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1. Examples, Motivation, Problems, Objects of Study

Example 1 (J.M.C. Clark and R.J. Cameron (1980)):
dx; = Axdw'® + Bdwy, t € [to,T] (system of Ito SDEs) (1)
(1) (1)
[ x _ [ wy (00 (10 (0
Xt_(X§2)>7wt_<wt(2)>’A_(1 O),B_<OO y Xt, — 0 )’
and w§1), wt(Q) are independent standard Wiener processes.

The exact solution of (1) is:

t t T
Xt(l) = /dwgl), X§2) = //dwgl)dwg).
to

to o

The component x§2> can not be expressed in finite form using
N;;4.(0,1) random variables.



Example 2. System of Ito SDEs:

dxiy = (Ax: + b(t)) dwy, t € [to, T1, (2)

x (V) 000 1 0
xie=|x> |, A={(000],b®)=|¢t], x=(0],
O 010 0 0

and w; is a standard Wiener process.

The exact solution of (2) is:
t t t s
X,gl) = | dw-, X§2) = | sdws, X§3) = //wawas,

to to to to

The component x§3) can not be expressed in finite form using
N;;4.(0,1) random variables.



Example 3 (P.E. Kloeden and E. Platen (1992)). System of Ito
SDEs:

dx; = (Ax; + g()) dt + Y Bjxdw” + C(t)dwy, t € [to, T], (3)

j=1
Xgl) W§1)
Xy = o], W= , g [tg, T] = R",C : [to, T] — R**™,
<™ wlm)
t t

A By,...,By € %nxn’
ABJ' = BjA, BiBj = BjBi; 1,7 =1,...,m,

and w§1), e ,wfm) are independent standard Wiener processes.



The exact solution of (3) is:
t m t
xt = Xty, <xto + /Xs_’ti (g(s) — ZBjcj(s)>ds + /Xs_,tiC(s)dws),
to j=1 to

where

_ 1o 5 . G) ()
Xtt, = €XP (A—Ejzzlej>(t—to)+j§::lBj<Wtj _Wtj> ;

and c;(t) is j-th colomn of matrix C(¢).

The small value t — tg is the integration step for numerical proce-
dures for Ito SDEs, so we do not want to use additional partition
of [to,t]. Otherwise, it results in the growth of computational
errors and a significant increase in computational costs.



If we use the formula exp{G} ~ I + G, then the stochastic integral
t
/ X, £ C(s)dw,
to
leads to iterated Ito stochastic integrals:

t t S
/ P1(s)dwD, / Pa(s) / dwDaw®  (i,5=1,...,m),
to to to

where ¥1(s),¥2(s) : [to, T] — R! are non-random functions.

Thus, the knowledge of the exact solution of Ito SDE does not
solve the problem of the numerical solution of Ito SDE or the
visualization of sample paths of the solution of Ito SDE.



Let (2,F,Fyc01,P) be a filtered probability space, and wy, t €
[0, T] be a Fi-measurable for all ¢t € [0,T] m-dimensional standard

Wiener process with independent components wt(l), e ,wt(m).

Example 4. System of non-linear Ito SDEs:

t ot
X = Xo + /a(xs, s)ds + Z/bi(xs,s)dwgi), x0 = x(0, w),
0 =10

where smooth functions a,bi,...,b,, : R® x [0,T] — R" satisfy the
standard conditions of existence and uniqueness of strong solution
x; € R, xo and w; — wg (¢t > 0) are independent; E|xg|? < co; E is
the expectation operator.

From iterated application of Ito formula for ¢ > tg we have (E.
Platen and W. Wagner (1982)):

10



m t _ t
X =Xt + Y bi(Xpt0) [ dwy +a(xy,to) [ dat  (4)
t

i =1 0 to
m t ty . .
3 Gububute) [ [ awPaw (5)
i,ia=1 to Jo

m t t1 . t i .
+) (Gila(xtoatO) / / dwidty + Lby, (X, to) / / dt2dw§fl)> +
to to tO tO

’i1=1

m t 131 t2 . . .
+ Z Gi3Gi2bil(xt0,to)/ / / dw,gj:")dwgz)dwgfl) + ... w.p. 1,
to Jto Jto

7:1 )?:2’7:3: 1

where L,G; (1 = 1,...,m) are differential operators from the Ito
formula, (4) — Euler method, (4)4(5) — Milstein method.
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Example 5. Numerical simulation of mild solutions of semilinear
stochastic partial differential equations (SPDESs).

Define infinite dimensional Gaussian process (so-called Q-Wiener
process) as follows

W(t,z) = Y ea@Vaw?, WYy = > e@)vVaw?,

t€J,\#0 1€Jm,Ai7#=0

where t € [O,T], x € D, 1= (il,...,’id), r = (ml,...,md), J = Nd,
Ai > 0, e;(x) is an orthonormal basis in Lao(D), Jy = {i : |i| < M},

{e;, W) /v Ai = wt’) for \; # 0, wti) are independent standard Wie-
ner processes, (-,-) is a scalar product in Lo(D), Wy is W (t,z).

S. Becker, A. Jentzen and P.E. Kloeden, " An exponential Wagner-
Platen type scheme for SPDEsS” (2016). This scheme contains the
following set of iterated Ito stochastic integrals:

t 123
/ .. / d(eil,th) .. .d(eik,Wtk), 11,...,0 € Jy, k=1,2,3.
to to

12



Consider the partition of interval [0,T] for which

O=mn<...<7vn=T, Ay = max |Tj_|_1—’7'j|.
0<j<N-1

Definition. We shall say that time discrete approximation y; (j =
0,1,...,N) converges in the mean-square sense with order v > 0
if there exists a constant C > 0, which does not depend on Ay,
and § > O such that

(Elx-, — y;1?) "% < C(AN)T VAN € (0,6).

P.E. Kloeden and A. Neuenkirch (2007):

1 _
(E sup |x,, — yj|p) /p<C’(AN)7‘v’p >1 = sup |x,—Y;| <ney(AN)T"F
0<j<N 0<j<N

Ve > 0 w. p. 1, where n., iS a random variable with all moments

finite.

13



So, our goal is mean-square approximation and approximation of
pth mean of iterated Ito and Stratonovich stochastic integrals in
the form:

T ts . .
Me®p, = / bt . [ ga(t)dwl . dwi®,
t t

12

T . .
S[yp®Ny, = / () ... | w1(t1) odw™ .. o dwt(,jk),
t

t

where I[¢(k)]T,t — Ito stochastic integral, S[zb(k)]T,t — Stratonovich

stochastic integral; %1,...,7% = 0,1,...,m; wﬁl),...,wﬁm) are in-
dependent standard Wiener processes; W§0) = . functions
v1(7), ..., ¥r(7) are continuous or smooth non-random functions

at the interval [t,T1].

14



2. Expansion of Iterated Ito Stochastic Integrals
Denotations

Assume that ¥1(7), ...,vi(7) are continuous non-random func-
tions at the interval [¢t,T],

K(t1,...,tx) = ¥1(t1) .. hr(te) L < <ty (B> 2),

K(t1) = v¢1(t1), 14 is an indicator of the set A, ¢,(z) is a complete
orthonormal system of functions in the space La([t,T]),

Cj.ji = K(t1,...,tx)d;,(t1) ... ¢ (tx)dt1 .. . dty
[¢,T]*

is a Fourier coefficient, N,;4(0,1) are independent standard Gaus-
sian random variables, l.i.m. is a limit in the mean-square sense,

t=1m<...<1tTv=T, Ay = max |7'l_|_1—’7'l|—> O if N — oo,
0<I<N—1

Aw =wl) _wl) 1=0,1,...,N-1).

Ti+1
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Theorem 1 (2006, [1]). Assume that ¥1(7),...,¥r(7) are continu-
ous non-random functions at the interval [t,T], ¢;(x) is a complete
orthonormal system of continuous functions in the space L»([t,T]),
and i1,...,1,=0,1,...,m. Then

I[%D(k)]:r,t: l.i.m. [[¢(k)]2%1’-t--pk,

P1y---yPr—>00

Iy = Z Zoﬁ RGERENCE

—im. Y g (n)Awd) L gi(n)awdd),  (6)

N—
b (ll,...,lk)el}tk\ﬁk

Hk:{(ll,...,lk): ll,...,lk:O,l,...,N—l},
Lr={U1,....; &) l1,..., 0, =0,1,...,N=1; 1,71, (gFr); 9,7 = 1, k},

gJ@ = / qu(s)dwgz) ~ N;;4(0,1) for various i or j (if i # 0).
t
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Sketch of proof for the case k = 2; i1,io = 1,...,m (2006, [1]):

T t N-1
i) 5 (iz : i i) ()
/ Qﬁg(tg)/ ¢1(t1)dwt(l )dW,g2 ) = l.i.m. ZK(T[I,TIQ)AW%I)AW%Q) =
t t N —00 b 1a=0
%iilz
D1 D2
K(t1,t2) = S+ K(t1,t2) =S , S= > > Cjj;(t1)5(t2)
Y J1=0 7>=0
Rplpz(t17t2)
(%) D1 D2 N-1
23N Cualim. (Y 6u(n)di(n) AW Awl) -
j1=0 .72=0 N_>OO l1,l2:0
N-1
> 65 (n) (1) AWE) Awl=) )+
1,=0
N-1
+1i.m. Y Ry, p, (71, 1) AWSD Awl?)
N—o00 o ym0 ! 2
11 #ly
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.i.m. Z B3 (11,) b5 (11,) AW Aw() = ()¢,

N—o0 1,.1,=0
N-1 T

Lm0, (n)5 (1) AW AW = 1i vy | 65, (r)5.(r)dr =
> l1=0

¢
= L=y L=}
N_1 N-11[,-1 N-11[,-1
lim. R N Q(Tll,Tb)AW(Zl)AW(h) = l.i.m. ( + )
N—o0 ,él:o o N—voo lzz—:o llz—:o 112—:0 lzzz

T 12 . .
- / / Ry (t1, £2)dw ™ a4
t t

T ts . .
+ / / Ry g (t1, £2)dw () dw ()
t t

18



T rt, . . T prty . ' 5
B[ ] R raniin+ [ [ Ry i aw) <
t t . ;
T to T £
Sz(/ / Rgl,pQ(t1,t2)dt1dt2+/ / Rgl,pQ(tlth)dtzdh):
t t " "

T rt T T
— 2(/t /t Rgl,pg(tl,tz)dtldtz +/t /t Rjz)l,pQ(t].,tQ)dtht]_) —

— 2/ Rgl,p2(t17t2)dt1dt2 =
[¢,T]?

D1 D2

2
— DI (||K||L2([t,:r]2) — Z Z Cijl) — 0 as p1,pa — 00
j1=0j2=0
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Particular cases of the theorem 1 for k =1,...,5 (2006, [1]):

D1
I[yD]p, = |pl|_>rpo Z leC§fl),

J1=0
p1 P2 ) .
Ip@lre = Lim. Y3 Oy (€65 = Lpmimor Lz )
w2 ]1=0 ]2=0

P1 D2 D3

I[¢(3)]T,t = l.i.m. y: y: y: Cljrr (<§51)C§j2)cj(:3)_

p17p2>p3_>oo . . .
J1=0 5.=0 353=0

(i) (1)
—L =20} 1 (=31 €5, — Lin=inz0) L=} G, —

(42)
— L =iz01 1 5i=4.)C;, )

20



My®lry = Lim. Z Zoﬂ (e -

J1=0 Ja=0

C(Zs)c(h) C(zz)C(u)

~ i =i 03 L =i} L =203 1 .=}

C(i2)<§:3)

1) ~(1a)
_1{i1=i4?&0}1{j1=j4} Jo Cj o

(7/1
o 1{i2=i3?&0}1{j2:j3}<j1

(21) (13) (21) (i2)
— =iy =336, 6 — Yamiaroy =36, 765+
T 1, =iz01 1=} L fis=ie0} L (Gs=si 3 T

1 =iz0y 1= Hi=iiz o} L go=j1 +

+1{i1=i4#0}1{3'1:9'4}1{i2=z‘37&0}1{jz=ja}) )

21



I[p®)p, = Lim. ﬁ: ﬁ: Ciui (ﬁ ¢
PooB T =0 je=0 =1
_1{i1=iz#0}1{j1=j2}§7(:3)<3(f4)<gs) - 1{z'1=z'3;»s0}1{j1=j3}C§fz)C§f“)C§fs)—
~Limizoy L= 6 G G = Limiooy L=y GG G -
Limiroy Limid GV — Limiroy Liimin G GG —
—1{i2=7;5;e0}1{j2=j5}Cj(-fl)C§f3)C§f4) - 1{z'3=z'4;e0}1{j3=j4}C§fl)C§f)C§:5)—
o Lo = i Lm0+

(is)
1 =001 L =53 Lis=iz0} L=43C5, 0+

22



1m0} L= Lm0 L mid G F
1m0 L =i Liimintor L}, +
+1{z'1=z'37so}1{j1=j3}1{1-2:1-4#0}1&2:],4}@(:5)_|_
+1{i1:i3#0}1{j1=j3}1{i2=i5#0}1{j2=j5}@(j4)+
1 4i=i20) Lz Hiamis) =i G2 F
1m0} Limi Limiseor =i G F

(i3)
1, =031 Gi=j} Hin=is0} L (=45} G5, T

23



1m0} Lmia Limiseor =i G F
=iy (i Lm0y L= G F
im0y L =iy Liimizoy Limin G+
im0y L imsit Lismiceo) =i G
1 ji,mi0y L= Liamintoy L=t G+
=iz L =iy Lismis0y L= Gl F

1,201 L mge Liiemizo) L) . 1)) '

24



For ¥1(7),...,¢s5(7) = ¥(7), and 41 = ... =5 = 1,...,m w.p.1

from the theorem 1 we get (k = 2,3 (2007, 2009, [1])):

1

I[¢(1)]T,t = F(ST,ta
@y — 1 5
I ] = 51 (5T,t — Ary),

1

I[lb(s)]T,t — 3

(5%,15 — 361 Ar4)

1
I[yp™]7, = a0 (67, — 667, A1y +3407,),

1
51

Iy, = . (83, — 1063 ,Ary + 1567:A7%,)

where

T T
51y = / $(s)dw®, Ag; = / 2 (s)ds.
t t
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Theorem 2. Assume, that conditions of the theorem 1 be satys-
fied. ThenV T — te(O +0); t1,...,0,=1,...,morVT—t e (0,1);
i1,...,9, = 0,1,...,m (2017, [1]):

(I[¢( )]Tt—f[¢(k)] k) <k|<”K”L2([tT]) Z Z G- Jl)

]1—0 jk—o

Moreover, ¥V T —t € (0,4o0) and pairwise different i1,...,1; =
1,...,m (1996, [1]):

2
E(I[¢(k)]T,t—I[tﬁ(k)]?,'t"pk) :”K”i([t,T]'f) Z Z Jie--u?
71=0

where I[yM]7:2 is defined by (6) (see theorem 1), and

) 1/2
1K 2,7y = ( - K (tla---atk)dtl---dtk> :
t,T]*
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Theorem 3. Assume, that conditions of the theorem 1 be satysfied
forii,...,iz=1,...,m. ThenVT—t € (0,4), n e N (2007, [1]):

2n
E(I[¢(k)]T,t - I[¢(k)]g"l’tpk) — 0 as P1,-..,Pk — OO,

and

2n n
B(1 Ol — 16987) ™ < G (1K gy~ 0 3 2.,)

J1=0 Jx=0
where

Cri = (KD?"(n(2n — 1))+ (2n — 1)1

Moreover, ¥V T —t € (0,1) (2018, [1]):

Iy — I Wlrys as pa,...,px — 00 w. p. 1.
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Theorem 4 (2017, [1-4]). Assume, that conditions of the theorem
1 be satysfied for i1,...,1. = 1,...,m. Then

2
E(I[’eb(k)]T,t - I[lﬁ(k)]%t) = || K|I7, ey — Y Y Cl..ua X

J1=0 Jxr=0

12 ) .
<E [ I[y®]r, > / Gi(tr) . [ bi(t)dwi® . .dw™ |,

t
(.717 ’Jk)

where

Iy, = 1™

)
D1y, Px=Dp

and Y gives the sum over all possible permutations (ji,...,Jx);
(Jrseeedi)

moreover, if elements j, and j, in a permutation (ji,...,Jx) swap

their places, then the elements i, and i, will do the same in the

permutation (i1,...,1;),; the other notations are like in the theorem

1.
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Examples. For ¢1,...,14a = 1,...,m from the theorem 4 we have:

E(I[p® ], — I[pP]5,)° =

b
= IKI3,orpy — D Cj2j1<0j2j1 + Cj1j2> (i1 = i2),

J2,J1=0

E(1[¢®]r; — I[pP1,)° =

b
2 . . .
= |KZ,qerpy — D> Civiess (Cjajzjl + Cgsjljz) (i1 = i2 # i3),

J3,J2,J1=0
2
E(I[p™]r, — ITp™15,)" = 1 K7, (rp) —

p
o Z Cj“j?’j?jl E : § : Cj4j3j2j1 (7’1 — 7:2 ;é 7:3 — 7/4)

J1,J2,J3,Ja=0 (73,94) \(J1,d2)
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Modifications of the theorem 1 (2006, 2018 [1]).

(1) ¢j(z) is a complete orthonormal system of functions in
L>([t,T]), and ¢;(r) (Vj < o) has not more than finite number
of points of finite discontinuity and continuous from the right on
[t,T] (for example, Haar and Rademacher-Walsh functions).

(2) Wiener processes w®) (+=1,...,m) can be replaced by inde-
pendent martingale Poisson measures.

(3) Wiener processes wi®) (+=1,...,m) can be replaced by inde-
pendent martingales m$" (¢=1,...,m) such that

E|m, — m,|* = / p(x)dx

(p(x) > 0 is a continuousy differentiable non-random function on
¢, T1),

Em; —m P <Cpls—7|; p=3,4,...;
T,8 € [t,T].

(4) The case (3), and ¢;(z) is a system from the case (1) but
with weight »(x) > 0, and p(x)/r(x) < .

30



3. Expansion of Iterated Stratonovich Stochastic Integrals

Let C{, be the space of g times continuousy differentiable func-
tions on [t,T1].

Let P, be the system of orthonormal Legendre polynomials on
[t,T] and H.;r is analogous trigonometric system.

Theorem 5 (2010-2018, [1-4]). Let conditions of the theorem 1
be satysfied. Then

P1y--eyPr—200

D1 Dk
S[¢(k)]T,t — lim. Z Z Cjk...legl) .. CJ(:k)
71=0 Jx=0

for each of the following cases:

(1) &k = 2; i1,i2 = 1,...,m; ¢j(z) is Por or Hyr; Yo(1) € Ctl,T;
P1(7) € CgT

(2) k=2;,11,10=1,...,m; qu(x) is Pt,T or Ht,T; ¢1(7‘),¢2(T) € Ctl,T'

(3) k=3, t1,i2,i13 =0,1,...,m; ¢;j(z) is P.r or Hyr; ¥1(7),v2(7),
=1
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(4) k = 3; i1 in,i3 = 1,...,m; ¢;(2) is Por; ¢i(r) = (t — 1)k (i =
1,2,3), and one of the following cases takes place:

(a) i1 Fi2, 12 A i3, 11 F=i3 and ly, lp, I3 =0, 1, 2,...;

(b) ilzig#’i:g and11212#l3 andll, l2, l3:O, 1, 2,...;
(C) i1#i2:i3 andl1#12=l3 and li, lp, I3=0, 1, 2,...;
(d) t1,10,23 =1,...,m; 1 =l =Il3=101and (=0, 1, 2,....

(5) k = 3; d1,i2,i3 = 1,...,m; ¢j(x) is P,r or Hyr; ¥2(s) € C’tl’T;
P1(8),93(s) € C¢p; p1 = p2 = p3 = p.
(6) k = 3; 41,i2,i3 = 1,...,m; ¢j(x) is Por or Hyr; ¥1(7),92(7),

Y3(r) € Cly; p1 = p2 = p3 = p, and one of the following cases
takes place:

(a) i1 # 42, 2 F# i3, i1 7 13;

(b) i1 = i2 # i3, and ¥1(s) = P2(s);

(C) i1 # i2 = i3, and P2(s) = P3(s),

(d) il,’ig,’i3 = 1, .., and ¢1(S) = ¢2(8) = ¢3(S).

(7)-(8) k = 4,5; 41,...,i5 = 0,1,...,m; ¢j(z) is P,y or Hr,
Vi(7),..., Ys(7) =1; p1 = ... = p5s = p.
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Another Approach.

Theorem 6 (1997, [1]). Let cbj(a:) is P, of HtT, and zpl(T)
(1) € CtlT ThenV néeN, and 41,...,14 =0,1,.

Slp®]r, = Z Zcﬁ GG, (7)

J1=0 Jx»=0

where (7) means that

lim ... lim E(SW Nre — Z chk 50 gW) —0,

pP1—00 pk_>oo j1=0 Je=
where
T (2] . .
S[p®r, = / Ye(tr) ... [ 1(ty) odwi™ .. odwi™,
t t
and

G = / $i(s)dw? ~ N;;4.(0,1) for various i or j (if i # 0);
t

the other notations are like in the theorem 1.
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4. Legendre Polynomials or Trigonometry? Mean-Square Ap-
proximation of Concrete Iterated Ito and Stratonovich Stochastic
Integrals.

Strong Ito-Taylor schemes of order of accuracy 1.5 for Ito SDEs
include 5 iterated Ito stochastic integrals:

(1,0) L L (002) T [t -
Loy :/t /t dwy  dta, Iigyyr, :/t /t dtidw, >,

. . T t2 . . e e . T t3 t2 . . .
i [[ [ oo it [ [ [t

where 21,122,133 = 1,...,m.
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The case of Legendre polynomials:

. . . _ $)3/2 . .
(41) — ./ (1) (0iy) — (T t) (1) 1 (41)
I(l)T,t =VvT —1(", I(Ol)T,t = 5 ( o T+ —\/§ )7 (8)

7G0) (T — t)3/2< G) 1 (u)) (9)
(10)Tt 5 0 J/3°1 )

and (1997, 2006, [1]):

1112 T—t 1 12 : 1 21 1 71 i
I((ll))Tq,t =5 (Cc() ¢ )+Z (Ci—f@( )¢} )Cz-(_l))—l{z’1=z'2}>»

— /42— 1

. T .
Cg('l) - / $j(s)dw() ~ Ni;4.(0,1) for various i or j (i =1,...,m),
t

1811%2” =1.i.m. fgglf;;ﬁt, ¢;(s) is P,r. Moreover (2006, [1]):

35



(21@233) 1 (Zl) (i2) »~(i3) (4 3)
Iy = Z Casml( G G — Yi=i 1 5=323G;,

J1,32,J3=0

(21) (42)
L=t =536 — La=istL =416, )

T—t<<1:>Q1<<CIa

(7/1’&213) - (’5112@3) 1 (’5111@1) - 3/2 (7/1) (’51
I(lll)Tt 'q'j; I(111)th’ I(lll)Tt _(T_t) / ((CO ) — 3Go )7

V(@i + 1) (252 + 1) (253 + 1)(T — )32 _

Cj3j2j1 - 8 j3j2j1 ’

1 z Yy
Cro= | Po(2) [ Putw) [ Pila)dadydz (not depends on ,7)
-1 -1 -1
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Denote

. . 2
— (4192) (4192)
Eg =E <I(11)T,t B I(11)Tq,t> ’

qu — E (I(’iliﬂ:a,) o I(?:liz?:a)(h)Q
3 (111)T,t (111)T,t

Then from the theorem 4 we have (1997, 2007, 2017 [1]):

(T—1)2/1 & 1
s= TS0
2 2 2 ;47:2—1

Q1_(T_t)3 S 2 ; . 1 3.1 )
by = 6 Z Ci g (81 7 i2,11 7 43,12 7 13),
j37j2aj1:0

q (T o t)3 - 2 - . . .
E3 = T o Z Cj3j2j1 o Z Cj2j3j10j3j2j1 (’1,1 71J: 10 = 1,3)’

J3,J2,J1=0 J3,J2,71=0
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1 (T . t)3 q1
Eg = 6 o Z ]3]2]1 Z Cj3j2j10j1j2j3

J3,J2,J1=0 J3,32,71=0

(i1 = i3 # i2),

41 (T T t)3 = -
E3 - Z 33]2]1 T Z Cj3j1j20jsj2j1

J3,J2,J1=0 J3,J2,7:=0

(i1 = in # i3).
Form the other hand from the theorem 2 (2017, [1]):

1 (T_t)3 . 2
R e = 1)

J3,J2,J1=0

Coefficients Cj,;,;, can be calculated exactly via computer algebra
packs such as DERIVE, MAPLE, etc.:
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Coefficients Csz;, (1999, [1])

Floo |1 | 2 3 4 5 6
A
5 {g? — 815 —7— %?65 —7z 9%?9
3 jgi EPS — 3%?5 —T6— 42?45 —10
1 _EES_ 76~ %;65 — 45845 —— %909
E __jﬁi 3%?5 35 48?45 — 9%?9 155
6 8?3 —10 9%?9 0 3909 —% 76?;65
3003 9009 765765

7T 0 [ 1
B &

0 45 35

1_J6 | 2
315 45
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Minimal numbers g, ¢1 for E, EI < (T —t)* (2006, [1]).

T —t]0.08222[0.05020[0.02310[0.01956
q 19 51 235 328 1 <K q
q1 1 2 5 6
(iriz) _T (ir) » (i) (i) o(i2) _ 4(in) ~(i2)
Iy, = ( Co +Z ( 16 =G G ) 1{i1=i2})7
2—1

(@12233) 1 (21) (i2) ~(i3) (43)
(1]_1)th Z 0.7332]1( C C 1{21=22}1{J1=J2}CJ3 -

J1,J2,J3=0

(ir) (i2)
~Lo=i =516 — Hi=ist (=536, )

40



The small value A <€ 1 is a step of integration for numerical
procedures for Ito SDEs.

Examples (1999, 2006, [1]):

L L 2
(419213) (411213)6 —
E (I(lll)t+A,t - I(lll)t-I—A,t) -
AN ° 2 3
=== ) Cf;i = 0.01956000A3,
1,5,k=0
.......... 2
(7192%3%4%5) (717213%475) 1 _
E (I(lllll)t—I—A,t o I(lllll)t—I—A,t) -

AS -
=55~ Y CPhji ~ 0.00759105A°.
1,7,k,l,r=0
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The case of trigonometric functions (G.N. Milstein (1988) or the-
orems 1, 6 (1997, 2006, [1])):

i (T-0*2( iy, V2~ =16 i
Iioyts =~ (¢§ )+7<; S0+ vag)),  (10)

0i, (T —t)3? i i it
I((Ol))I({t > ( ¢ — (Z Cér)1+\/aq§(§ ))), (11)

(e%) 2 q
7G) T 5, ¢ = 1 1w _m™ 1
(1)Tt q \/a_q”n:zq_:*_l r 27‘—1 q 6 7;1 ,r2

&P, ¢ = / $j(s)dw( ~ Ni;4.(0,1) for various i or j (i = 1,m),
t

#;i(s) is Hyr. Moreover:
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iy 1 i) (i 11 i) ~(in i) (i
55n, = L (96 + 1301 (90, - 0,004
r=1

1 12 11 2 1 11 2 o 1
V3 (2,689 — () ) B (69065 — CE) 1)
(12)

The approximation I((i*”liz’li)l%qt includes ¢ and £*) = the number

g must be the same for all approximations I((ilg)):,?’t, I((gil))r_ﬁ’t, I((%Sz_pq,t,

I((fl“l")l%qt = huge computational costs due to complex approximation

IG5, (P.E. Kloeden, and E. Platen (1992)).

Moreover, for numerical modeling of Gaussian random variables

I((iloo))Tt, I((gil))Tt we need a large number ¢ of N;;4(0,1) random

variables (see (10), (11)). For the case of Legendre polynomials
we need only two N;;4(0,1) random variables (see (8), (9)).
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If we exclude &%), £{®) ¢l from approximations I((ilé)))q‘{’t, I((gf));{’t,

I((fl";)ﬁt, I((ffl")l%qt, then numbers g can be choosen different for ap-

: H (i10)q (Oil)q (iz’il)q (i3i2i1)q .
proximations I(lO)T,t’ I(Ol)T,t’ I(ll)T,t’ I(lll)T,t' However:

. . 2 . . 2
(07«1) (0’01) — (220) (220) —_—
E (I(Ol)T,t - I(Ol)iq’,t) =E (I(lo)T,t - I(lO)Z({,t) —

(T3 1 A if vt () g(n) g(is)
= (6_27"_2)#0 (= 0 if with £, gla) Gy,

r=1

. . 2 3(T _ t)2 72 q 1
(i281) (4211)q — S
B (I, — 10i0) = 52 ( e ; r2>

r

1
("1”instead of "3" if with &, &), ¢ ).
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5. Comparison with Milstein method of mean-square appro-
ximation of iterated stochastic integrals

G.N. Milstein, " Numerical Integration of Stochastic Differential
Equations” (In Russian), Sverdlovsk: Ural University Publ., 1988

P.E. Kloeden, E. Platen and I. Wright. " The approximation of
multiple stochastic integrals”, Stoch. Anal. Appl. 10:4, 1992,
431-441

P.E. Kloeden and E. Platen, "Numerical Solution of Stochastic
Differential Equations”, Berlin: Springer, 1992 (1995 2nd Ed.,
1999 3rd Ed.)

E. Platen and N. Bruti-Liberati, ” Numerical Solution of Stochastic
Differential Equations With Jumps in Finance”, Berlin—Heidelberg:
Springer, 2010.
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The Milstein Method (G.N. Milstein (1988)).

Consider the Brownian bridge process
{w“) Lw® telo A]} A>0 i=1,...,m
t A A Y Y ? ! 2% *

The Karhunen-Loeve expansion for this process has the form

: t : 1 2mrt . 27rt
wd _ ZW(AZ) = Saig + Iql_gwo Z(a”cos Z + b;.sin Z ), (13)
=1

S

2 [A . : 2
a;p = —/ (wgﬂ — iw?) COS 7Trrsds; r=20, 1,...,
N A A
2 (A . : 2
b;r = —/ (ng> — iW(AZ)> sin 7rrrsds; r=20, 1,....
’ A Jo A A
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Not difficult to show that random variables a;,, b;, are Gaussian,
and for i¢,21,10 =1,...,.m; r#*k;, 11 Zio:

M{ai bir} = M{airbir} = M{aira;r} = M{b; b1} =
= M{ai, rai,} = M {b;, vbi,,} = O,

JAN
M {az'Q,r} =M {biz,r} — 52,2

G.N. Milstein (1988): w{? ~ w{”" and

T s T s
/ / dwgl)dwgb)“/ / dw(ndw (™) (in # i5) = (12),
t t t t

where

- Nt 1 - 2mrt 2mrt
Wgz)n = W(Z)— + Eai’o + Z (ai)rCOS Zr + bi,rsin Z ) .
r=1

VAN
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P.E. Kloeden, E. Platen and I. Wright (1992):

T pts pto , _ .
/ / / o dwgl) o dwgf) o dwge’) ~
¢t Jr Je

T rts pta . _ .
~ / / / dwgl)nldwgz)"2dwg3)"3 (14)
t t t
where
(n _ . (3) t 1 . - . 2mrt o 2mrt
W, = Wi N + 530 + ; (awcos A -+ b; Sin ~ )

Obviously (14) leads to iterated operation of limit transition.
From particular case of the theorem 5 [1-4] (the case (3), ¢,(x)
is Hyr) we obtain the expansion in the right-hand side of (14).
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Advantages of the method, which is based on the theorem 1.

(1) There is explicit formula for calculation of expansion coeffi-
cients Cj,..; of iterated stochastic integrals (see theorem 1);

(2) There exists a possibility for exact calculation or effective es-
timation of mean-square error of approximation (see theorems 2
— 4);

(3) The basis functions is not only a trigonometric functions;
(4) The theorem 1 leads to only one operation of limit transition

Db Dk
l.i.m. E ... E
pl,...,pk—>oo 3

]1=O Jk=0

(for example, p1 = ... = pr = p — o00). At the same time the
Milstein method leads to iterated operation of limit transition

lim E . lim E
P1—00 4 Dr—>00 -

J1=0 Jx»=0

starting at least from 2nd or 3rd multiplicity of iterated stochastic
integral.
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T hanks for your attention!



