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The Three-Step Strong Numerical Methods
of the Orders of Accuracy 1.0 and 1.5
for Ito Stochastic Differential Equations

D.F. KUZNETSOV

This work deals with the three-step strong numerical methods of the orders of accuracy 1.0
and 1.5 for Ito stochastic differential equations. We propose the explicit and implicit three-step
numerical schemes, as well as the three-step numerical schemes of a Runge-Kutta type. The
convergence of the considered numerical methods is proved theoretically and illustrated by
numerical experiments.
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Assume that (Q, % P) is a complete probabilistic space, {%, t € [0, T]} is a non-decreasing right
continuous family of c-subalgebras % Let us consider the Ito stochastic differential equation in an integral
notation

t t
x,=x0+ja(xs,s)ds+_[B(xs,s)dws, ¢))
0 0

here x; € #" is a strong solution of equation (1); ws € &" is a %-measurable for every s € [0, 7] standard
Wiener process with the independent components wgi) (i=1,..., m); Xg € X" is an initial condition which
does not depend stochastically upon the increments ws; — wo when s > 0, at that M{| xolz} < oo0; the non
random functions a(x, s) : " x [0, T] = &", B(x, s) : " x [0, T] = 2™ satisfy the conditions of existence
and uniqueness, in the sense of stochastic equivalence, of a strong solution of equation (1) [1].

In recent years considerable growth of a number of works which deal with numerical integration of
stochastic differential equations has been registered. It is related with the fact that these equations are
adequate mathematical models of a number of physical and engineering systems [2], just as they are applied
while solving such mathematical problems as the filtering problem, parameterization procedures testing
problem, Cauchy problem for partial differential equations of the parabolic type and others [2]. ‘

In this work we consider the five- and eight-parameter families of three-step strong numerical methods
of the orders of accuracy 1.0 and 1.5 correspondingly for Ito stochastic differential equations.

We shall remind a definition of the strong numerical method [2].

Let us consider the partitioning {t p}}],vzo of the interval [0, 7] such that

O=1<11<..<1y=T,Ay= max |1p+1—‘c

0<ps<N-1 pl

We shall say that the discrete approximation y«,, p = 0, 1,..., N, of the process x;, £ € [0, T], which
corresponds to the maximum step of digitization Ay, converges strongly with the order y > 0 at the instant of
time 7 to the process x;, ¢ € [0, T], when Ay d 0, if there exist the constant C > 0, which does not depend
upon Ay, and number & > 0 such that M{|x7 ~y7)|} < C (AN V An e (0, d).
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Advisability of construction of three-step strong numerical methods for Ito stochastic differential
equations is caused by two reasons. First, it is well known [2, 3], that in a number of cases the use of multi-
step numerical methods both for ordinary and stochastic differential equations enables, on every step of
integration, to compute or approximate the less number of partial derivatives from the right-hand part of the
considered equation as against one-step numerical methods of the same orders of accuracy being applied.
Secondly, only a few works deal with multi-step numerical methods for Ito stochastic differential equations,
that is why the given numerical methods are insufficiently studied. At that in the literature among multi-step
methods only the two-step numerical ones for Ito stochastic differential equations are presented.

So, in [4] the explicit two-step strong numerical method of the order of accuracy 1.0 for the system of
two Ito stochastic differential equations of a special form is presented. The explicit two-step strong
numerical method of the order of accuracy 1.5 for the Ito stochastic differential equation with an additive
noise is constructed in [3]. The general version of the given numerical method is obtained in [2]. The implicit
two-step strong numerical methods of the orders of accuracy 1.0, 1.5 and 2.0 are presented in [2, 5], and of
the orders of accuracy 2.0 and 2.5 — in [6].

Observe, that the known in the literature (see [2—6]) one-step and two-step strong numerical methods of
the orders of accuracy 1.0 and 1.5 for Ito stochastic differential equations will be obtained from the
represented in this work parametrical families of three-step numerical methods, if the parameters are chosen
in a certain manner.

The three-step strong numerical methods of the order of accuracy 1.0

Let us consider the following three-step strong numerical methods of the order of accuracy 1.0:
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where [ =1,2,...,n;p=2,3,..., N—1; g is the [-th component of the vector g; s, B; € [0, 1], a; + B, < 1,

81, W, vy are numerical parameters; 1, = pA, A € (0, 1); T=NA;

m m
- ) 7)) (@)% 7(j1)
VTPH’ p ;B’ (yTP ’Tp)](O)TpHs"p * ijz=lG Bl (yTP ’TP)I(OO)TpH,Tp ’ (3)
7 70 o . ..
Here Ot a1ty ’1(00)1p+1,fp are approximations of the iterated Ito stochastic integrals
0 P 0D D@
i _ i Ji _ J i
I(O)TPHJ,, = I aw’, 1(00)1:1,_,_1,1.'1, = I dee aws
Tp Tp Tp

correspondingly; B; is the i-th column of the matrix B:

U) = < p)) o ._
GY'= BV —7,j=1,....m,
= ax(l)

where B is a component of the matrix B.

To start numerical scheme (2), (3), one needs to know the quantities yill) ,yglz), [=1,..,n. They can be
computed be means of the explicit strong one-step numerical method of the order of accuracy 1.0 [2, 3, S, 6]
(numerical method (2), (3) when ;= p; =1, B;=8; = v; = 0). For approximation of the iterated Ito stochastic
integrals, which appear in the right-hand part of (2), one may use, for example, formulas from [2, 3, 6-9].

We shall prove the convergence of numerical method (2), (3).
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Theorem. Assume that V x,y € 2" 5,te[0,T],s>t,p=0,1,...., N-1,i,j, k=1,...,m, [ = 1,..., n,
and for some constants K1, K, K3, C1, C2, which do not depend upon A, the following conditions:

1) M{] x0/°} <o0;
2) M{| x0 - Yol } + M{| x¢, - ¥ o'} + M{| X, -y o'} < C18%
NlaH-aly d<Kix-yl|B&)-By 0 <Kilx-yl,
1GVB; (x, )~ GYB; (y, | < K1l x—y |,
|a (x, 0] +La (x, 0] < Ka(1 +]x]),
GVa(x, 0] +1B: (x, ] < Ka(1 +x)),
ILB; (x, )| < Ka(1 +x)),
IGDBi(x, 0| +IL GY)B; (x, ] < Ka(1 +]x]),
GGV Bi(x, 1) < Ka(1 +xI),
la(x,s)—a(x 0 <Kl Hx])Vs—1,
| Bi (x, 8) — Bi(x, )] < K3(1 +Hx]) /s -1,
IGYB; (x,5) - GY)B; (x, 0 < K3(1 +x) s —1;
DMy Ty, P 2Co8
MG, 1,5y = L0y ) FE NS
5)az Bre [0, 1], oy + Br< 1, 8] + |y + |vi| <o

hold true.
Then the estimation M{| x7 — y7|} < CA is valid, where C is a constant, which does not depend upon

A, Y, ¥x,, YT are determined by numerical scheme (2), (3),

0, iy 2 W) (x5 o
L=—"—+Ya%(xt +— BY)(x,HBY(x,t
AP SNl JZ”,ZI (OB 02 0 o0
Proof. Using the Ito formula, we get
Xt T Xe, +Aa(x1p,‘cp )+d L', +h 0T, &S (almost surely), 4)
a(Xq,, Tptl )= a(ti,‘Cp )H o st as. ®)
Here
Tp+l Tp+l
Te o, = jLa(xs,s)ds+Z IG(')a(x ,9)dw |
Tp =l 1y

L (i) < =) (i)
de ot = i_lei(xTP’Tp)I(O)tP+1’TP +iJZ=1G Bi(xtp,tp)I(OO)TpH -
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Tp+l| s m s ‘ A
hepiy, = [ Jratxe.0)d0+ J.G(l)a(xe,e)dwg) ds +
p \Ip i=1 T

m ‘p+l s

[°] . m © )
+ 3 | || L6VB(x,wdu+ Y, [6PGVB(x, wyawd |x

i,j=1 tp Tp Tp k:l‘[p
. ) m Tp+l s .
xawllaw® +3 [ [LB,(xo,8)d0aw.
=y

On applying formulas (4), (5), it is not difficult to pass to the following representation:

O g x® U] . — 0]
XTM1 —a,xxp +B,xrp_1 +(l-0y B,)XTP_2 +

! I
+ A8 a0y, 1) + 2 (e, 1)+ V12O (xgy )
+ (3 - 20y — Br- 81— - v) 8 (xepg, 1, 2] +

_ ) . O] 0]
+ (1 d’l) dtp"[p—l +(1 a’l Bl)d‘[p_l,‘[p_z +d‘[P+1,Tp

+ Q(l)
Tp+LTpsTp-1,Tp-2

as., Q)

where

0] N0 — U o, — 0]
QTP+1’TP’TP—1’TP—2 —h‘p+1’fp +a al)th’Tp—l -0 Bl)h‘p—lﬂp—2

i /
- Ay, rf(p)+1 » +(0; +1y ‘1)'}(;,11,_1 +(ay+8; +p; + vy —2)rt(l) 1;

>T p—-]:‘cp—2

the rest of notations entering (6) are the same as in (2).
Let us set

]
y¥

= 0‘1)’22 +Bzy$’;_1 +(l-oy— Bz)yg‘g_2 +
)
+ (s =181 a0y ) + Al a® Fep. o) + viaP (et ) +
+ (3= 201~ Br= 8 - v) A (Yepa )] +

I ! !
+(1 —oc,)vg;ﬂp_l +(l-oy _Bl)v(r,);_mp-z + Vg,)rp' )

Here s € (tp, Tp+1, 2 =2, 3,..., N—-1, i.e., (7) grades into (2) when s = 1p+1.
Subtracting (7) from (6) for 1,+1 = s, we obtain

@

i
x® _y® = a’(xir):s - y(Tl;s )+ Bz(xglzs_l Y, )+
®
o O _JW0 Y
Aoy =B, Yo ) U i 2
where
u® =(s— 'cp)Sl (a(l)(Xs, s)— a(l)()'s, s)+

$:Tng>Thg—1:Tng -2
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+ Al (e, 1) =2y, 1 )+
+vi@® (g, 1 ) -0, T+

+(3-2a; B =8 - ~vD@D (%, 1, 2) a0 (e, T, 2]

@ 0

-V
Thg»Tng—1 TngThg—

n O]

(
+(1-ay)(d D=y =B, o, 5 Ve, o, o)t

O] 0 O]

-V
S, Tng $,Tng +Q57Tns>1ns—1>'5ns—2’

+d
ng= max{j:t; <s}.
J

Iterating equality (8), we obtain

) ! ! !
x() =y = e, 1 -y D)o s G -y D)+ g, 15 ¥+

ng—1
I I
+ Y qu() +q1U§’1n
J=2 :

Tng—j+2:Tng—j+1:Tng —j>Tng - j-1
Here
epr1=0areptfr,e1=ay,
Jer1=Brex+ gk, 1= Bi,
gkr1= —oy—PBper, g1=1-oy— Py,

grr1=¢ekq1=1,k=1,2,...,n,—2.

©

(10)
an
(12)
(13)

Observe, that if in the right-hand part of (2) one sets oy = p; =1, ;= ;= v; = 0, then numerical method
(2) will become the explicit one-step strong numerical method of the order of accuracy 1.0 known as the
Milshtein method [2, 3]. The convergence of the Milshtein method is proved in [2, 3, conditions of
theorem 1]. The only inherent difference, which can appear during substantiation of convergence of

numerical method (2), (3) by means of approach cited in [2, 3], is that the coefficients e, f, gk, g may grow

when & grows, whereas for the Milshtein method e, | = fns_l =0, gp,1=L g1=.=¢q,,1=1.

We shall show that for o, B; € [0, 1], a;+ B;< 1 the numbers ey, fi, gk, gk belong to the interval [0, 1]

forallk=1,2,...,ns— 1.
It follows from (10)—(12)

err1=oyert+ Prert+ (1 —oy= Py epa.
Let us write down a few apparent relationships:
0<er=(a)’ +Pr<oy+Pi<1,0 < fo=Proy+l-oy—Pr<l-oy<l,
er+H+g=1,0<g<1,0<e3=yer+Hr<er+fr=1-g2<1
Therefore, e1, ea, e3 € [0, 1]. By this and (14) one has

0 <eg<oy+Pr+l—-—a;—pi=1.
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Assume now that eg_3, ex_1, ex € [0, 1] for some k> 3. The from (14) we get again
O<eprr1 Soy+Pr+tl—oa—pi=1,

i.e., by induction ex € [0, 1] fork=1,2,... .
By (12), (13) g, gk € [0, 1] for k=1, 2,... .
It follows from (11), (12)

0<Lfrr1=PBrext(1—-o;—=Bes1 <Pr+1-o;-p=1-o;<1,

ie,fre[0,1]fork=1,2,....

So, it is shown that for ay, B; € [0, 1], a; + B;< 1 the numbers ey, fi, gk, gk belong to the interval [0, 1]
fork=1,2, ....

It follows now from (9)

def 2
2 = m{x{" - yP Py<ry) 3 mgxl) -y P14
k=0
(15)

2
Tng—j+2:Tng—j+1:Tng—j:Tng—j-1 ng Tng—1-Tng=2 ) } ?

2
ng—1
1
+M { Y q,u? j +M{U?)
j=2
where the constant L does not depend upon A.

Further, using conditions of the theorem as well as standard inequalities for expectations and moment
properties of stochastic integrals, it is not difficult from (15) to get (see [2, 3]) the following inequality:

S
20 < LyA? + Ly [2Pdu, s < [0, T1. (16)
0

Here L,, L3 are constants which do not depend upon A.
Now by the Lyapunov and Gronwall inequality from (16) we derive

A
M| x) -y P <z <z,A,

ie.,

M{|xp —yr [} < LsA,

where the constants Ly, Ls do not depend upon A, holds true.
The theorem is proved.
Observe, that if in (2) a variable step of integration is chosen the theorem will remain valid. At that the

quantity A = 1<1}1<a]3](_1A j» 4 is the j-th step of integration, will play the role of A.

Let us consider an Ito stochastic differential equation of the form
dx; = axdt + bxdwy. 7

Here a, b are constants; w; is a standard scalar Wiener process. It is well known [2], that solution of
equation (17) for ¢t = T has the form
[a—lb2)T+bwT
2 . 18)

X =Xp€
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Let us realize testing of numerical method (2), (3) by means of the scheme proposed in [2]. This scheme
[2] is to cbmpute the estimation & js of the error € = M {|x7 — yr |} by the formula

. 1 LY - -
S =—— > 2IxE —ypka (19)
LM (555

for different values of the integration step A; yA(k J) (k=1,...,L,j=1,..., M) are independent realizations of

the random quantity y; =yT, which is obtained by means of the considered numerical method at the
constant integration step A and is an approximate value of xr; x(Tk’j) k=1,.,L j=1,., M) are
independent realizations of the random quantity x7 of the form (18); x(Tk’j ) and y%(k’j ) for the fixed k and j

correspond to one and the same realization of the Wiener process wy, € [0, T].
Numerical experiment 1 (Figure 1)

Simulate 2000 (in M=20 groups of L=100 pieces) of independent realizations of the random quantity xr
of the form (18) by the formula

(a—ibz)T+bw/— xS
xe ’- 20)

whenxo=1,T=1,a=b=15,N=T/A, A= 2_3, and also by means of numerical method (2), (3) for the
same initial data and yp =1, 0; =0, 1 =81 =pni=v1 = % Two first steps realize by means of the explicit

Milshtein method (numerical method (2), (3) when o = py = 1, 1 =61 = vy =0, Figure 1, curve 1). For
simulation of the Ito stochastic integrals, which appear in (2), (3), use the formulae

i) - F(11) _A 2
(O)TP.H o ‘/_Qp’ 1(00)1 Tp ‘5((%) -D. (20

In formulas (20), (21) &, are independent in the aggregate standard Gaussian random quantities. Compute

€100.20 by formula (19), repeat computations for A = 27,j=4,5,6,7, and plot the dependence €100.20 (A),

A= 2_j, j =3, 4,..., 7. Repeat computations for a; = B; = 0, 81 =1 =v) =—‘3‘— (Figure 1, curve 3) and

a=p= %, di=pr=vi= % (Figure 1, curve 2).

£100,20
1

0.9 -

0.8 - -

0.7 |- -

0.6 |- -

0.5 |- -

o.4 1

0.3 - -

0.2 .

Figure 1
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As is well known, presence of derivatives in expression of a numerical method is its disadvantage. In

view of this we shall construct a finite-difference modification of numerical method (2), (3). For that the
. - . : s 0] 0] U} i ioht-
partial derivatives which appear in the quantities v st pot ’Vrp—l, oo ’vfp+lﬂp in the right-hand part of (2)

we shall approximate by finite-differences. For example, in (2) instead of Ve,,.1, Wemay use the following

relationship:
m
- 7D
Vipetp = ZlBi(yrp’Tp)I(O)rp+1,1p +
i=

1 m
VNG +VAMB (3,07, )+ 22)

70D
"‘szi(YTp + ‘/-A_)‘QBJ'(YTP ’Tp)"tp))l(({(l))rp+1,rp ’

where the constants p1, p2, A1, A2 satisfy the system of algebraic equations

{pl +p2 =0,
P1A + P2l =1

In particular, one may take

p1= =, p2=——,A1=2,22=0. 23)

Numerical experiment 2

Repeat numerical experiment 1 for numerical method (2), (22), (23). Two initial steps realize by means
of the explicit one-step finite-difference numerical method of the order of accuracy 1.0 (numerical method

(2),(22),(23) fora;=p;=1,p1=81=v1 =0).
Results of numerical experiment 2 coincide accurate up to 10~* with results of numerical experiment 1.

We shall explain briefly how the convergence of numerical method (2), (22), (23) can be grounded. By
means of the usual Taylor formula the right-hand part of (22) is reduced to the representation which differs

from the right-hand part of (3) by a term having the order of smallness % by A in the mean-square sense

when A { 0. Further, the convergence of numerical method (2), (22), (23) is grounded so as it has been done
for numerical method (2), (3) (see the theorem).

Observe that in the right-hand part of (22) the multiplier ﬁ occurs. However, we should not divide by

the small quantity VA while realization of numerical method (2), (22), (23) since the approximation

f((({é)ﬁ o is proportional to A [2, 6-9] (the special case of this approximation for i = j = 1 is given by
p+1Tp

formula (21)).
The three-step strong numerical methods of the order of accuracy 1.5

Let us develop the approach stated in the previous section. As a result we obtain the following three-step
strong numerical method of the order of accuracy 1.5:

0 @

- o
Tyt = 0¥, TBIY

‘[p_

y L Ha-oy —Bz)yﬁ’;_z
) I !
+ A[Sl a( )(erﬂ, Tp+1) + 2% a( ) (Y'cp, Tp) + vy a( )(yTp—ls Tp—l) +
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+ (320 —Pi— 81— wi—vi) a(l)(yrp-z, Tp—z)] +

2
+ A% [e1 La(ye 1) + i LDy, 1) + 0iLaD(ye, 1) +

9 1
+ (—— 20y _EBI =38, - 2p -V —g -y _(plea(l)(Y‘rP_z s Tp-z)]‘

2
"AZ[S GPal(y, 1,)1(((’)))11”l G -6 0y, ) (24)
i=1
70 (ONO) 70
IOy .z, I G B [ e P P D) S b

+(1-oy v(l) +(1-ay —B,)vgl) +v¥

>Tp-1 p-1-Tp-2 Tp+1.Tp

Here
< 70 @) A1)
Vipil.tp :gB (y‘CP:v p) O pi1.7p + ZIG B(YT > P)I(00)1p+1 1
€2) 7(i)
+121[G Aty TG o, Ty, T LB T 1 (25
v S GWGUR (v o )i
l]zk: ; i(Ye, Tp)] (000t 11,7
((l’;tpﬂ o (((])‘J(;(%)T paltp AT€ approximations of the iterated Ito stochastic integrals
) b W ) ),
i _ i A J
I(l)rp+1,1:p— J (tp —s)aw; ’I(OOO)TP_H‘E J. ] jdw dwg'dw’;
Tp Tp TpTp

as, Bre [0, 1]; ay + Br< 1; 84, Wy, vi, €1, A, @7 are numerical parameters; the rest notations occurring in (24)
are the same as in (2).

Observe, that when g;=A;= @;=0, %— 20 —% B;— 38 =2 — vi— g — A — @7 = 0 the less quantity of
partial derivatives will enter the right-hand part of (24) than the explicit one-step numerical method of the

1
order of accuracy 1.5 (numerical method (24) for $;=0,0;,=1,8;=0, =1, v;=0,8 =0, ;= Ex 0;=0)

2
since the term %—La(yxp’ .[p) enters the right-hand part of the latter one) [2, 3].

Without proof of the convergence of numerical method (24), (25) we shall note that it can be carried out
similarly to a proof of the theorem with the use of the representation

o _ ) 0 )
X'p+1 X +[3,y1p_1 +(1-0oy —[3,)11119_2 +

! [ I
+ A[87a’ )(er+1, ) T a” (X1, 1p) T VI a’)( Xtp 1, Tp-1) T
1
+ (3 = 20— Br— 81— - vi) AP xepy, 1 )1 +
I !
+ A% [e1 La P xepoy, pep) + 20 LaV(xey 1) + 01La P (xep 1, 5p) + (26)

9 l !
+ (5—20‘1 — 5B =38 =2 vy g =y - (Pl)La( Y(Xe, s Tp_z)]"
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] !
-A[8 q£)+] - +(8,+u,—l)q£;,T » +(a1+6;+uz+w—2)q£’; tpa

1+

! !
(1 -ap g() L ey - Bz)g() Ltpa gil})m oy 350

where

U] @
qu+1,‘[p r‘l:p+1 Tp +§G ' a(xT ’ P)I(O)r +1,Tp°

g‘cp+|,‘rp =d1:p+1,1:p +htp+l>"-'p’

m
(1) (@) )
ooy = LB, T 01, ZIG B, T p) 0y e *
( AT @) i
+Z:1[G ’)a(xT ’ P)( ((I))Tp+l,‘fp +I(ll)Tp+1’Tp)_LBi(XTP’Tp)l((ll))Tp-rlJp]_‘_
i
+ Z G(k)G(j)Bi(x

o )1
i, 7 k=1

Tp> Tp (000)t p41,7p
ke & ) o
| jLLa(xe,O)d9+§ G VLa(xq,0)dwy |ds +
Tp Tp 1= p
m P+l | s

+3 [ | [26Da(xg.00d0+ Y. [6VGDa(xg.0)dw]) [dw?,

i=1 ‘[p TP j:ltp
Tp+l s
h, T2y = I .[ ILLa(Xu,u)du+Z fG(l)La(Xu,u)dW(l) 10ds +
o "p\*p i=lq,
m TP+l s
+ Z I .[ ILG(t)a(xu,u)du+ Zdw(J)de(z)dS+
i=l1 T Tp\Tp j=1

m Tp+l s | 0

+3 jLLB(xu,u)du+Z jG(J)LB(xu,u)dwU)dedw(’)+

i=1 T el Tp j—lrp
Tp+l ¢
+ 2 [ jLGU)B (xu,u)du+z jG(")G(”B (%) dwP | awPaw? ;
ljltp p\Tp kl‘tp

the rest notations entering (26) are the same as in (24), (25).
Note that representation (26) is obtained with the use of the relationships

2
A
= + + +
Xe .= Xe, Aa(xrp,tp) 5 La(xrp,‘cp) d, ot th+1’Tp a.s.,

m .
a(xe,_Tpe1 ) = A(xe ,Tp) + ALa(X,Tp) + gG(’)a(xIP; Py iriep ¥ Tyt 25

which, in their turn, can be obtained by the Ito formula.
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Numerical experiment 3 (Figure 2)

Repeat numerical experiment 1 for numerical method (24), (25) for the following ways of choice of
parameters:

1
Doa=p1=0,e1=¢1=A1=0,u1=vi=1,08 = 3 (Figure 2, curve 3);
1 .
2)a1=p1=0,e1=01=A1=0,y=v1 = 5,61 =1 (Figure 2, curve 1);

1 3
Na=0,B1=—=,e1=01= 11=0,u1=5,v1=1,81=z(Figure2,curve2).

For simulation of the iterated Ito stochastic integral (%(1)8 use the formula
Tp+l:Tp

2(111) A3?
L0000}t ot e p ——((Cp) -3C,),

where (p, are the same random quantities as in numerical experiment 1. Do not simulate the Ito stochastic

integral 7 ((:))T LTy’ since its coefficient will turn out to be zero in the expression which is obtained after
p+l>Tp

application of numerical method (24), (25) to equation (17).
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We shall construct a finite-difference modification of numerical method (24), (25). For that we shall
approximate by finite-differences the partial derivatives which appear in the right-hand part of (25).

As aresult, in (24), instead of Vit of the form (25), we shall use the relationship

O)tpi1.Tp

fB(y v )0
rp+1 ) : Tp »Tp

1om 2 — i)
/ Z ZekBi(y‘rP + AnkBj(ytp’Tp)atp)] 4
1}:

= (00)1p+1,1'p

+

™M=

1
Zl = (O)Tp+1 Tp (I)Tp+l,“p

2 nps
{Zm(y{p + A0 By (Ye )T, e )

1 3 2
_('2_2 lekBi(yrp + Akar(y‘rpan)atp)+klekBi(yrp +AWka(YTpﬁTp)rtp +YkA)JX
r=1 k= =
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7 1< Fa
S 5,2 2ok, B ) @

Here

2
kj(y,5) = Y mBi(y + VA 0, B, (y.9).5),
k=1

y € #", s € [0, T); the parameters 64, Nk, Tk, Ok, Yk Vi Ths Pi» @5, k=1,2,i =1, 2, 3, satisfy the following
systems of algebraic equations:

For example, we may take

—

91=pl=pz=0)3=)c1=1,92=X2=—1,7I1=111=71=Wl=5,

1 (28)
Tt2=n2=yz=\v2=—5, 62=01=0,01=0=2,p3=-2.

Observe, that the convergence of numerical method (24), (27), (28) may be grounded just as the

convergence of numerical method (2), (22). In the right-hand part of (27) the multipliers %,i— occur.
A
However, we should not divide by the small quantities «/Z, A while realization of numerical method (24),

: ; ; 7() (i) 70D (@i ;
(27), (28), since the approximations 1(0): "t 1(1)Terl . I(éé)fpﬂafp’ I((%'O)TPH,TP are proportional

correspondingly to the quantities JZ, A \/Z, A and A«/X [2, 6-9].
Numerical experiment 4 (Figure 3)

Repeat numerical experiment 3 for numerical method (24), (27), (28). For simulation of the stochastic

; (1)
integral ](1)Tp+1,fp use the formula

1t |G e
(1)7p+1 Tp p J_ p |’

where &, &5, p =0, 1,..., N — 1, are independent in the aggregate standard Gaussian random quantities, and
¢p are the same random quantities as in numerical experiment 1. Two initial steps realize by means of the

explicit one-step strong finite-difference numerical method of the order of accuracy 1.5 of the following
form [6]:

Al 3
y‘tp+1 =y‘l:p +E(Ez Z”’ a(yr +\/—)" B (y‘c > p) Tp)+

r=1 j=1

2
+ glpja(ytp +AV;a(Y,,2Tp)T +¢J'A)]+Vrp+1,rp~

Here Vi tp has the form (27), 28); p1=p2=1,vi=0,v2 =1, 901 =0, 92 =1, u1 = =1, pu3 = -2,

1T

AM=1,m=-1,A3=0.
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While comparing figures 2 and 3, we notice that errors yielded by numerical method (24), (27), (28),
which is as it should be, are lightly larger than the corresponding errors yielded by numerical method (24),
25).

Observe, that in [2, 3, 5, 6] two-step strong numerical methods for Ito stochastic differential equations in
which parameters belonged to the interval [0, 1] were considered. We shall give an example of three-step
strong numerical methods of the order of accuracy 1.5 in which not all parameters belong to the interval

[0, 1].
Numerical experiment 5 (Figure 4)

Repeat numerical experiment 3 for numerical method (24), (25) fora; =f1=0,8;=5, p=-8,v1 = 1—1,

2
E1=g1=AM=0,A=27j=56,..,09.
In this work we show that one of sufficient conditions which ensures the convergence of three-step
strong numerical methods for Ito stochastic differential equations is the following condition: oy, B; € [0, 1],

oy + B; < 1. In conclusion we shall cite the numerical example in which non-fulfillment of this conditions
results in breaking the convergence of the considered three-step numerical method.

£100,20
1.4

1.2+

0.8+

0.6

0.4

0.2

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035

Figure 4
34



Numerical experiment 6 (Figure 5)

Repeat numerical experiment 3 for numerical method (24), (25) for a1 = 0,B; =2, &; = é, pp = %,

vi=lLe =@ =A0=0,A=27,=1,2,3,4.

£100,20

2.5

2k 4
1.5} -

1| ]
0.5} R

N A

0056 0.1 0.5 02 025 03 035 04 045 0.5 0.55

Figure S
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