(lp) = Cl(l) (p =1,2,..,N) are independent in totality
standard Gaussian random variables. Calculate aoo 20 by formula (20), repeat calculations for A = 27/,
j=4,5,6,7, plot dependence é;oo 20(A)’ A=2 'j, Jj=3,4,..., 7. Repeat calculations for the numerical

method (13).
Consider numerical method of the form

2

= A 24
s = G p ¥ LAG, T, @9

Y

2
where qp +op is the right-hand side of (12); _A_2_ La is the systematic addend of the second order of smallness

from the Taylor-Ito expansion [2].
The finite-difference numerical method corresponding to the numerical scheme (24) has the form

o Alr a3 ) . D AO
Your =Upp, + 5 Trzl/z a0 7 T,) + 21 pya(z,’ A0), (25)
=] j= =

where ﬁ'p Hop is the right-hand side of (13) without the addend A a(yp, rp).

Numerical experiment 2 (Figure 2). Repeat numerical experiment 1 for numerical methods (24), (25).
According to [2, Theorem 10.6.3, Pages 361-364; Theorem 11.5.2, Pages 391-392], numerical
methods (24), (25) have strong order of accuracy 1.5 and their errors appear to be significantly smaller
than errors of numerical schemes (12), (13) (see Figures 1, 2).
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Figure 2

Consider an explicit one-step strong numerical method of order of accuracy 2.0 of the form [3]

A? & [ ) i) ~G.i)
— e—— l — —
Ypur =Upuy, + 5 L3t D [Goszil (Ilozx 1 ) .

= e .
iHi=1 pH'p o+ "p

(26)

T ,T T T
p+1 p P+l p P+l p

A i) iV (i) (D) i)
LG')EI“ +Go('z)G0(’1)a(10121 + AL )]+

S 606660z TELLE)
+ 3 GIGHIGE, kb

’

= t s T
l|,12,13 14 =1 p1"p

where L TP is the right-hand side of (12); the functions in the right-hand side of (26) are calculated at

the point (yp, Tp).

Using formulae (2)—(8), let us construct on the basis of the numerical method (26) the following explicit

one-step strong finite-difference numerical scheme of order of accuracy 2.0:

where

Ypst = zzﬂ a(y ,,)+zpa(zw,m) an
r—lj—
—§2 T ;(il) + % ﬁ é Z( ) ¢ 1(1211) +
Vo+1,p "i 4 O, 7p) o VKl “ 4 1% Yo * %)
1 P+l p 1°°2 p+l p

1 m 3
-3 Zﬂ,z @, .r)+2x-2,-l(zp(f,Aw)] +
P+l p
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1 m 4
+ 3 2 Zr]I“ ,1)1321 +

il syl =] j=1 ‘p+1 *p
R < (zz ) _ 76
WE 2 Zr/g(y,,,,, v T,) (4 - Iy +
ii, =1 j=1 "+ “p+1"%p
4 A ~
Gi,) @,i) @)
* Z il oo™ Tp) (B> FALg " | - 28)
j=1 "o+ “p41"p
3
1 <o I (, i)
222‘“}11(}, T)"'Z,,, pJ’A )| 4 21 +
r=1 j=1 t 1 p+l '1p

+ 1 L & ’i4) 1(14131211)
mz zﬂjczu pw ’1)0000 ’

T
p+’ p

2
= Gi)
y T ) E a; Z (y ,rp), hi’ (yp, tp) _j=§l :rja(upax ,rp),

1 m 3 2
g (¥, 7,) = 7721 /g ?i 2’] (yp({l’r)’ )t ;2 X z’} (ng), AD(;)) ’

2
= ) _ .
€iii, Op 7p) = Z ok iz(ypﬂ3 ' Tp)i

k; (yp, rp) is defined by equality (14).
12

Using standard relationships between Ito and Stratonovich repeated stochastic integrals [2] we obtain

Ia(lzl,) = (tzt,) —1{1 - }A a.s. (@ =01 or10), 29)

T )T K1
P+l p p+l 4

(i i) _*(zzzz) *(i i) 1 *( ) o) _
1“:' =000 **" * I{z—t}Iloz' —21{i3=i2}(110“ Tt )
P+’ p p+'p 41’ "p o’ p o
30)
*(i,5) *(i,i,) 1 2
2 {l _l}(AI 43 +I :3 1)-}-3—1“!:1.2} l{i‘=i3}A a.s.
P

p+l P p+l'

The repeated Stratonovich stochastic integrals in the right-hand sides of (15)-(17), (29), (30) can be

approximated by the method described in [4]. Then using the above-mentioned formulae we obtain
approximations of Ito repeated stochastic integrals appearing in the right-hand sides of (26), (27).

Numerical experiment 3 (Figure 3). Repeat the numerical experiment 1 for numerical methods (26),

(27) using for approximations of repeated stochastic integrals formulae (15)—(17), (22), (23), (29), (30)
and also relationships [4]

10
T K1
P+’ p

A* A2
4 =_T[%_(;0(1))2 +71§.;0<1>;l(1>_ et OO

q i .
T ((Zi Darn &) - mraweET e Ci‘”ii(iz’)]’
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(A1) =1) Q) *(11) *(1111) A )4
Ion - 10 11 10 ’ Ioooo =724 (C )
T ,T T T T K1 (1 T
P+l p p+t p pH p p+l P P+l p

def
atg = I;Ci’(; ) = C,-(l) (i=0,1,..,9+2,p=1,2,..., N) are independent in totality Gaussian standard

def
random variables and Co(lp) = Co(l) (@ =1,2,.,N) are the same random variables as in (21), (22);

”~N
Il'o(1 1) is an approximation of the integral Il";)(l b
Tp+1'p p41"p
Note that convergence of the numerical method (27) is substantiated analogously to convergence of

the numerical method (13).

Implicit one-step strong finite-difference methods
of orders of accuracy 1.5 and 2.0

The need in implicit numerical methods for Ito stochastic differential equations is conditioned by the
following reason. These methods possess a higher degree of stability [2, 5] than explicit methods.

Consider a family of implicit one-step strong numerical schemes of order of accuracy 1.5 [2, 5] based
on the unified Taylor-Ito expansion [4]

yp(i)l = yp(l) + {za:la(’)(yp+l ga) v -ayadia+

p+l
. @31
1 ~ ~ ~
+ (7 - al) B,La (I)(yp+l,rp+l) +(1 -B)La®a? + vp(_?l,p,
where
Vp(i’l = 22(")1( ) L EG(:)z(h),Ozi,) +
T Byl Tp+1p
(32

LMS

[G(')a“)((l—a)u(‘ + 1@ )—Lz(”}hl('}) ]+

T T T T
L p+1"%p P p pHp

i 2 G ez G )lo((l)aol2 v
'1 ,12,13 =1 'p+1 -‘p
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a P ,3'1 €[0,1];1=1,2,.., n;index (}) denotes the /-th component of a vector; functions in the right-hand
sides of (31), (32) without arguments shown are calculated at the point (y > 'rp).

Put o = ;— in the right-hand side of (31) and approximate the partial derivatives appearing into the

right-hand side (31) by finite differences using relationships (2)—(8). In the result we obtain the following
numerical method:

' 1 (33)
p(-?l = yp(l) + —2—{3 (I)(yp+l ’ p+l) + a(l)} A+ vp(-?l N
where
o 5 ) 26 L L % s )y G) oy Pk
Voil o= Z (y T )I +K 2 Zaj 1 (ypﬂz ,tp)]00 +
p+1"p '1"2:1’:1 T+
2 . ~ ~. 34)
1 <o Gi) 1, 7G) Q)
5 5 Breoutofpai? 410 ) -
1[ =1 |j=1 'p+1 ’tp 1'p+l 'tp

m 3
- 33T e ®Wuy 17)+2x2(h)(z0)A(!))] 26y |,

& Ty
r=1 j=1 e

e 2 0) 1 ii) ’
a. k. 321 H
2 D /kul ;2(3',, ) D00 L
ll .12,13 =] j=1 P+l'p

l>|'-‘

and the meaning of notation appearing in (13), (31) is preserved; [ =1, 2,..., n
Numerical experiment 4 (Figure 4). Repeat numerical experiment 1 for numerical methods (31) at

& =7 and (33).
Consider a family of implicit one-step strong numerical methods of order of accuracy 2.0 [2] based
on the Taylor-Ito unified expansion [3]

(1) =g U] r® 35
p+l p+1 p p+1 N/
£100,20 " —_— y r v
0.16 |- -
0.14 .
Method (33) e,
0.12 for ;1 == -
0.1} 4
0.08 - -
\Method 3D
~ 1
0.06 |- forle =3 B
0.04 - b
0.02 -
o A L 1 A 1 i
0.02 0.04 0.06 0.08 0.1 0.12 A

Figure 4
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where

=1
b ’lz

m A ~ ~
= i li @) @G,i) i iy ,G0)
rp(fl,p—Z [Go(‘z)LE(n)(IIOZI A )—LGO(’z)Z(’x)IIOZ' +

T T T T T %
Pt p P+l p P+l p

o ~ A (36
+ GG Ha® (10(1‘2'1) +A(1-&) 10(82’1) )] +
p+1"p Tp11"p
m
+ 2 (ARIARIAA AT )[(’4’3‘2'1)

= " T
b abplyi =1 p+p

g ‘ff}l , is the right-hand side of B1); /=1,2,..., n

After approximation partial derivatives appearing in the right-hand side of (35) by finite differences
using equations (2)—(8), and taking & a, é ,{=1,2,...,n, we obtain the following strong numerical method
of order of accuracy 2.0:

A
Yo =Y, vy {a(y, 1) tay, )t +a,, (37

where

1 & 2 G) 76
qp+l,p=vp+l.l.7——2—‘2 ana(u ,t)I

 =1/=1 et p
m 4 . ~. (38)
i i i
WE S Db @)L
ll ’ 2=1 j=1 1 b+ ,’p
and the meaning of notations appearing in (27) is preserved; Vol p is defined by formula (28).
Numerical experiment 5 (Figure 5). Repeat numerical experiment 3 for numerical methods (35) at

& =7 and @3D.

It follows from [2, Section 12.6, Pages 420—-425] that the numerical schemes (35), (37) are strong
schemes of order of accuracy 2.0.

™)

100,20 s T T T T -r
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Method (37)——__
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~ 1
0.01 fora =5
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Figure 5
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Implicit two-step strong finite-difference methods
of orders of accuracy 1.5 and 2.0

Consider a two-step strong numerical scheme of the order of accuracy 1.5 [2] based on the unified
Taylor-Ito expansion [3]

3O = -y +7y O +1A@O Vpa1 Fpar) +

+1 +7)aly, )+ 7,200, .1, D+ v T, 39

where v<’> , is defined by formula (32) at &, 2 7, €0, 111=1,2,

Approximate partial derivatives appearing in vp(i)l from (39) by finite differences using relationships

(2)-(8). In the result the quantity v, (l) from (39) is transformed to the form (34).
Numerical experiment 6 (Fxgure 6). Repeat numerical experiment 1 for numerical methods (39), (32)
and (39), (34) at )7; = 1;6:'l = % Perform the initial step of the method (39), (32) by the scheme (12)

and the initial step of the method (39), (34) by the scheme (13).
Consider a two-step implicit strong numerical method of order of accuracy 2.0 of the form [2, 3]

1 p+l (40)
Your =Ypoy + A0, 7,,) + 220, 7)) +a(y, T, )} +k2 U oy >
=p

where

. @n
U2 p = Vpt ot T

v has the form (32) at a is defined by equality (36) at &'I = %

=L.0
p+l,p 2’ p+l,p
Approximate partial derivatives appearing in . PP of the form (41) by finite differences using

relationship (2)—(8). In the result Yt p is transformed to the form (38).

100,20 y y T

0.16

0.14 Method (39), (34) ——
bt ~ _1
for'y’ =1, o =3

0.1

0.08+ \ Method (39), (32)

for;I =l,¢~11 =L

0.06 | 2 e

0.04

0.02}

0.02 0.04 0.06 0.08 0.1 0.12 A
Figure 6
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Numerical experiment 7 (Figure 7). Repeat numerical experiment 3 for numerical methods (40), (41)
and (40), (38). Perform the initial step of the method (40), (41) by the scheme (26) and the initial step
of the method (40), (38) by the scheme (37).

Conclusion

It should be noted that authors of [2] presented finite-difference numerical methods of order of accuracy
1.5 analogues to those reported in this paper, however the methods [2] have somewhat more complex
form. As for finite-difference numerical methods (27), (37) and the method (40), (38) having order of
accuracy 2.0, they do not have analogues of the same degree of generality. So, for instance, authors of
[2] presented explicit and implicit finite-difference one-step numerical schemes of orders of accuracy 2.0
only for the Ito stochastic differential equation (1) with scalar (m = 1) and additive E(x, ) = Z(¢):

0, T]1-> N ™ noise. At that, the result of numerical experiment in [2, Page 389] demonstrates that the
least error of the first of these schemes is approximately equal to 2‘3'25, it increases when A decreases,
starting from A = 273 and attains value 273! at A = 274 (cf. Figure 3).
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