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Abstract. The article is devoted to the implementation of strong numeri-
cal methods with convergence orders 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 for Ito
stochastic differential equations with multidimensional non-commutative noise
based on multiple Fourier-Legendre series and unified Taylor-It6 and Taylor—
Stratonovich expansions. Algorithms for the implementation of these methods
are constructed and a package of programs in the Python programming lan-
guage is presented. An important part of this software package concerning the
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mean-square approximation of iterated It6 and Stratonovich stochastic inte-
grals of multiplicities 1 to 6 with respect to components of the multidimensional
Wiener process is based on the method of generalized multiple Fourier series.
More precisely, we used multiple Fourier—Legendre series converging in the sense
of norm in Hilbert space for the mean-square approximation of iterated Ito and
Stratonovich stochastic integrals.
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1 Introduction

As known, Ito stochastic differential equations (SDEs) have appeared in the
theory of random processes relatively recently [1] (1951). Nevertheless, to date,
a large number of mathematical models for dynamical systems of different phys-
ical nature under the influence of random perturbations have been built on the
basis of such equations [2]-[16]. Among them we note mathematical models
in stochastic financial mathematics [5]-[7], [10]-[12], geophysics [2], [4], genetics
[13], hydrology [2], epidemiology [9], chemical kinetics [2], [9], biology [8], [15],
seismology [2], electrodynamics [16] and many other fields [2], [9], [14]. In ad-
dition, It6 SDEs arise when solving a number of mathematical problems, such
as filtration [2], [3], [17]-[21], stochastic control [2], [17], stochastic stability [2],
parameter estimation of stochastic systems [2], [3], [22].

Exact solutions of Ito SDEs are known in rare cases. For this reason, it
becomes necessary to construct numerical methods for Ito SDEs. Moreover,
the problem of numerical solution of Ito SDEs often occurs even in cases when
the exact solution of It6 SDE is known. This means that in some cases, knowing
the exact solution of the Ito SDE does not allow us to simulate it numerically
in a simple way.

This article is devoted to the implementation of high-order strong numeri-
cal methods for systems of It6 SDEs with multidimensional non-commutative
noise. More precisely, we consider strong numerical methods with convergence
orders 1.0, 1.5, 2.0, 2.5, and 3.0. The article also considers the Euler method,
which under suitable conditions [2] has the order 0.5 of strong convergence. To
construct the mentioned numerical methods in this article, we use the so-called
unified Taylor-It6 and Taylor—Stratonovich expansions [24], [25] (also see [26],
Chapter 4). The important components of these expansions are the iterated
Ito and Stratonovich stochastic integrals, which are functionals of a complex
structure with respect to the components of a multidimensional Wiener process.

It should be noted that it is impossible to construct a numerical method
for Ito SDE in a general case (multidimensional non-commutative noise) that
includes only increments of the multidimensional Wiener processes, but has a
higher order of convergence (in the mean-square sense) than the Euler method
(simplest numerical method for It6 SDEs). This result is known as the ” Clark—
Cameron paradox” [23] (1980) and well explains the need to use high-order
numerical methods for Ito SDEs, since the accuracy of the Euler method is
insufficient for solving a number of practical problems related to 1t6 SDEs [2].
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According to the ”Clark—Cameron paradox” [23], avoidance of the problem of
mean-square approximation of the mentioned iterated stochastic integrals is

impossible in the general case when constructing high-order strong numerical
methods for Ito SDEs.

The problem of mean-square approximation of iterated It6 and Stratonovich
stochastic integrals in the context of the numerical integration of It6 SDEs was
considered in a number of works [2], [3], [7], [8], [27]-[39].

It should be explained why the results of these works are insufficient for
constructing effective procedures for the implementation of strong numerical
methods of order 1.5 and higher for I1t6 SDEs.

There exists an approach to the mean-square approximation of iterated
stochastic integrals based on integral sums [27], [34], [35]. Note that one of
the variants of this method is based on reducing the problem of mean-square
approximation of iterated stochastic integrals to the numerical integration of
systems of linear It6 SDEs by the FEuler method [39]. However, this approach
[27], [34], [35], [39] implies the partitioning of the interval of integration for
iterated stochastic integrals. It should be noted that the length of this interval is
an integration step for numerical methods for 1t6 SDEs, which is already a fairly
small value even without additional partitioning. Computational experiments
show that the numerical modeling of iterated stochastic integrals by the method
of integral sums [27], [34], [35], [39] leads to unacceptably high computational
cost and accumulation of computation errors [42].

More efficient approach of the mean-square approximation of iterated
stochastic integrals is based on the expansion of the so-called Brownian bridge
process into the trigonometric Fourier series with random terms (version of the
so-called Karhunen—Loeve expansion) [2], [3], [7], [27], [28], [33], [34], [37], [38].
However, in [27], [33], [34], [38], this approach was used to approximate only
iterated stochastic integrals of multiplicities 1 and 2, which makes it possible
to implement numerical method with order 1.0 of strong convergence for It6
SDEs (Milstein method [27]). In papers [2], [3], [7], [28], the approximation of
iterated stochastic integrals of multiplicities 1 to 3 was considered by the above
approach, which makes it possible to implement numerical methods with orders
1.0 and 1.5 of strong convergence for It6 SDEs. However, formulas concerning
integrals of multiplicity 3 turned out to be too complicated and did not find
wide application in practice. Moreover, these formulas (for iterated stochastic
integrals of multiplicity 3) were obtained without strict theoretical justification
and exclude the possibility of effective estimation of the mean-square error of
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approximation (see discussion in [26] (Sections 2.6.2, 6.2) for details).

It should be noted that in papers [29], [30], a similar approach was used to
approximate iterated stochastic integrals of multiplicities 1 to 3 based on the
series expansion of the Wiener process using trigonometric functions and Haar
functions. In [40] orthonormal expansions of functions in terms of Walsh series
were used to represent the iterated stochastic integrals.

Note that the iterated stochastic integrals under consideration are the ran-
dom variables with unknown density functions. The only exception is the iter-
ated Ito6 stochastic integral with multiplicity 2 [31]. However, the knowledge of
density function of the mentioned stochastic integral gives no simple way of its
approximation [31].

In this work, we use a more efficient method of the mean-square approxi-
mation of iterated Ito and Stratonovich stochastic integrals than the methods
considered above. This method (the so-called method of generalized multiple
Fourier series) is based on the theory constructed in Chapters 1, 2, and 5 of
monograph [26] (also see bibliography therein). The method of generalized mul-
tiple Fourier series made it possible in this work to successfully implement the
procedures for the mean-square approximation of iterated Ito and Stratonovich
stochastic integrals of multiplicities 1 to 6. In this case, we use multiple Fourier—
Legendre series, that is, we have chosen Legendre polynomials as a basis system
of functions for approximating iterated stochastic integrals. It is important to
note that the Legendre polynomials were first applied in the context of this
problem in [43] (1997), while in the works of other authors Legendre polynomi-
als were not considered as a system of basis functions for approximating iterated
stochastic integrals (an exception is work [36]). As shown in [44], the Legendre
polynomials are an optimal system of basis functions for approximating iterated
Ito and Stratonovich stochastic integrals.

In this article, to build the SDE-MATH software package in the Python pro-
gramming language, we use a database with 270,000 exactly calculated Fourier—
Legendre coefficients to approximate iterated 1t6 and Stratonovich stochastic
integrals of multiplicities 1 to 6. It should be noted that the procedures for
the mean-square approximation of iterated stochastic integrals of multiplicities
4, 5, and 6 constructed in this work have no analogues in the literature. At
the same time, we propose a much more convenient procedure for the mean-
square approximation of iterated stochastic integrals of multiplicity 3 than in
works [2], [3], [7], [28]. This procedure provides an accurate calculation of the
mean-square error of approximation of the mentioned stochastic integrals.
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Another important feature of the presented software package is the use of
unified Taylor-It6 and Taylor—Stratonovich expansions [24], [25] (also see [26],
Chapter 4) for constructing strong numerical methods with convergence orders
1.5, 2.0, 2.5, and 3.0 for 1t6 SDEs. Unified Taylor—It6 and Taylor—Stratonovich
expansions make it possible (in contrast with its classical analogues [2]) to use
the minimal sets of iterated It6 and Stratonovich stochastic integrals. This
property well explains the motive for using the mentioned unified expansions.

The results of this work on the approximation of iterated stochastic inte-
grals can be used to numerically solve various types of SDEs. For example, for
semilinear SPDEs with multiplicative trace class noise [26] (Chapter 7), [45],
[46]. This is due to the fact that iterated stochastic integrals are a universal
tool for constructing high-order strong numerical methods for various types
of SDEs. In recent years, the mentioned numerical methods have been con-
structed for SDEs with jumps [7], SPDEs with multiplicative trace class noise
[47]-[49], McKean SDEs [50], SDEs with switchings [51], mean-field SDEs [52],
[to—Volterra stochastic integral equations [49], etc.

There are many publications in which codes of programs in various pro-
gramming languages are given for the numerical solution of SDEs [3], [9], [14],
[53]-[61]. Among them, we note the software described in [3], [54], [56], [60].
Some of the mentioned works [3], [54], [56], [57], [60] are based on the results of
monograph [2] on the approximation of iterated stochastic integrals (see above
discusson on the disadvantages of approach [2]). Other publications [9], [14],
[53], [55] do not use the modeling of iterated stochastic integrals for the case of
multidimensional non-commutative noise at all.

In this article, we develop software for the numerical integration of Ito
SDEs based on theoretical results and MATLAB codes from monographs [58],
[61] for modeling iterated stochastic integrals of multiplicities 1 to 6 (the case
of multidimensional non-commutative noise). In addition, we provide software
(as a part of the SDE-MATH software package) for the numerical integration
of linear stationary systems of 1t6 SDEs based on the results of article [62] and
MATLAB codes from monographs [58], [61].

In Section 7 we discuss possible directions for the development of the SDE-
MATH software package. In particular, the parallelization of computations, the
implementation of methods of the Runge-Kutta type [2], [7], [42], [61] and mul-
tistep numerical methods for It6 SDEs [2], [7], [42], [61], the development of a
part of the software package for solving filtering problem and stochastic optimal
control problem [2], as well as improvement of the graphical user interface.

Electronic Journal. http://diffjournal.spbu.ru/ 100



Differential Equations and Control Processes, N. 1, 2021

2 Theoretical Results Underlying the SDE-MATH Soft-

ware Package

2.1 Strong Numerical Methods with Convergence Orders 0.5, 1.0,
1.5, 2.0, 2.5, and 3.0 for It6 SDEs Based on the Unified Taylor—

Ito Expansion

Let (€2, F, P) be a complete probability space and let {F;, ¢ € [0,T]} be a
nondecreasing right-continuous family of o-algebras of F. Let w; be a standard
m~dimensional Wiener stochastic process with independent components wlﬁ“
(¢ =1,...,m), which is Fi-measurable for any ¢ € [0, T]. Consider an It6 SDE

in the integral form

t

Xy = X0 + /a(XT, T)dT +
. i=1

m

t
/BZ-(XT,T)de), xp = x(0,w), (1)
0

where x; € R” is a solution of the It6 SDE ([Il), the nonrandom functions
a(x,t) : R" x [0,7T] — R", B(x,t) : R" x [0,T] — R"™™ guarantee the exis-
tence and uniqueness up to stochastic equivalence of a solution of () [63], the
second integral on the right-hand side of (Il is interpreted as an It6 stochas-
tic integral, B;(x,t) is the ith colomn of the matrix function B(x,t), x¢ is an
n-dimensional and Fy-measurable random variable, M{|X0|2} < oo (M is an
expectation operator). We assume that xy and w; — w are independent when
t > 0.

It is well known that one of the effective approaches to the numerical in-
tegration of Ito SDEs is an approach based on the Taylor-Ito and Taylor—
Stratonovich expansions [2], [7], [42]. The essential feature of such expansions
are the so-called iterated Ito and Stratonovich stochastic integrals, which have
the form

T ts
J[W) e = / Yi(ty) - .. / Yi(t)dwiV L dw (2)
t t
*T *to
T W), = / Yty - / Gi(t)dwi L dwi, (3)
t t
where every (1) (I = 1,...,k) is a continuous nonrandom function on [t, T,
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(0) def

w;’ (i =1,...,m) are independent standard Wiener processes and w;~ = T,
/ and /
denote Itd6 and Stratonovich stochastic integrals, respectively; iq,...,1 =

0,1,...,m.

Note that (1) =1 (Il =1,...,k)and i1, ...,7, = 0,1, ..., min the classical
Taylor-It6 and Taylor—Stratonovich expansions [2]. At the same time (1) =
t—7m)2(l=1,....;k q1,-..,q. = 0,1,2,...) and 4y,...,i = 1,...,m in the
unified Taylor-It6 and Taylor—Stratonovich expansions [24], [25] (also see [26],
Chapter 4).

Let C*1(R" x [0, T']) be the space of functions R(x,t) : R"x [0, T] — R! with
the following property: these functions are twice continuously differentiable in x

and have one continuous derivative in t. Let us consider the following differential
operators on the space C*'(R" x [0, T])

) " O 1 , N 52
— = (4) _Z 4z (15) (24) -
= J=1 1=
Gl = iB(ji)(X t)i i=1,...,m (5)
0 ) a}((j)? e )

j=1
where a(!)(x, t) is the ith component of the vector function a(x,t) and B (x, )
is the ijth component of the matrix function B(x, ).

Consider the following sequence of differential operators

. i i .
GI()) :]—?<GZ())1L—LG;)1>, p=12,..., i=1,...,m,
where L and Ggi), i=1,...,m are defined by @), ().
For the further consideration, we need to introduce the following set of
iterated Ito stochastic integrals

S t2
If;'l{-;;':;&t — / (t—to)l. .. / (t—t)rdwi™ . dw™ (6)
t t
where [1,...,[, =0,1,... and 21,...,4. = 1,...,m.

Electronic Journal. http://diffjournal.spbu.ru/ 102



Differential Equations and Control Processes, N. 1, 2021

Assume that R(x,t), a(x,t), and B;(x,t), i =1,...,m are enough smooth
functions with respect to the variables x and ¢. Then for all s,t € [0,7] such
that s > t we can write the following unified Taylor—It6 expansion [24] (also see
[26], Chapter 4)

R(xs,8) =

Xt’ + Z Z (S Z Gl(jl o %k)L]R(Xt’ ) ]((;11..:;:))5,75—’_

L (kyj,ly,eoli) €D, i1y =1
+ (Hpy1)y; W. D 1, (7)
where )
uR(x,t) for j > 1
DR(xt)< ¢ ,
R(x,t) for j =0

\

k
D, = {(kz,j,ll,...,lk): k+2(j+25p> _p k,j,ll,...,lk_o,l,...},
p=1
(8)

and (H,11),, is the remainder term in integral form [26].

Consider the partition {7,})\ of the interval [0, T] such that

O=m<mn<..<mw=T, AN—O<H1<%<1]TJ+1—TJ| (9)

Let y-, def yvi, 7 = 0,1,..., N be a time discrete approximation of the
process Xy, t € [0,T], which is a solution of the 1t6 SDE ().

Definiton 1 [2]. We will say that a time discrete approximation y;, j =
0,1,..., N, corresponding to the maximal step of discretization Ay, converges
strongly with order v > 0 at time moment T to the process x;, t € [0,T], if
there exists a constant C' > 0, which does not depend on Ay, and a 6 > 0 such
that M{|xr — yr|} < C(AN)? for each Ay € (0,0).

From () for s = 7,41 and t = 7, we obtain the following representation of
explicit one-step strong numerical scheme for the 1t6 SDE ([I)

(T+1—T (i1ir)
Vi1 = yp+Z > Gnsnl s g iy, L, 3y,

(kvj lla alk) Zl7 ”Lk 1
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(7_ =T )(r+1)/2 .
+ Lp—earaem oy L (10)

where [ (( Zk)) o is an approximation of the iterated It stochastic integral ()

and 14 is the mdlcator of the set A. Note that we understand the equality (10
componentwise with respect to the components yz(f) of the column y,. Also for
simplicity we put 7, = pA, A=T/N,p=0,1,..., N.

Under the appropriate conditions [2] the numerical scheme ([I0) has strong
order r/2 (r € N) of convergence.

Below we consider particular cases of the numerical scheme (I0) for r =
1,2,3,4,5, and 6, i.e. explicit one-step strong numerical schemes with conver-
gence orders 0.5,1.0,1.5,2.0,2.5, and 3.0 for the It6 SDE () [26], [64], [65].
At that for simplicity we will write a, La, B;, Géi)Bj etc. instead of a(y,, 7,),
La(y,, 1), B (yp,Tp) G(i)Bj(yp,Tp) ete. correspondingly. Moreover, the opera-
tors L and GO ,i=1,...,m are defined by ), (H).

Scheme with strong order 0.5 (Euler scheme)
Vo1 =¥p+ Y Bl 4 Aa (11)
i1=1
Scheme with strong order 1.0 (Milstein scheme)

Yp+1 = ¥Yp + Z Bllf(((z) + Aa + Z G 6" (862)27')17+1 T’ (12)

i1:1 21,22—1

Scheme with strong order 1.5

Yor1=Yp + Z Bh] Z17’ +1,Tp + Aa + Z G = (((2)62)27')1,_,_1 Tp+

21 1 2122 1

). (A ) (i) i)
+2 [GO a <M Oryiiry T4 <1>rp+1,rp) —LBi1 <1>T,,+1,TJ +

m 2
3 (11) i) 15 Flivinis) A
ilai27i3:1
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Scheme with strong order 2.0

Vo = Yo+ OB FAak 3 GBI
i1=1 i1,82=1
+Z GiVa () Iy Y- LB+
0)Tp+1,Tp (D7p+1,7p (D) Tp41,7p
Z] 1
) A
212223
+ Z Gy’ Liooo)r, . rp"'?La"'
11,22,13=1
- (i) r . 7livi2) 7(i1i2) (1) . jliriz)
T Z |:GO LBZ2 <I<10>Tp+177p N I(Ol>7p+177p) LG (1O)Tp+1 Tp

i1,ia=1

—I—G(()il)ng)a (f(iliz)

(01)7p+17TP

- Em: GGy

il 7i25i37i4:1

(iniz)
T AI(OB)ZTerl,Tp)} T

_ j(ili2i3i4)
4 (0000) 71,7,

Scheme with strong order 2.5

o = B, e 3 GBI
11=1 i ia=1
 [Ga (A1 i) i)
' Zl [GO a (A[(O)TP+1vTP T I(l)TpHan) B LB“I(l)TmeTJ +
11 111213
+ Z 1Go Go” Biu iy, T 5 LAt
11,12,13=
A(Z‘liz) (1112)

¢ 21 (1112)
+ . [ LB <<1o>rp+mp_

’Ll 22:1

_{—GO“ GOZ2 a <IA(7122)

(01)7—[)+1an

m

+ Y aa

il 22 23 24 1

(01)7p+1,7p (10)7p+1 Tp

) LG
+ AL Tpﬂ +

(i3) p  7(irigizia)
B’4 [(0000)7p+1 Tp

(14)
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i 1 ~(i A? o
G(()l)La <_I(1) —f—AI(l) —f——I(l) >_|_

2 (2)Tp+1,7p (D7p+1:7p 2 (0)Tps1,Tp

1121

1 ~(i i ~(i ~(i
FSLLBIG) - LGEa(lly) Al Y]+

(2)7p+177—p (2)7—;0+1va (1)Tp+177'p

- (Zl) (12) A(i1i2i ) A(’il’igi )
+ 3 [Gel By (1~ e )+

11,12,i3=1
GRIGELE, (TG) |~ T )+

_|_G(()21)G(()12)G <AI i11213) + i(iﬂzis) ) o

(000)Tp41,7p (001)7pt1,7p

_LGE)“)G(()ZQ)Bisl((ﬁ)Z()Q)ZTSLhTJ "

- (1) oli2) (i) lia) 1. Fliniaiaiais)
T Z Gy Gy" Gy Gy Bis 000007, 7,

3

A

Scheme with strong order 3.0

i (Z i)
Yp+1 = Yp‘i‘Zle[ 1T+ Tp+Aa+ Z G (06)27'1,_,_1 Tp+
i1=1 i1,82=1
- i) (i) i)
+ Z [G (A[ 0)Tp+1,7p + I(1)7p+1’7p> B LBZlI(l)TpHaTJ *
11=1
2
z i9i3) A
£ Y GG B+ S L
11,22,13=1
& 7,1 (1122) A(ilig) Zl (117,2)
+ . [ LB < (107, 1 <01>rp+1,7p) LGy Bid (i), 7,
’Ll 22:1
4G (i1) G (i2) a (f(hh) + Aj(hw) )} +
0 0 (01)Tpt1,7p (00)Tp41,7p
I Z G zS)B I((ébﬁéfiﬁl T T Ap+1p T Tptip, (16)

11,02,13,04=1
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where
e Z [Gé’“ﬂa ($1600 = A+ T )+
+%LLBJ By ™ LG(()il)a(f O+ Aj(%ipﬂf) N
o (Ao (1~ i) +
11,t2,i3=1
GG (T~ T )+
+Gal gls) (AI Y fébszﬁﬁm) -
LGB ) +
Y GGG B, iy
i1,02,i3,04,05=1
-|-%3LLa,
and
o= 3 [ o S )
i1,09=1
FRLEGE B
+OELaa (16— a e (i)
+LG(()"1)LB¢2 (f fﬁ@fpﬂ,% —1 ((;Bézgp+17fp) *
+GyVLLB, (2] Bpin, %f e, <(11>)+> -

(10)7p+1,7p (A1) 7p41,7p

— LGS Gl (AI niz) - i) >] +
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>

il ;Z.27i3a7;4:1

(1) A (i2) 7 ~(is) S(i1inigis) S(i1igigia)
+Gy "Gy LGy By, ([ (0100§7p+1,rp —1 (001o§rp+1,fp> -

(0000)Tp+1,7p (0001)7p 41,7

Géll)Gng)Gng)G (A] 11121314) + j(21221324) > —|—

_LG(()Zl)G G Z1222324)

(1000)7’p+1,7’p

GULE G B, (féiaz:s;’isil,fp ~Ffin) *

(0010)7p+1,7p (0001)7p41,7p

+G (i1) G G(Z3)LB (j(i1i2i3i4) . f(i1i2i3i4) )] +

m

(i1) ~(i2) ~(i3) ~(ia) ~(i5) r(i1i2i3141576)
T Z GO GO GO G04 G B; [(00020004)7,;“,7,,

21722al3vl4a25716:1

Under the suitable conditions [2] the numerical schemes (I2)—(I6) have
strong orders 1.0, 1.5, 2.0, 2.5, and 3.0 of convergence correspondingly. Among

these conditions we consider only the condition for approximations of iterated
[t6 stochastic integrals from (I2)—(I6) [2] (also see [42])

(ll...lk)Terl,Tp (ll...lk)Terl,Tp

2

where constant C' is independent of A and r/2 are the strong convergence orders
for the numerical schemes ([2))-(I6), i.e. r/2 = 1.0, 1.5, 2.0,2.5, and 3.0.

Note that the numerical schemes (I2))—(I0]) are unrealizable in practice with-
out procedures for the numerical simulation of iterated Ito stochastic integrals
from (I0). In Section 2.3 we give a brief overview of the effective method of the
mean-square approximation of iterated Ito and Stratonovich stochastic integrals
of arbitrary multiplicity k& (k € N).

2.2 Strong Numerical Methods with Convergence Orders 1.0, 1.5,
2.0, 2.5, and 3.0 for Ito SDEs Based on the Unified Taylor—Stra-

tonovich Expansion

Let us consider the following differential operator on the space C**(R"™ x [0, T1)
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= 1 i) (i
L=L-2Y cYay, (18)

where operators L and G(()i), i=1,...,m are defined by (), (B).

Define the following sequence of differential operators
iy def 1/ =6) = 74 .
G = (G()l LG >, p=1,2,..., i=1,....m, (19)

where C_lé' def Go ,i=1,...,m. The operators L and G(()i), 1 =1,...,m are

defined by (I8) and (IE) correspondingly.

For the further consideration, we need to introduce the following set of
iterated Stratonovich stochastic integrals

*S *tg
L = = w [ n)taw . aw?, (20)
t t
where l1,...,[; =0,1,...and 41,...,9, =1,...,m

Assume that R(x,t), a(x,t), and B;(x,t), i = 1,...,m are enough smooth
functions with respect to the variables x and ¢. Then for all s,¢ € [0, 7] such
that s > t we can write the following unified Taylor—Stratonovich expansion

[25] (also see [26], Chapter 4)

(s—t) = A ~(ix) 7 i w(iy...i
R(xy,t) + Z Z T Z Gl(ll) . G;kk)LJR(xt,t) I(Z(I.T.lk)lis),t#—

+ (ﬁr+1)s¢ w. p. 1, (21)

where B
L...LR(x,t) forj>1

L/R(x,t) & ,

R(x,t) for =0

\

the set D, is defined by the equality () and (ﬁrﬂ)s . is the remainder term in
integral form [25] (also see [26], Chapter 4).
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Consider the partition () of the interval [0,7]. From (1)) for s = 7,44
and ¢ = 7, we obtain the following representation of explicit one-step strong
numerical scheme for the It6 SDE ([)

(TP‘H _ Tp (i1) A (i .0k
Ypr1 =Yp+ Z Z Z G [(ll--'lk)i—PJrlvTP—'_
(kvj lly 7lk) D Zla aZk 1
(Tps1 — Tp)(rﬂ)/2
1 9 L(T+l)/2 29
=+ {r=2d—1,deN} ((/r + 1)/2)' Yo, ( )
where [ (( lk)T) o is an approximation of the iterated Stratonovich stochastic

integral (20)) and 1 4 is the indicator of the set A. Note that we understand the
equality (22) componentwise with respect to the components yg) of the column
yp. Also for simplicity we put 7, = pA, A=T/N, p=0,1,...,N.

Under the appropriate conditions [2] the numerical scheme (22]) has strong
order /2 (r € N) of convergence.

Y

Denote

a(x,t) = a(x,t) — ZG

where Bj(x,t) is the jth column of the matrix function B(x,1).
It is not difficult to show that (see (1))

-9 zn: al(x,t) A (23)

where al”)(x, ) is the ith component of the vector function a(x,t).

Below we consider particular cases of the numerical scheme (22) for r =
2,3,4,5, and 6, i.e. explicit one-step strong numerical schemes with convergence
orders 1.0,1.5,2.0,2.5, and 3.0 for the It6 SDE (Tl [26], [66], [67]. At that for
simplicity we will write a, La, La, B;, G(()i)Bj etc. instead of a(y,, 7,), La(y,, 1),
La(y,, 7)., Bi(¥p, ), G((;)Bj(yp,Tp) etc. correspondingly.

Scheme with strong order 1.0

Ypil = Y+ Z B I}, [ mw + Aa + Z G B, I(O(Sjimp (24)

Zl 1 il,igil
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Scheme with strong order 1.5

ot =3+ SR+ B Y GBI

21 1 2122 1

O)Tp+1v7p 1)Tp+1 Tp 1)Tp+1 Tp
11=1
m 2
(12) *(111213) A
T ’ Z G G Bi I(ooo)rpﬂ . 7La. (25)

Scheme with strong order 2.0

ot =+ Y BL + Bae Y GBI

11=1 11,00=1

3 A (A s Yo Lm 4

)Tp+1a7—p (1)Tp+1;Tp ( )Tp+1 Tp

m 2
i (i11213) A% -
+ E Gy G ) B, 1(0010)27;1 Tp+7La+
i1,i2,i3=1

= ()7 2% (1119 2% (1119 (i1) (i1i2)
w3 |GLB, (B2~ T ) = LG BLI
11,29=1

+G(<)21)G(()22)5 <f*(2122) +A] 2122) >:| +

(01)7p11,7p (OO)Terl Tp

(i1) (i (i1121314)
+ Z G 3 B 1(0000)7:;_,_1 Ty (26)

21 72 23 Z4 1

Scheme with strong order 2.5

Vi1 = yp+Zle o +aa+ Y GYUB [(o(éﬁflrimﬁ

0)Tp+1,7p
Zl 1 il,igil

— (Zl — Z1 A*(’il) (21)
+ Z {G a (AI (0)7p41,7p T I(1)7p+1’TP> LB“I( D7yt TJ +
i1=1
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m 2
ZQ (211223) A T —
+ E : G Bi [(ooo)rp+1 S 7La+

’Ll 22 23—1

+ 36l (G — T ) = LGB I

10)Tp+1,7p (01)7pt1,7p 27 (10)7p41,7p
iy ia=1
(il) (ig)_ A*(Z'lig) 1119
+G0 GO a <I(01)Tp+1v7p T AI(OO)TPH Tp>i| T
2 GGG Bl
11,29,13,14=1
m 2
(i) 7 (L 7x(in) 2 (i) A% i)
_I_ Z GO La (5[(2)7_1)_"_1 Tp + A[(I)Tp+177—p + 7[(0)7})4_177})) _|—
i1=1
1~ *(i1) (1) *(11) (Zl)
+5LLB, Y~ LG ( PRI i ) +

i) = (i s (iqini3) (i1
+ Z [Gél)LGé2)Bz'3 <f(1(06)275+1,7p - [(015)2321;,)) +
i insis=1

+G Zl G ’LQ)LB <f*(i1i2i3) o j*(i1i2i3) > _'_

(010)7p41,7p (001)7p41,7p

LOIGEGA (AT s )

000 Tp+1 Tp (001)7-;0—}-177'])

Z1 l2 (111223)
LG G B I(lOO)Tp+1 Tp:| +

LY GPGEGE B, T

7:1 7i2?i3 7i47i5:1
A3

Scheme with strong order 3.0

s =3t S BTGdak D GBI

T p+1,Tp
11=1 11,t0=1

i (i1) = i1) ~x(11) (1)
+3 [G (AI AR 1(1)TPM) LB, I;{Y } +
11=1

(27)
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m 2
ZQ (211223) A T —
+ E : G Bi [(ooo)rp+1 S 7La+

’Ll 22 23—1

+ 36l (G — T ) = LGB I

10)7p 41,7 (01)7p11,7p 27 (10)7p 41,7
i ia=1
(i1) ~(i2) 2 (i1i2) *(i1i2)
+GO GO a (I(Ol) To+1,Tp + A (00)7p+1 Tp>i| +
+ Z Gy Gy Gy B, I(o%g(f)ljﬁ)ﬁ + Qp+1p + Tptip, (28)
11,29,13,04=1
where
m 2
_ (i) 7~ L3+ (i) A% i)
Qpip = ) [Go La <§I Dy T Ay, 7]<o>rp+1,rp) +
ih=1
Lov o 2uin) (ir) 7#(i1) (i)
+§LLBi1[(2)Tp+1va - LG ( (Q)Terlva + A[(1)7p+177p> +
= (i1) 7 (is) S (i1inis) S (i1inis)
+ Z [Go LG02 B, (1(100)27;1,7,, o 1(016)2;:“7@) +
11,12,i3=1
(i1) ~(i2) 7 S (i1izis) S (i1dais)
+GEIGE LB (T = T )+
(il) (12) 111217 A*(iligi )
FOG G A (AT T ) -
(i1) ~(i2) (i11213)
—LGJVGE By ) ]+
=~ Zl 14) (7,17,27, Z4Z )
+ > Gy GGGl B, Loovon)
i1 i,i3,04,05=1
A3 _
—LLa
+ 6 a,
and
m 2
_ (ir) Ai2) 7 = [ L pe(iria) P(iniz) A% 2iiri)
Tp+ip = Z [GO G02 La (51(02);7“7% T AI(01371+17717 T 71(00;721771)) T
i1,ia=1

L2 i) *(i12)
+§LLG B; I(QO)T .
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11)TP+1aTP (02)7p+1a7p (10)TP+157—P (01)7p+1a7'p

(A1) 7p41,7p (20)7p+1,7p

YLGWLB, <f*(z'1i2) _ i) )+

—_

0
()77 1 p*(iviz) L px(iniz) _ pxlinia) .
—l—GO LLBZQ (2 (02)Tpt1,7p + ) (20)Tpt1,7p ](11)Tp+1,7'p>

(1O)Tp+1 Tp (11)7—p+177—p

—LG Gy a (AI )y ) )]+

+ Z Géll)G(()’Lg)Gng)G (AI i1i2i3i4) + I (21221314) ) —|—
11,12,03,04=1

(Zl) (12) T (’L ) A*(legl Z4) (21222 ’L4)
+Gy "Gy LGy B, (](0100)jp+1,r,, 1(0010)%,“ Tp> -

OOOO)TP+1 Tp (OOOl)Tp+1 Tp

~LG GG B

—|—G LG (i2) G z ( *(11421314) ] *(i1120304) )+

(1000)Tp41,7p (0100)Tp+1,7p

—f—G (i1) G G(Z?,)LB (] (i1921314) I *(i1120304) >

(0010)7p11,7p (0001)7p41,7p +

m

p - GYIGEGG G Bl

Under the suitable conditions [2] the numerical schemes (24)-(28) have
strong orders 1.0, 1.5, 2.0, 2.5, and 3.0 of convergence correspondingly. Among
these conditions we consider only the condition for approximations of iterated
Stratonovich stochastic integrals from (24))-(28]) [2] (also see [42])

(ll...lk)Terl,Tp (ll...lk)Terth

2
M (1*“1""'“ — I ) <coa, (29)

where constant C' is independent of A and r/2 are the strong convergence orders
for the numerical schemes (24)-(28), i.e. r/2 = 1.0, 1.5, 2.0,2.5, and 3.0.

Note that the numerical schemes (24])—(28)) are unrealizable in practice with-
out procedures for the numerical simulation of iterated Stratonovich stochastic
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integrals from (22). The next section is devoted to the effective method of the
mean-square approximation of iterated Ito and Stratonovich stochastic integrals
of arbitrary multiplicity k& (k € N).

2.3 Method of Expansion and Approximation of Iterated It6 and
Stratonovich Stochastic Integrals Based on Generalized Multi-

ple Fourier Series

Let us consider the effective approach to expansion of iterated Ito stochastic
integrals [42] (2006) (also see [26], [44]-[46], [58], [61], [67], [68]). This method
is reffered to as the method of generalized multiple Fourier series.

Suppose that every ¢;(7) (I =1,...,k) is a continuous nonrandom function
on [t, T]. Define the following function on the hypercube [t, T|*

¢1(t1) .. @Dk(tk) for t1 < ... < tr
K(ty,... tg) = , b1yt €8T,
0 otherwise
(30)
where k > 2 and K (t1) = ¢y (t1) for t; € [t,T].

Suppose that {¢;(x)}32, is a complete orthonormal system of functions in
the space Lo([t,T]).

The function K(t1,...,t;) is piecewise continuous in the hypercube [t, T]*.
At this situation it is well known that the generalized multiple Fourier series of
K(ty,...,t;) € Lo([t, T]%) is converging to K (t1,...,t;) in the hypercube [t, T]*
in the mean-square sense, i.e.

K(ty, ...t Z ZC]k J1H¢Jz t)

= Jx=0

lim
P1ye-sPE—00

Ly([t,T1%)

where

k
Clyi = / K(ty, ...t H% tr)dty . . (31)

is the Fourier coefficient and
1/2

1L /f2t1,--- ity dty
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Consider the partition {T]} ', of the interval [t,T] such that

t=m<...<tv=T1, Ay= max A7, =0 if N =00, A7j=7j11—71j.
0<j<N-1

(32)

Theorem 1 [42] (2006) (also see [26],[44]-[46], [58], [61], [67], [68]). Suppose

that every (1) (I = 1,...,k) is a continuous nonrandom function on [t,T]

and {¢;(x)}32 is a complete orthonormal system of continuous functions in
the space Lo([t,T]). Then

.....

Jk=0
- 1N1—>I£lo Z ¢j1 (Th)AW%) s ¢jk (le)AWg:)> ) (33)
(ll,...,lk)EGk

where J[Y W1, is defined by (@),
Gk:Hk\Lk, Hk:{(ll,...,lk)l ll,...,lk:O,l,...,N—l},

Lp={(L,.. ., 0lg) s L,..., 5, =0,1,..., N=1; Iy, # 1. (¢ #r); gr=1,...,k},

Lim. is a limit in the mean-square sense, i1,...,1, =0,1,...,m,

- / b, (s)dw!? (34)

are independent standard Gaussian random variables for various i or j (in the
case when © # 0), Cj, j, s the Fourier coefficient (31]), AWS—? = W%)H — W%)
(1=0,1,...,m), {Tj}j.vzo is a partition of the interval [t,T], which satisfies the
condition (B2).

Note that a number of modifications and generalizations of Theorem 1 can
be found in [26], [67].

Consider transformed particular cases of (33)) for k = 1,...,6 [26], [58], [61],
[67], [68]

W] = Lim, S0, (35)

Jj1=0
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p1r P2
J[,w = p} ;leoo Z Z Cjzjl < J1 32 - 1{21 227&0}1{]1 J2}> (36)

j1 O]Q 0

1 P2 Pp3
LSRRS99 S CEANIE

J1=0 j2=0 j3=0

(i3) (ir) (i2)
— 1,200 L (1=} Gy — Liaminrt} Lin=i G — Liiy=inroy L=} G, ) (37)

J[¢(4)]Tt_ 111;11_>OO Z ZCM ]1<HCJ

77777 Jj1=0 Ja=0
im0 LGimi VY = Lm0y gy G2 Y =
1{21 14740}1{71 J4}€]2 ng - 1{12 237&0}1{12 Js}le C4

1{22 14750}1{32 ]4}@1 ng - 1{13 Z47’“3}1{]3 J4}<]1 gQ +
+1{i1=i2730}1{j1=j2}1{i3=i4790}1{j3=j4} + 1{2'122'37&0}1{j1=j3}1{i2=i47é0}1{j2=j4}+

+ 1{1-1z-ﬁm}l{jlj4}1{i2i3¢0}1{jm3}> : (38)

J[¢(5)]Tt: llpISILOO Z ZO% i (HCJ

..... —
~ ity L= G G 4}(5 ; — Lo L= G G G
Lty Limin Gy G G = Limiroy Liimin Gy 6 G —
—Lyi,—izz01 1y, JB}le CJ4 Cy(s o Liip=isr0y Ly, J4}CJ CJS CJ(§5)_
“Liminty =it 616 G = Limintoy Lsmin G167 G~
~Liymisrop iy G C;(4 Y Lm0y Lamin GV ) 4

1 im0} L (=) Lismiat) 1= G+ Lirminr) L s Liismioro) 1 gsmin) G +

1 st} L i) Liaminto) Liamis G+ Liminto) Liimi Liaminioy Liismi) G+

+1gimi0r L= L inmioo) Liamin) G+ Linmisior Lgimin iamivio Lgimint G+

+1{i1=i4750} 1{j1=j4} 1{i2=i3750} ]‘{j2=j3}c(';5) + 1{1'121'4750} 1{j1=j4} 1{2'2:2'5750} 1{j2:j5}cj(;3)+
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(i2) (i4)
15,20} L =) Lis=ist0) La=is) Gy Linmistoy Liimjn) Lin=is0y L=} G,

(is) (i2)
+1{i1:i5750}1{j1=j5}1{1'2=i4750}1{]'22]'4}@33 +1{i1=is7’50}1{j1=j5}1{i3:i47é0}1{j3:j4}cj2 +

+1{z'2=z-3¢0}1{j2=j3}1{@:%#0}1{.74:.75}55-?) + 1{@:@;#0}1{j2=j4}1{¢3=i5¢0}1{j3=j5}<°§f1)+

(i1)
+ 1,20} o=} L is=ia0} L (s =0} G5 ) : (39)

.....

(ia) ~(i ) (i4) ~(i5)
=Ly —ig201 g5, ]6}C32 CJB CJ4 C]s — Lip=ig201 L (4 JG}CJ1 CJs CJ4 Gis

9

~Lfimioror L i) G S G G = Liiminy Laemin G G GG -
— 1 —ig201 1y JG}C] CQ C;§3)C(4 - Liii—inz01 145, Jz}Cg C4 CJ(ES)@(;G)_
— 14 iy 145, JS}CJ Cj4 5525)@(6) Lii =i 20y 15, 14}@ Cys C;§5)C§26)—
=1 —isz00 1, jo}Cj ng Cj(z4)C3(6 o — Liip—isr0y 14, JS}CJ <4 C;;S)C}zﬁ)_

(i)

(i5) (ia)
1{12 147“)}1{]2 ]4}€.71 st C155 §J6 - 1{12 257é0}1{]2 JS}le CJ3 CJ44 C

(i)
J6

(i5) ~(ig) (ia) »-(i6)
— L= 01 1, 14}C3 ng CJ55 CJ@ = Lgig—isz01 145, J5}CJ Cjz CJ4 Cjesﬁ -
1{24 15750}1{J4 JS}C] Cz CJ(;B)CJ('?)_‘_

FL4i, =iy Lo Ligmiao) L gamin G G+

is)
F L =in 203 L (=} Lis=is 203 L (s J5}CJ4 CJG +

+1 im0 L=y Liaminiy L G G+

L3, iy 0y iy Lty Ly G G+

io)
141,20 Lo Liaminto) L amin) G G+

+1gsiy 0 Loy Liaminiy L G G+

+1{21 14#0}1*&1 J4}1{Z2 13¢0}1{J2 J3}gj5 Cje +

i6)
+1{zl 247&0}]—{31—34}1{22 25#0}1{32 J5}Cj C]e +

+ 10y L=y Lisminiy Ljisin G G+
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+L4i, =0y L= Loty L iamin G G+
L0 =is 201 L =5y L i=iu 203 L (4 J4}Cj CJG )+
+L4s, =0y L= Lismiaro) L gamin G G+
1 fiy—ig 20y Ljo=ja} Lis=is 20} L {js= J5}CJ CJG +
1 it} L grmia) Lismioto L smint G G+
1 fip=is 20y L (jo=js} Lig=isr0} L (s J4}CJ Cje +
+Ljigmi 0} Ljomi) Lisminio L gsmin G G+
L im0} L jomin} Liimioto) Lismin) G Ghr
Lm0 Lgomii) Liamint) L (jamio) G <'4 +
L im0} L jomin) Liiaminio) L gamiit G G+
1 gig=ir 20} L Go=ji} Liu=is 03 L (= J5}Cj ng +
L im0} L iomin} Liiamioio) L gomint G Gor7
L it} L jomsi} Lismioto L ismin) G Gor
+Ligmino) Ljomint Liminiy L G G +
L ig=in£0} L{jo=jo} L fis=iu 20} L J4}Cj st )+
1 {igmint) L jomio} Liiimioio) L g1=in) G G+
L it} Ljomsiy Lin=inio L 1= G G+
1 iy} Ljomio} Liiimivio L gimint G Gor +
L igmir0) Lo Liamint) L (o=} G C4 +
L figmint) Ljomi) Liiminto 1gu=in) G Gt +
L ig=is20} L{jo=js} L fin=iu 20} L J4}Cj CJ5 )+
L= Lgomin) Linminto) L gi=in G G+
L gig=is20} L{js=js} L =iuz0} 1y J4}Cj CJS )+
Lm0 Lgomin) Linminto) L =i G G+
10} Lo Liaminrop L} GG +
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L im0 Lgomin) Liamino) L iamint G G+
Lm0y Lgomi) Liaminto) L iamint G G0+
L figmint) L jomsny Linimioto) L gimin) G G+
Lm0 Lgomin Linminto) L =i G G+
Ly Lgomi) Linminto) L 1= G G0+
L ig=is 20} L{jo=js} L fis=iu 203 L (5 J4}Cj Cjz )+
1 iy} L jomio} Liiminio 1 iamint G G+
L im0y Lgomis) Liaminto) L gamin § G+
L igmino) Lgomio) Linminto) L gi=i G Gy +
L im0y Lgomin) Linminto) L =i G G+

L figmis) Ljsmio) Linmio) Limin G G —

—Lig=in0y L jo=ii} L{inmis#0} La=js} Lia=iaz20} L ga=sa} —
—Liig=i 20y L {jo=jn} Lia=iaz0} L (=i} Lia=isrt0y L ga=iis} —
—Lio=ir 0y L o=} Lin=iaz0y Ligo=is} Lis=is 20y Lju=ss} —
— Lig=in0} L jo=jo} L{in=isz0} Lr=js) Lia=iaz20} Lga=sa} —
—Lig=i20y L {jo=jo} Lin=iaz0} L (=) Lia=isrt0y L =i} —
~Lio=inr0) o=} Lin=isz0y L=} Lia=is 20y Lju=ss} —
— Lig=in0y L jo=ja} L{in=is#0} La=js) L{ia=iaz20} Lgo=sa} —
—Lig=ia20y L {jo=ja} Liin=iaz0} L (=) Lin=isrt0y L=} —
—Lis=ior0y Ljs=io} Lin=inz0y L=} Lia=is 20y Lju=is} —
—Lig=is0y L jo=ia} L{in=i#0} La=js) Lia=iaz0} L go=s} —
—Lig=i20y L {jo=ja) Lin=iaz0} L (=i} Lin=isrt0y L go=iis} —
~Lio=iir0y Ljo=iny Lin=inz0y L=} Lis=is 20y Ljs=is} —
— Lig=is0y L jo=js} L{in=iaz0} Ln=ja) Lia=ia 20} L go=s} —
—Lig=is 20y L {jo=js} Lin=ia#0} L (1=} Lia=iurt0y L =iy —

—1{i6i5¢0}1{j6j5}1{z‘1i#@}l{jmg}l{z‘g¢4¢0}1{j2j4}> :
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where 14 is the indicator of the set A.

A detailed discussion of advantages of the method based on Theorem 1 over
the approximation methods from works [2], [3], [7], [8], [27]-[35], [37]-[39] can
be found in [26] (Section 1.1.10) or in [67].

As it turned out, Theorem 1 can be adapted for the iterated Stratonovich
stochastic integrals (B]) of multiplicities 1 to 5 [26], [67]-[69] (also see bibliogra-
phy therein). Let as collect some of these results in the following theorem.

Theorem 2 [26], [67]-[69]. Suppose that {$;(x)}32, is a complete orthonor-
mal system of Legendre polynomials or trigonometric functions in the space
Lo([t, T]). At the same time 1o(s) is a continuously differentiable function on
[t,T] and ¥1(s), ¥s(s) are twice continuously differentiable functions on [t,T].
Then

T WQ) bre = p}llhr—l;loo Z Zcﬂzjl Ca (il’iQ =1L...,m), (41)

J1=0 j2=0
pP1r P2 P3
J* [¢(3)]T,t = llm_m Z Z Z 03332]1 1 2 CJ;S) (il, iQ, i3 = O, 1, e ,m),
P1,P2,P3 1 O_]2 0]3 0
(42)
J [ ]Tt - lp1_>m Z 003332]1 ]2 Cjzd) (ila ig, 03 =1,... 7m)7 (43)
J1,J2:J3=

T ™), = 1im. Z c]mﬁ ewlelelio iy =0,1,...,m),

P—+00
(44)
[ ]Tt = lp1—>% Z Cj5j4j3j2j1Cj(jl)C](';2)Cj(‘;3)cj(z4)cj(';5) (i1,...,i5 =0,1,...,m),
J1ods=0
(45)

where J* M7, is defined by @), and y(s) =1 (1 = 1,...,5) in [@2), @),

(@3); another notations are the same as in Theorem 1.

Consider the following Hypothesis on expansion of the iterated Stratonovich
stochastic integrals (3] of arbitrary multiplicity k& (k € N).

Hypothesis 1 [26], [67], [68]. Assume that {¢;(7)};%, is a complete or-

thonormal system of Legendre polynomials or trigonometric functions in the
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space Lo([t,T]). Moreover, every (1) (I =1,...,k) is an enough smooth non-
random function on [t,T]. Then, for the iterated Stratonovich stochastic integral

@) of multiplicity k the following expansion

k
J*[yp®) Jre=Lim. Z Choir [T (46)
=1

Jise--Jke=0

that converges in the mean-square sense is valid, where notations are the same
as in Theorem 1.

Hypothesis 1 allows to approximate the iterated Stratonovich stochastic
integral J*[¢)®]r; by the sum

Z Ci. JIHCJ : (47)

Jis---Je=0

where

2
lim M (J*w(“}T,tJ*w(’f)]%t) =0.

p—00

Assume that J[y* )]Tt is the approximation of (IZ) which is the expression

in ([B3) before passing to the limit for the case p; = = pr = p, i.e.
- ¥ (I
.7 7]k =0
— Lim. Z bj, (Tll)Awgl) D, (le)Awg’“)> : (48)
N—oo ! k
(ll ..... lk)EGk

Let us denote
M {(J[@b(k)]m — JWM]]%J) } dof EY,

def
VK12, o / K2t t)dt .ty T,

For the futher consideration, we need the following useful estimate [20], [67]

B! < k! ([k— Z 2 jl>, (49)

]13 a]k 0
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where i1, ...,i, = 1,...,m for T —t € (0,00) and iy,...,9 = 0,1,...,m for
T —t € (0,1); another notations are the same as in Theorem 1.

The value E} can be calculated exactly.

Theorem 3 [26], [67], [70]. Suppose that the conditions of Theorem 1 are
satisfied. Then

p
El=Ii— > Cj.jX

J1se-5J6=0
T to
x M JWr > / i (t) . .. / o5, () dwi™ L dwi L (50)
(j17"'7jk) t t
where 11,...,1 = 1,...,m; expression
(jl?"'7jk)
means the sum with respect to all possible permutations (ji, ..., ji). At the same
time if j, swapped with j, in the permutation (j1,...,ji), then i, swapped with
iq in the permutation (i1, ..., 1); another notations are the same as in Theorem
1.
Note that
T to
VRIS / bi (te) - .. / o (t)dwi o dwiP b = O .
t t
Then from Theorem 3 we obtain
p
EV =1 — Z C’in.jl (i1, . ..,1; are pairwise different), (51)
e fe=0
p
El=Ii— Y, Cisl| D Cis] (h=...=i). (52)
J1sesJk=0 (J15e-50k)
Consider some examples of the application of Theorem 3 (i1,...,i5 =
L,...,m):
P P
) . .
Ey=D— Y Chi— > CpuChy (ir=1i), (53)
J1,J2=0 J1,J2=0
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EY =15 — Z

J3,J2,J1=0
P
B =1 — E e,
J3,J2,J1=0
P __
B =1, — E e
J3,J2,J1=0

p
Ef=L- ) Cj.

jla"'7j4:0
p
P __ E .
jlv"'7j4:0

P
EY =1,— Z C,...

j17"'7j4:O

p
Ef=L- ) Cj.

jla"'7j4:0

p
El=L—- > Cj.;

jl?"~7j4:0

EV=1,— zp:

j17"'7j4:0

where i1 = iy # i3, 14, 15 an

where iQ = ’ig 7& il, i4, i5 all

J1 (Z CJ4 Ju

p

3332]1 - E : Cj3j1j20j3j2j1
j37j27j1:0
p
3312J1 o E : Cj2j3j1 Cj3j2j1
J3:32,J1=0
p
]3]2]1 o 2 : Oj3j2j10j1j2j3
j3aj2aj1:O

Z Cyei

.]1a.]2

(i1 = 19 # 13, 14;
1 =13 7é 12, 14;

22 =13 7é 11, 04;

Z 0]4 Ji

]27]3

> Ci.i

(J1,Ja)

(i1 = 14 # 1o, 13;

YD G

(j17j4) (j27j3>
Cioii | Y. Ciui
(j13j27j3)
p
E : Cj5~-~j1 E : Cj5 Ji ] o
jla"'7jo:0 (.]17.]2

d 13,14, 75 are pairwise different,

p
E C]SJl E C_j{,jl Y

J1se-J5=0 (j2,J3)

d 11,14, 15 are pairwise different,

(1 = i # 13),

(i1 # 2 = 13),

(i1 = i3 # i2),

i 7# i4),

22 7é 7:4)7

i1 7 i4),

iy 7 i3),

(i1 = iq # 19 = i3),

(i1 = io = 13 # 1a),

(54)

(55)

(56)

(57)

(58)

(59)

(60)

~~

61)

(62)

(63)
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Eg =I5 — | Z Cj5---j1 Z Cj5---j1 ) (65)

p
ES=Ii— > Cig| > | D Ciu (ix # o = iy # 13 = 15 7 01).
J15-5J5=0 (J2:Ja) \(J3:J5)

(66)

2.4 Approximations of Iterated Ito Stochastic Integrals from the
Numerical Schemes (I1)—(16) Using Legendre Polynomials

This section is devoted to approximation of the iterated It6 stochastic integrals
(@) of multiplicities 1 to 6 based on Theorem 1. At that we will use multiple
Fourier—Legendre series for approximation of the mentioned stochastic integrals.

The numerical schemes (II])—(I6]) contain the following set (see (@) of iter-
ated Ito stochastic integrals

(i1) (i1) (i1) (iyiz) (i1is) (i1iz) (iyinis) (iyigisiy)
1 (0)Tt? 1 ()Tt 1 (2)Tt’ 1 (00)T,t? I (10)T,t> I (01)Tt? Yy (000) Tt I (0000)1%7 (67)
(iyigisisis) (i1iz) (i1i2) (i1iz) (iyinis) (i1inis) (iyinis)
1 (00000)4T,t A (02Tt 1 (20Tt I (11Tt I (100)T ;¢ I (010)T,t° Yy (001)T,t? (68)
(i1iisis) (iyiisis) (ivigisis) (iyigisis) (iyinisisisie)
Looonyre Loowoyre Lowoyre Loz Lovooooyre (69)

Let us consider the complete orthonormal system of Legendre polynomials
in the space Lo([t,T])

27+ 1 T 2
@@:):MY{:PJ-((.@— ;t>T_t), i=0,1,2..., (70

where Pj(x) is the Legendre polynomial

1 j

Using Theorem 1 and well known properties of the Legendre polynomials, we
obtain the following formulas for numerical modeling of the stochastic integrals

(67)-(69) [26], [42]-[A6], [58], [61], [67], [68], [70)-[72]
I = VT —1¢", (71)
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1 (T - t)3/2 i1 1 1
I = ——5— @V + ﬁd ', (72)
11 (T - t)5/2 11 \/g (i1)
» T—t d 1 ) G
[(2122)(] _ < i1) 22 + Z (C(ll)g(lz) . C'(“)C'(ZZ)> — 1y )
(00)Tt i i Si-1 {in=ia} | >
2 — v4i? — 1
(74)
q1
(iviniz)q1 000 i1) »(i2) ~-(i3) (i3)
1(0002)%,? - Z CJ3J2J1 (Chl Cj; gjr;3 o 1{1'122'2}1{]'1:]'2}(]'33 _
J1,J2,93=0
S P T C(.il)_l N P C(iz) (75)
{io=is} H{j2=7s} 54, {i=is} H{i=ds}550 |
z i . i1) ~(i2)
16 2th2 Z CJ120]1< 11 jo 1{i1:i2}1{j1:j2} ) (76)
J1,§2=0 /
z 1 _ [ (i2)
011 2th2 — Z CJOzlﬁ( 11 jo 1{i1:i2}1{j1:j2} ) (77)
J1,§2=0 /
(iriziaia) S (i2) pli2) (i) (i)
1112131 0000 11 19 7 2
1 (0000;7%15% = Z 034333231 (le CjQ Cj: Cj44 -
J1,J2,33,Ja=0
1{11 Z2}1{]1 JQ}CJ Cj4 1{11 Z3}1{]1 ]3}CJ Cj4
1{21 24}]‘{]1 ]4}Cj ng - 1{22 23}1{J2 JS}CJ Cj4
—Li=iny 1 34}C31 ng = Lgi=inn 1 J4}Cj Cz +
+1{i1:i2}1{j1:j2}1{i3:i4}1{j3:j4} + 1{i1:i3}1{j1:j3}1{i2:i4}1{j2:j4}+
+ 1{i1i4}1{j1j4}1{i2i3}1{j2j3}> ) (78)

q4

5
(i1i2i3iats)qs Z 00000 (i) _
[(OOOOO)T,t - Cj5j4j3j2j1 H Cjz

J1,J2,73,J4 ‘7570

(is) (i5)
1{21 22}1{31 Jz}Cj CJ4 C's 1{11 Z3}]‘{ﬁ JS}CJ CJ4 Co
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— 1=y g, J4}CJ €]3 CJ(5) L=y 145 J5}CJ Cjz C](z4)_

—Lip=ig) 15 JB}CJ1 CJ4 63(5 - Liip=igy 1y, J4}CJ CJ& C(jS)_

Loy L1 G = Ly Liimin G G G —

Vi LG G G = Limig st G G+
141,20 L =i Liomind =i G+ Lirmind Linmio) Linmio) L)1+
+Lgirmiy L=y Limio Lzt G+ Linmin) Lt Liomin) Liinmi) G+
1 4irminy L=y Liamio) Liamind G + Linminy L=t Lismind Lijamin) Gy +
+1irmiay L=} Liamin Liamint G + Linmin) L=t Liomind Liinmin) G+
+1girmiy L) Lismio L=t G+ Linmin) =it Lismin) Linmi) G+
1412y L =i Liaminy Linmi G + Lirmind Linmio) Linminy LGy +
1 iy} Loy Liiamio Liamint G + Liamin) Lt Lismind Liismin) G+

(1)
+ 1{i2:i5}1{j2:j5}1{1’3:1'4}1{]'3:]'4}6]'11 ) ) (79)
(iri2) S ) (i)
2172 20 11
[(QO)T,qt5 - Z Cjzjl <§1 Cz - 1{11 Z2}1{.71 Jﬂ) (80)
j13j2:0

Z1Z2 _ 11 Z1 )
11 th6 o Z C]2J1< j1 ]2 o 1{21 22}1{11 Jz}> (81)

J1,52=0

2 7 . 02 7 (i2)
012 %Tq; - Z CJ231< 11 o 1{i1i2}1{j1jz}>7 (82)

J1,J2=0

pliizis)as _ 001 i1) ~(i2) ~(i3) (i3)
01)1213%8 o Z 013]231( 11 J22 C]'33 o 1{i1:i2}1{j1:j2}cj33 o

J1,J2,§3=0

_1{i2:i3}1{j2:j3}cj(’fl) o 1{i113}1{j1j3}<§;2>>7 (83)
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q9
(i172i3)q9 010
I(OIO)T,L‘ - z : Cj3j2j1

J1,J2,§3=0

(i1) ~(i2) ~(i3)
le Cj2 C]?) _1{21 22}1{31 32}C]3

(ir) (i2)
~Lip=ig} Lo=is} G5y — Lii=is} =35} G ) (84)

q10
(irigis)qro __ 100 i) (iz) »(is) (i3)
[(165);’,310 - Z CJ3J2]1 (lel Cj; ngg o 1{i1:i2}1{j1:j2}<j33 -

j17j27j3:O

(i) (i2)
—Limig} =i} Gy — Liin=in} L=} G, ) (85)

q11
(i1i2d3i4)q11 __ 0001 (i1) -(i2) ~(i3) ~(ia)
I(OOOI§T,tq - Z 034133231 <le Cjz stg Cj4 -

J1,J2,J3,J4=0
—1g=iy 1y, ]2}C] §4 — 1 i1y, Js}C] CJ4
1{21 14}1{J1 J4}C32 ng - 1{22 23}1{12 Jd}CJ CJ4

—1i,—iy 1y, 34}431 C]g — 1= 1y, 94}43 CQ +
1 =iy L= is=ind L s=ia) + =i} 1=} Loo=ia} L (jo=ja}

+ 1{@1'4}1{3‘1j4}1{z'2i3}1{j2j3}> : (86)

q12
(i1igi3is)qi2 0010 (i) -(i2) ~(i3) ~(ia)
[(0012035;7; Z CJ4J332J1 (le Cjzz Cj?) Cj44 o

J1,J2,J3,34=0
1{21 22}1{31 Jz}st CJ4 o 1{21 23}1{11 JS}CJ CJ4
1{21 14}1{31 J4}Cj2 C]3 o 1{22 23}1{32 J3}Cj C4

1{22 Z4}1{32 ]4}Cj ng _1{13 Z4}1{]3 ]4}<j Cz +
L=y L Gi=io) Lis=is} Ls=ia} + Li=is} L (i =js} Lin=is} L go=sa}

+ 1{i1i4}1{j1j4}1{i2i3}1{j2j3}> ) (87)
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q13
(iviizia)qis 0100 (i1) ~(i2) ~(i3) ~(ia)
1(0100§T,tq C = Z Cj4j3j2j1 <Cj1 Cjz Cj33 Cj4 o

J1,J2:73:J4=0
~Lirmi =i GG = Lami LmipC  —
Lz LG G = Linmin LG G —
iy Lmin GG = Liminy Linmin G G +
T =i} L i=jo) Lis=iay Lga=iiy + Liii=in) La=js) Lio=ia) L=y +

+ 1{i1i4}1{j1j4}1{1'2i3}1{j2j3}> ) (88)

q14
(i1i20314)qua __ 1000 (i1) -(i2) ~(i3) ~(ia)
[(1000331%,15(1 - Z 034133231 <le CjQ Cj33 Cj4 o

J1:J2,J3,Ja=0
Loz LG G = Linmi LG, G —
— L= 1 J4}ng ng = Lip=in) 15 JS}CJ C]4
iy Lmin G G = Liminy Liimin GG +
T =i} L i=jo) Lis=iay Lga=iay T Lii=ia) Li=gs) Liomia) L=y +

+ 1{@2'4}1{3'1j4}1{i2i3}1{j2j3}> ) (89)

q15

Jliniaisiaisic)qs _ Z (/000000 H C
(000000) Tt - J6J5J4J$J2J1 Ji

J1,25J35J4575:J6=0

~ 1y L G G G G = L Limin G G G G
—Lgj—jo L= %}CJ ng C;j4)cy(5 o Lji=joy Liu= le}CJ Cjz CJ(;3)63(25)_
~Lgjsmio Lismin G G G G = Lot L G 6660 —
~Lmi L= G GG G = Ligmin L= G G G ¢ -
—Lg— 1= @5}CJ ng C;i4)cy(6 - Lijo—joy Lin= ls}CJ CJ4 C(j5)6§26)_
—1g—j L= Z4}Cj ng 51(25)C3(6 - Lijo=jst Lia= Z5}CJ C]:s CXQC}ZG)_
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~1min L= G G G G = iy Laymin G GG G -
— L=y Lqiu= 25}CJ CJ2 CJ(;g)CJ(26)+
Ly L i) L= L=t G+ Ly L i 1gsmio Liamin} G CJG +
Ly Limio) Lgimio) Loz G+ Linmioy Liomin) Lomi) Liaminy G G+
15—} L in—is) Ljamjs} Lo 25}@4 "G+ 12 Loz L Limin G G+
Ly Lmia) Lgamio) Tiamind G G+ Lz Liemia) Lomin) Liamind G G+
1 Lmin Lsmio) Linmind G G+ Linmio) Liimio Lgamin) Linmin} G G +
Ly Limio) Lgami Tzt G+ Liimiod Liemin) Lmi) ismin G G+
Ly Linmin} Lt Liimin) ) CJG + Loy Linmin Lo Ly O+
1o Linmio) Lismin Lis=i G G+ Lmin Liomin) Lismin Linmin G G +
+1 =i Liomin) Liismit Limint G G+ L=t Liomin) Liinmio Liming G G +
L gy Ligmin Lamin Tiami o G+ Liomgiy Limin) Lgimin) Liaming G G+
+1 = L=y Lt Limin) G 5]5 1 gmioy Ligmio) Lgmioy Liamin GG +
1 Gmiot Liomia) Liimio) =it G G+ Lomint Liomiot Lismint =it G G +
1ot Liominy L=t izt G G+ Lot Liominy L=t Linming G G +
1 Gomiot Liomia) Lgimio =i G G+ Lomint iomint Liamio) Linmint GG +
L omin} Liomind Ljamsn} Linmin) )y C]Q oz Liomin) Lomit Hiamin G G+
L gy Ligmin) Limio) Linminy G G+ Liomsint Lmin) Lgimin Linming G G+
+1 it Liomin) L=t Linmin) G C% 1 Ligmia) Lot Lismint G G+
L igmjoy Ligmia) Lamin) Tiaminy GG+ Liomgay Limin) Lgamin) Liaminy 1 1+
1 it Liomia) Lt inmind G G+ Lt Liomia) L=t Linmint G G +
L gy Ligmin Limio) Loz G+ Liomgind Limin) Lgmin Linminy G G +
Lo} Ligmin} Liamsa} Lin=is} C}S 1 jomio) Liomin) Lijamsiny Liinmin GG+
+1 i) Liomint L= L= G G+ Liomint Liiomind Liimin =it G G+
1 g i) Ligmin} Ly L =i Gy G —
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— o=y Yio=in} L a=js) Lin=is} L ga=sia) Lia=ia) —
~ o=y Yio=iny L a=ia) Lin=iay L ga=sis} Liia=is) —
—Lgo=iy Lio=ir} Lga=ia} Lin=ia} L (amjs} Liamis) —
—Ljo=ioy Yio=i} L a=js) Lin=is} L ga=sia) Lia=ia) —
— o=y Yio=in} L =) Lin=iay L ga=sis} Lia=is) —
—Ljo=ioy Lis=io} L r=ja) Lin=ia} L ga=sis} Lia=is) —
~Lgo=ay Lio=ia} L =is) Lin=is} L (o=ja) Lia=ia) —
—Ljo=iay Yio=ia} L= Lin=iay L go=iis} Lia=is) —
—Lga=joy Lia=io} L (r=jo) Lin=ia} L gu=sis} Lia=is) —
~Ljo=jy Yis=ia} Li=js) Lin=isy L gomsin} Lia=is) —
—Lgo=iay Lio=ia} Lji=ia) Lin=ia} L (a=js} Lia=is) —
—Ljo=jay Yio=ia} Li=io) Lin=ia} L ga=sis} Lia=is) —
—Ljo=is) Lio=is} L =) Lin=iay L ga=sin} Lia=in) —
—Ljo=js) Lio=is) L i=jo) Lin=ia} L ga=sia) Lis=ia) —

B 1{j6:j5} 1{2'622'5} 1{j1=j3} ]‘{ilzis} 1{j2=j4} 1{i2i4}> ) (90)

where 14 is the indicator of the set A and

oo _ V(214 1252+ 1)(2j5 + 1)

Cj3j2j1 - 8 (T - t>3/26?3%2j17 (91)
(271 +1)(2j2 + 1) ~

03021jl - \/ - ] & (T - t)2C]Q21jl’ (92)
29 1)(29 1 _

J2J1 8

0000 _ V(251 +1)(252 + 1)(253 + 1) (254 + 1) (T — £)2C00 (94)

Jajsjaju 16 Jajzjeji?

o2 _ V(271 +1)(2j2 + 1)

Jejr 16 (T - t)SC’QQ (95)

J2J17
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V(251 +1)(2j2+ 1)

20 3,20
Cj2j1 - 16 (T o t) Cjzh’ (96)
11 V(251 +1)(2j2 + 1) 311
Cj2j1 - 16 (T o t) Cj2j1’ (97)
01 V(271 4+ 1)(252 + 1)(2j5 + 1) 5/2 A001
Cj3j2j1 - 16 (T o t) / Cj3j2j1’ (98)
010 V(271 +1)(242 + 1)(2j5 + 1) 5/2 A010
stjzjl - 16 (T o t) / Cj3j2j1’ (99)
100 V(271 +1)(242 + 1)(2j5 + 1) 5/2 A100
stjzjl - 16 (T o t) / Cj3j2j1’ (100)
00000 _ V (21 + 1)(272 + 1) (23 + 1) (2a + 1) (255 + 1) T — 4)5/2F700000
JsJajsjedr 392 ( o ) JsJajajaji’
(101)
0001 V(251 4+ 1) (242 + 1)(25 + 1)(2js + 1) 340001
Cj4j3j211 - 39 (T o t) Cj4j3j2j1’ (102)
0010 _ V(271 4+ 1) (242 + 1)(2j5 + 1)(2js + 1) 340010
Cj3j2j1 T 39 (T o t) Cj4j3j2j1’ (103)
0100  __ \/(2j1 + 1)(2j2 + 1)(2j3 + 1)(2j4 + 1) 3 ~0100
Cj4j3j2j1 - 39 (T o t> Cj3j2j1’ (104)
1000 V(251 + 1)(2)2 4+ 1)(253 + 1) (244 + 1) 3 ~1000
Oj4j3j2j1 - 39 (T o t) Cj4j3j2j1’ (105)
000000
Cj6j5j4j3j2j1 -

_ Vi D@+ D@ + D2+ D@ T Do +1) s oo
- 64 JeJ5jaj3j2in’

(106)
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where
1 z y
e, = [ P) [ Putw) [ Patordsdyaz, (107)
-1 —1 -1
1 y
e, == [+ 9P [ Putwrdsdy (108)
~1 —1
1 y
0]12971 _/PJQ(y) /(1 + x)le(x)da:dy, (109)
-1 -1
1 U z Y
e, = [Pt [ Pue) [ Putw) [ Pteydndyazan, (110)
~1 -1 -1 -1
1 y
O?Qle = /]ng(y)(y+1)2/le(x)dxdy, (111)
—1 —1
1 Yy
Clonr = / Py, (y) / P;,(z)(x + 1)*dady, (112)
-1 —1
1 Y
et = [ Pt [ P+ 1oy, (113
~1 —1
1 p Y
03()3().7'12j1 = _/Pjg(z)(z+1)/Pj2(y)/ﬂ1(x)dxdydz, (114)
-1 -1 ]
1 z Y
e, == [P [P+ 1) [ Padodytz, (115)
~1 —1 1
1 z Y
i, —— [ 2 [ Putw) [ @)+ Ddsdyaz, (116)
-1 1 21
1 v U z Y
Cf?&%%hﬁ = /Pjs(v)/Pj4(u)/]ng(Z)/Pj (y)/le(I‘)d$ddedUd’U, (117)
-1 ~1 -1 A 21
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1 U z Y
Clisgopn = — / Pj,(u) / Py, (2) / P, (y) / Py (z)(x + V)dadydz,  (118)
-1 -1 -1 -1
1 U z Yy
s, == [P [ P) [ Puwu+ 1) [ Paoydedyaz, (19)
-1 -1 -1 -1
1 U z Yy
Covinizin = — / Py, (u) / Py(2)(z + 1) / P, (y) / Py, (v)dxdydz,  (120)
—1 —1 —1 —1
1 U z Y
e, == [ P+ [ Pae) [ Pu) [ Pe)dedydz 120
—1 -1 -1 -1
000000~ _
167574737271
1 w v U z Y
= [ Putw) [ o) [ Patw) [ P) [ Prtw) [ Prto)dndydsduduaus
-1 -1 -1 -1 -1 -1

(122)

another notations are the same as in Theorem 1.

2.5 Optimization of Approximations of Iterated It6 Stochastic In-
tegrals from the Numerical Schemes (12])—(16)

This section is devoted to the optimization of approximations of iterated Ito
stochastic integrals from the numerical schemes (I2)—(I6). More precisely, we
discuss how to minimize the numbers ¢, ¢1, ¢o, . . ., g15 from Section 2.4.

Suppose that € > 0 is the mean-square accuracy of approximation of the
iterated Ito stochastic integrals (), i.e.

(iy..ip)p def (i1...i1) (ireir)p 2
E(zl...z:)’?,t = {(](11...1:)T,t - ](zl...z:)Tp,t> } <,

where [ ((; 1"‘;’“))”, p € N is the approximation of the iterated Ito stochastic in-
tegral [ ((le...lZ:))T . Then from (74)) and (49) we obtain the following conditions
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for choosing the numbers q, q1, qo, . . ., q15 for approximations of the iterated It6
stochastic integrals (67)—(69) [26], [67]

q
(ii)q_(T_t)2 1 1

1=

E(i1i2i3)fh <6 (T B t)3 . < 0000 2 < 194
(000)Tt — 6 Z ( j3j2j1) =6, ( )
j11j27j3:0

g2
(i192)g2 (T — t)4 2
Bonry <2 ( i > (Chh)7) < (125)

q2
(i1i2)q2 (T - t)4 2
E(lo)Taqt S 2 ( 12 o Z (lezojl) S £, (126)

J1,J2=0
43
(i1..-ia) (T —t)? 00 £ 2
E(OBOOSLqu = 24( 24 B Z (Cj4j3j2j1) <, (127)
J1:J2:J3:J4=0
qa
(i1...35) (T —t) 00000 )2
Egnoooyr < 120 ( 120 . (%)) <e (128)
J1,J2:73:J4,95=0
ds
(iriz) (T —t)° 20 \2
E(QBfT?f = 2( 30 N Z (Cjzjl) < €, (129)
J2,J1=0
de
(iyiz) (T —t)° N2
E(lll)zﬂ?tﬁ = 2( 18 o Z (Cjzjl) <e, (130)
J2,J1=0
a7
(iyiz) (T —t)° )
By < 2( —= > ()] <= (131)
J2,71=0
as
(iyinis) /(T—t)5 o1 12
E(Obf)%’gs =6 10 B Z (Cj3j2j1) <, (132)
J1,J2,J3=0
q9
(i1iais) (T —t) o 12
E(Olloz)%’gg =6 20 B Z (Cj3j2j1) <, (133)
J1,J2,J3=0
d10
(ivizis) (T —t)° 00 \2
E(lbg)%jlo = 6( 60 N Z (CijZjl) <e¢, (134)
J1:J2,J3=0
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qi1
E(i1~-~i4)Q11 < 24 (T - t)6 o i (CO()Ol )2 < (135)
(000N)Tt = 36 Jajsj2n =6
J1,J2,J3,74=0
q12
(i1...i4) 12 (T — t)6 0010 2
Blooioyrs < 24( 60 > ()] <= (136)
J1,J2,J3,74=0
q13
(i1...i4) 1 (T — t)6 0100 2
Eoonrs < 24( 120 > () ) <= (137)
j17j27.j3aj4:0
q14
(i1...14)q14 (T — t)6 1000 )2
Eoooyrs < 24( 360 > () ) <= (138)
j17j27.j3aj4:0
q15
(i1...i6)q1 (T — t)G 2
Eoonoore < 720 (TO - Y (Choguiauieir)” | S (139)
J1,J2:73:J4:75,J6=0

Taking into account (I7) and (@I)-(122), (I23)-(I39), we obtain the fol-

lowing conditions for choosing the numbers ¢, 1, g9, . .., q5 for the numerical
schemes (I2)-(Td) (constant C is independent of T — t (see below)).
Milstein scheme (12))

11 & 1
5(5241-21)“””'

1=1

Strong Taylor—It6 scheme (I3)) with convergence order 1.5

E l_i L < O(T —t)?
2\ 2 42 —1) ~ ’

1=
q1

1 1 . . : 2

6 <6 — o 2. @+ DER+1D)s+1) (CF) ) < C(T—t). (140)
J1,J2,J3=0

Strong Taylor—It6 scheme (I4]) with convergence order 2.0

L5 1 Y gy
2\2 492 — 1) — ’

1=1
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q1

6 (1 — LN @)@+ )@+ 1) (ogggﬁf) < C(T—1)?, (141)

6 64 <+
J1,J2,J3=0
1 1 & . . ~01 \2
2 Z - 6_4 (2]1 + 1)(2]2 + 1) (Cj2j1) S C(T o t)a (142)
J1,J2=0
1 1 = . . ~10 \2
2 E - 6_4 (2]1 + 1)(2]2 + 1) (Cj2j1) S C(T - t)a (143)
J1,J2=0

24 (ii f: (251 + 1)(272 + 1) (25 + 1)(2j4 + 1) (0249?31)2> <

< C(T —1). (144)

Strong Taylor—It6 scheme (I5]) with convergence order 2.5

11_i L < C(T —t)?
2\ 2 42 —1) — ’

1=1

q1

6 (1 — LN @)@+ D)2+ 1) (cfgggjf) < C(T - 1), (145)

6 o J1,J2,J3=0
1 1 . , oL 2 )
: Z B 6_4 <2]1 + 1)(2]2 T 1) (Cj2j1) < C(T - t) ) (146)
J1:J2=0
11 &, | 10 N2 )
2 E N a (2‘71 T 1)(2]2 + 1> (Cjzjl) < C<T - t) ) (147)
J1,J2=0

q3

24 (i - > (2 + D)2+ 1)(245 + 1)(24a + 1) (0249?21)2> <

J1s-Ja=0
1 1 as 2
. . . ~001
6 (E T | Z (2]1 + 1)(2]2 + 1)(2]3 + 1) (Cj3j2j1) > =
J1,J2,J3=0
< (T~ 1), (149)
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q9

1 1 . . . ~010 2
6 <% _ % Z (2]1 -+ 1)(2]2 + 1)(2]3 + 1) (Cj3j2j1) > <

J1,32,J3=0
<O(T 1), (150)
6L _ L 3 251+ 1)(2js + 1)(23 + 1) (10 )] <
@_EZ (]1+ )(]2"‘ )(]3+ )(j3j2j1) -
J1,J2,53=0
<O —1) (151)
1 1 & . . : : '
P\ Tz %::0(291 + 122+ 1)(2js + 1)(2)s + 1) (25 + 1)
() <ca-o, 152

Strong Taylor—It6 scheme (I6) with convergence order 3.0

11 & 1
S < O(T —t)°
2(2 ;412—1>_C( )"
1 1 S - - - ~000 )2 4
6(=— = Z (271 +1)(242 + 1)(23+ 1) (C}1;) " | S C(T —t)*, (153)
6 64 4
J1,72,33=0
1 1 - . . ~01 \2 3
2 1T (251 +1)(2/2+ 1) (C5)" | <C(T —1t)’, (154)
J1,72=0
1 1 & . . ~10 \2 3
2 = (271 +1)(2j2+ 1) (C}))" | <C(T —1t)°, (155)
J1,92=0

24 (i S 4 D@t D+ )i+ ) (0;10.921)2> <

J1seee5J4=0
1 1 o5 ' , : ~001 )2
6 E _ % Z (2]1 -+ 1)(2]2 + 1)(2]3 + 1) (Cj3j2j1) <
J1,J2,J3=0
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q9

1 1 . . . ~010 2
6 <% _ % Z (2]1 -+ 1)(2]2 + 1)(2]3 + 1) (Cj3j2j1) > <

J1,J2,53=0
1 1 q10 — 2
6 <__ — 3 @i+ D)2+ )2 +1) (C10)) ) <
60 256 4
J1,32,J3=0

120(1 L Eq: (271 + 1)(272 + 1)(273 + 1) (242 + 1)(25 + 1) x

120 322 £
VAREEES ]5_0
() <o (160)
1 1 & . . =20 2
2 — - — 271 +1)(242+1) (C5 )" | <C(T —+¢),  (161)
30 256j —. J21

5 (i RN (251 4+ 1)(2o + 1) (0}21].1)2> <C(T—-1), (162)

2 (1_L . (251 +1)(2j2 + 1) (0223.1)2) <C(T-t), (163)

6 256 i
1 1 qi11 2
. . . : 0001
24 <% _ @j ;:0(2]1 -+ 1)(2]2 + 1)(2]3 + 1)(2]4 + 1) (Oj4...j1) > <
<CO(T-1), (164)
1 1 q12 9
. : : : 0010
2 (@ 5 2;20(2]1 + 1)(22 + 1)(24s + 1) (21 + 1) (C'9)) > <
<O(T-1), (165)
1 1 q13 )
: : , : ~0100
24 (ﬁ — 3 Z 0(2]1 +1)(272 + 1) (275 + 1)(2ja + 1) (C}7)) ) <
J15ee]a=
<CO(T-1), (166)
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q14

24 (i ST @ @i+ D@+ D)@+ 1) (0;3?21)2) <

360 322 ;
J15e-e5Ja=0
<O(T -1, (167)
11 &K | . . . .
0\ 7o ij:o(zyl + 1)(272 + 1)(2s + 1) (2 + 1)(25 + 1) (2 + 1) %
X (026992?0)2> < C(T —t). (168)

Taking into account Theorem 3 and the results of Listings Bl and [l (see
Section 5) we decided to exclude the multiplier factors k! from the left-hand
sides of (I40), (I41)—(T44), (IT48)—(152), (I53)-([I6N). The detailed numerical
confirmation of the mentioned possibility can be found in [73]. This means that
we will use the following conditions for choosing the numbers ¢, q1, ¢, ..., q5
for the numerical schemes ([2))-(I6]) (constant C' is independent of 7" — t (see
below)).

Milstein scheme (12)

L2 zq: L Vccomr—p (169)
2\2 % 42 -1 ) — '

Strong Taylor—It6 scheme (I3]) with convergence order 1.5
Ll zq: ! < CO(T —t)? (170)
2\ 2 — 42 -1 ) — ’

1 1 . . . . 2
6 61 Z (251 + 1)(2j2 + 1) (23 + 1) (Chp,)” < C(T — ). (171)

j17j2aj3:0

Strong Taylor—It6 scheme (I4]) with convergence order 2.0

: l—i — ) <o -y (172)
2\2 — 492 -1 — ’

1 1 & . , _ o 2 ,

6 64 > 2a+ D+ D2+ 1) (CF) <C(T -1, (173)

J1,J2,53=0
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1 1 q2 ' . B
16 2 @ DR+ 1) (CF)" < T - 1), (174)
J1,J2=0
11 & ' o
12 6_4 (2‘71 T 1>(2‘72 + 1) (Cjzjl) < C(T - t)a (175)
J1:92=0
1 1 a : , , ' 0000 2
24 9256 Z (251 +1)(2j2+1)(273+1)(2j4+ 1) (Oj4...j1) < O(T—t). (176)
j1 ..... j4:0

Strong Taylor—It6 scheme (I5]) with convergence order 2.5

11 & 1
! (5 Sy 1) < - (177)
1 1 o . . . =000 \2 3
66l > @+ DR+ 15+ 1) (CF),) <CT—1°  (178)
J1,J2,J3=0
1 1 & . . ~01 \2 2
1o 2 Gt DR+ 1) (C) < O(T -1, (179)
J1,72=0
1 1 & . . ~10 \2 2
6l (271 +1)(2j2 + 1) (ngjl) <O(T -1y, (180)
J1,52=0
1 1 & . . . . =0000 \2 2
91 256 > 20+ 1)(22+1)(253+1)(27a+1) (CI)” < C(T—t)%, (181)
J14e-e5Ja=0
1 1 & . . . =001 2
E - % Z (2]1 + 1)(2]2 + 1)(2]3 + 1) (Oj3j2j1) < O(T - t)’ (182)
J1,J2,J3=0
1 1 & . . . ~010 2
5 " 5g 2o Qi+ D@+ D2+ 1) (Ch,) <C(T—1),  (183)
J1:J2,33=0
1 1 U . . . ~100 \2
o 2o Qi+ Dp+ D2+ 1) () <CT -1, (184)
J1:J2,93=0
1 1 - . . : : : ~00000 2
S5 2o (2 D2+ D2+ 12+ (25 +1) (CR)” <
J1seesJ5=

<O(T —1), (185)
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Strong Taylor—It6 scheme (I6) with convergence order 3.0

11 & 1
Sl < C(T —+t)° 1
2(2 ;42'2—1)—0( A (186)
1 1 o . . . ~000 \2 4
6 - a Z (2]1 + 1)<2J2 + 1)(233 + 1) (Cj3j2j1> S C(T o t) ) (187)
J1,J2,73=0
1 1 & . . =01 \2 3
J1,52=0
1 1 & . . ~10 \2 3
E - 6_4 (2]1 + 1)(2]2 + 1) (Cijl) S C(T o t) ’ (189)
J1,52=0
1 1 & , . . . ~0000 \ 2 3
51 gc 2o it 1)(2s+1)(2i+1) (CFF)" < C(T—1)°, (190)
J1ye-e5Ja=0
1 1 o . . ) =001 \2 2
10 256 Z (251 +1)(252 + 1)(253 + 1) (Cj3j2j1> <CO(T—1t), (191)
J1,J2,J3=0
1 1 & ) ) ) ~010 \2 2
30~ 76 Y. @+ DR+ +1) (Ch),) <O -1 (192)
J1,J2,J3=0
1 1 , : : =100 |2 2
0 76 > @i+ D@+ )25+ 1) (CFF;,) < C(T —1)° (193)
J1,32,J3=0
1 1 & . . : . : ~00000Y 2
o0 322 Z (251 + 1)(2j2 + 1)(23 4+ 1)(2ja + 1) (245 + 1) (C20F)" <
J1s-5J5=0
< C(T —t)?, (194)
1 1 & . . =20 \2
30 256 (251 +1)(2j2+ 1) (Cijl) < (T -1), (195)
J1,J2=
1 1 & . . ~11 \2
8 omg 2o 2+ D2+ 1) () < C(T —1), (196)
J1,72=0
1 1 il . . ~02 \2
6 - % (2]1 + 1)(2]2 + 1) (Cjzh) < C(T - t)v (197)
J1,92=0
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1 1 q11 . . . . - )
o D i D@+ D@+ D@+ 1) (G0 < O —1), (198)
J1yeeesga=0
! ! - ' ; ; : ~0010 )2
60 322 > @D+ D25+ 1)(27a+1) (CIM9)” < C(T —t), (199)
J1yeeesga=0
! 1 - ' ; ; : ~0100 )2
—omam 2L D@+ )(@i+ D2+ 1) (C0)° < C(T-1), (200)
j1 ..... ]4—0
1 1 .- ; ; . : ~1000 2
2032 2o Gl +1)(2a+1) (CF5) < C(T—t), (201)
j1 ..... ]4:()
1 1 q15
0 612 > (214 1)(22 + 1)(25 + 1)(244 + 1)(255 + 1)(24s + 1) %
NAREEED j6—0
= 2
x (CROR0)” < C(T —1). (202)

2.6 Approximations of Iterated Stratonovich Stochastic Integrals
from the Numerical Schemes (24)—(28]) Using Legendre Polyno-

mials

This section is devoted to approximation of the Stratonovich stochastic integrals
(20)) of multiplicities 1 to 6 based on Theorem 2 and Hypothesis 1. At that we
will use multiple Fourier-Legendre series for approximation of the mentioned
stochastic integrals.

The numerical schemes (24)—(28) contain the following set (see (20))) of

iterated Stratonovich stochastic integrals
*(Zl) *(Zl) *(21) *(’Lllg) *(7,122) *(1112) *(legl ) *(’LlZQZ 14)
I(O)T,t’ I(l)T,t’ I(2)T,t’ I(OO)T,t’ [(IO)T,t7 I(Ol)T,t’ ](()OO)T?t’ I(OOOO)%,t , (203)

[*(212223@425) [*<i1i2) I*(ilig) I*(ilig) [*(iligig) I*(lllglg) I*(iligig,) (204)

(00000)T',t (02)T,t (20)T,t (11Tt (100)T,t ? (010)Tt ? (001)T',t
*(i1i2i3i4) *(i1i2i3i4) *(i1i2i3i4) *(i1i2i3i4) *(i1i2i3i4i5i6)
](0001):/“,15 g [(001O)T7t ) ](0100)T,t ) I(1000)T¢ ’ I(OOOOOO)T,t : (205)

Using Theorem 2, Hypothesis 1, and well known properties of the Legendre
polynomials, we obtain the following formulas for numerical modeling of the
stochastic integrals (203)-(205) [26], [42]-[46], [58], [61], [67], [68], [70]-[72]

I = VT =", (206)
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: T—t)3/2< . 1
piy - T () 1) , 207
=~ (& + (207
iy (=0 [ Gy | V3 ) ir)
]2)T,t_—3 G+ 5 G" 5 \f@ : (208)

T =15 @F”+Z¢;—@W&L¢M%)@w

q1
*(i1i2i3)q1 000 ~(i1) +(i2) ~(i3)
I(OOB)QT; = Z C]3J2.]1 1 C]; Cj33 ’ (210)
J1,J2,53=0
*(i142) 92 _ 10 Z1 12
10 Tt C]le ]2 ) (211)
J1,52=0
*(i112) Q2 _ 01 Z1 22
01 Tt CJQ]l ]2 ) (212)
J1,52=0
q3
(i1i2314)q3 __ 0000 ~(i1) ~(i2) ~(i3) ~(ia)
](0002050)7:1715 = Z CJ4J332.71C311 <j22 CJ'33 Cj44 ) (213)
jlvj27j3aj4:0
q4
(i14273i405)qs __ 00000 (i1) ~(i2) ~(i3) ~(iq) ~(i5)
Tobooyrs - = D CodinGir G G G G (214)
J1,J2,73:74,35=0
Tonjin” = Z oo GG, (215)
J1,52=0
Z122 q 11 21 12
11 Tt6 - 0]2]1 32 ) (216)
J1,§2=0
21’62 qar __ 02 21 (i2)
02 Tt7 C]le j2 9 (217)
J1,J2=0
(i13273) S (i2) ~(i3)
*(212223)q8 001 1) ~(i2 ?
[(001)T7t = Z CJSDﬁQh Cjz C‘7'33 ) (218)
J1,J2,J3=0
(ivizi) - (i2) (i)
21%213)49 010 (i 1 7
I(Oll()z)%,tg - Z Cj3]2]1 2 Cj; Cj: ) (219)
j17j27j3 0
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q10
zlzgz qio __ 100 21 (12) (i3)
100 %t ’ Z stjzh ]2 Cje;3 ’ (220)
J1,32,J3=0
(i) S (i) -(52) (i) o(ia)
i10203%4)q11 0001 i i ) i
I(Ooozl)sﬁt = Z CJ4J3]231<311 Cjzz Cj33 <j44 ) (221)
J1,32:J3,J4=0
qi12
(irioisia)qi2 0010  ~(i1) ~(i2) ~(i3) ~(ia)
[(0010§T,t Z OJ4]3]2J1CJ1 Cjz Cj33 Cj4 ) (222)
j17j27j37j4:0
(ivizisia) S (12) 1i2) 1 (i) A(i)
1112134 )413 0100 31 12 ? 24
I(OlOO?T,t = Z 0343332314}1 ng Cj; Cj4 ? <223)
J1,72:J3,J4a=0
q14
(ivigisia)qra 1000 (1) ~(i2) ~(i3) ~(ia)
I(looo)ﬁt t= Z CJ4JstJ1C Cjz ng <j44’ (224)
j17j23j37j4:0
q15
(i1i28314i506)q15 000000 (i) (i2) »(i3) ~(ia) ~(i5) ~(i6)
](0:)020804)75“71? v = Z Cj6j5j4j3j2j1<,711 <j22 gj:zs <j44 Cj5 CjGG ) (225)

j17j2uj37j47j57j6:0

where 14 is the indicator of the set A; another notations are the same as in
Section 2.4.

The question on choosing the numbers q1, qo, . . ., ¢15 in (2I0)—(225]) turned
out to be nontrivial [26] (Chapter 5). The expansions (2I0)—(225) for iterated
Stratonovich stochastic integrals are simpler than their analogues ([75)—(@Q0) for
iterated Ito stochastic integrals. However, the calculation of the mean-square
approximation error for iterated Stratonovich stochastic integrals turns out to
be much more difficult than for iterated It6 stochastic integrals [26] (Chapter
5). Below we give some reasoning regarding this problem.

Denote )
B ] (e - ni) |
where I, (“ Z)’CT) *, » € Nis the approximation of the iterated Stratonovich stochas-

(11 k)
LTt

From (DIIQI) for i1 # iy we obtain [26], [67]

tic mtegral 1 (0.

g _ (TP x~ 1 _ (Tt Lo
Bwird =5 2 @15 P
1=q+1 q
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(T —1)?
‘ o2 — (226)

SRS AN Y

where constant (] is independent of ¢.

It is easy to notice that for a sufficiently small T' — ¢ (recall that T'—t < 1
since it is a step of integration for numerical schemes for It6 SDEs) there exists
a constant (5 such that

Byt < Gyl (227)

From (226) and (227) we finally obtain

* (i1 ( t)

E(Z 1lk)th <(C——— . (228)
where constant C' does not depend on T'—t. The same idea can be found in [2] in
the framework of the method of approximation of iterated Stratonovich stochas-
tic integrals based on the trigonometric expansion of the Brownian bridge pro-
cess.

Obviously, we can get more information about the numbers g1, ¢, ..., q5
(these numbers are different for different iterated Stratonovich stochastic inte-
grals) using the another approach. Since

J*W(k)]T,t = J[¢(k)]T,t w. p. 1

for pairwise different 4y,...,4; = 1,...,m, where J[p®]p; J*p®]p; are de-
fined by (2) and (B]) correspondingly, then for pairwise different iy, ...,ig =

1,...,m from (BI]) we obtain [26], [67]
1) , (229)

q
*(i1i2)q (T — t)2 1 o 1
E(OO)T,t - 9 5 ; 432 —
q1

*(i1d283)q1 (T — t)g 000 \2
E(OOO)QT?tq - 6 - Z (ngjzyl) ’ (230)
j3aj2»j1:0
q2
*(i1i2) _(T_t>4 01 \2
E(Oll);vtqz o 4 N Z (Cj2j1) ) (231)
jlan_O
q2
*(i1d2)qa (T - t)4 10 \2
E(lo)Tvtq o 12 o Z (Cijl) ) (232)
j17j2 0
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E*(il...u)qs _ (T - t)4 . f: (Ooooo )2 (233)
(0000)Tt — 24 Jajsj2in/)
J1,J2,J3,J4=0
q4
ciriggn (T —1)° 00000 2
E(OOOOO)Tq,? =10 Z (Chitiini) (234)
jlaj27j37j47j5:0
qs
*(i1i)gs (T — t)G 20 \2
E(ZO)Tvtqs_ 30 N Z (Cj2j1) ) (235)
anjIZO
de
*(i112)q6 __ (T _ t)G 11 \2
E(ll)Tvt%_ 18 Z (ij) ) (236)
J2,91=0
qr
*#(i112)q7 (T — t)G 02 \2
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j23j1:0
qs
winininygs (T —1)° 001 \2
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jlan?jSZO
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j17j27j320
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j17.j27j320
qi1
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J1,J2,J3,54=0
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w(i1.0a)q2 (T — t)ﬁ 0010 \?2
Baori " =55~ 2~ (Cllihi) (242)
jlaj27j3aj4:O
q13
#(i1.ia)q1z (T_t)ﬁ 0100 2
E(OIOO)Tvtq = 120 Z (Cj4j3j2j1> ; (243)
J1,J2,73,34=0
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w(ir iy (T —1)° 000000 2
Etoovooorrs = 70~ > (CR) (245)
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Table 1. High-order strong Taylor—Stratonovich schemes.

Order of convergence | Scheme | Conditions for choosing the numbers ¢, q1, ..., ¢35
1.0 24 (I69)
1.5 25) (I70), [T
2.0 (24) (72)—(I7al)
2.5 @7 (77)—(IRH)
3.0 28]) (I=a)—([202)

Taking into account (229)—(245) and the results of paper [73], we use in
the SDE-MATH software package the conditions from Table 1 for choosing the
numbers ¢, q1, Gs, - - - , ¢15 for the numerical schemes (24))—(28)).

Note that in the SDE-MATH software package, which is presented in the fol-
lowing sections, we use the following upper bounds b on the numbers ¢y, ..., ¢35

b=256 for qi1, b=15 for q2, 43, b=6 for 44, 48, 49, 410,

b=2 for gs, g6, q7, q11, Q12, Q13, Qi4, Q15

This means that for the implementing of the numerical methods (I3)(1G)

and (25])-(28) we use in the SDE-MATH software package the following quan-
tities of the exactly calculated Fourier—Legendre coefficients

573 = 185,193 for CY

JajeJ1?

16 = 4,096 for each of C!% (%

Jeg1> T Jeg10

164:653536 for C](')f?g(;ﬂl’
73 =343 for each of CI%. Y0 Wl

Jajeg1’ T jajeji’ T jsjaji?

70 =16,807 for (00

J59473J2J17

32 =9 for each of C?. 6 CY  (C}!

J2J1°? J2J1°? 2717
4 1000 0100 0010 0001
3" =81 foreachof Cjj;. Cilis Chiajajr Chijajoins

30 =729 for (V0000

J6J1574J372J1°

It should be noted that unlike the method based on Theorems 1-3, exist-
ing and well-known approaches to the mean-square approximation of iterated
stochastic integrals based on the trigonometric basis functions [2], [3], [7], [27],
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[28], [34], [37] do not allow choosing theoretically different numbers ¢ for approx-
imations of different iterated stochastic integrals (starting form the multiplicity
2 of stochastic integrals). Moreover, the noted approaches [2], [3], [7], [27],
[28], [34], [37] exclude the possibility for obtaining of approximate and exact
expressions for the mean-square approximation error similar to the formulas

E), (B0).

2.7 Numerical Algorithm for Linear Stationary Systems of Ito SDEs

Based on Spectral Decomposition

Consider the following linear stationary system of 1t6 SDEs

dx; = (Ax; + Bu(t)) dt + Fdw;, x9=x(0), te][0,T], (246)

where x; € R” is a solution of the system (246), u(t) : [0,7] — R* is a non-
random function, A € R™" F € R™™ B ¢ R and w; is a standard m-
dimensional Wiener process with independent components Wf), 1=1,...,m.
Also we suppose that n, m, k > 1. The process y; = Hx; € R! is interpreted

as an output process of the system (246), where H € R*",
It is well-known that the solution of (246]) has the form [4]

t t
X; = 6A<t_t0)xto + / eA(t_S)Bu(s)ds + /eA(t_S)Fa’WS7 0<ty<t<T, (247)
t() tO

C

where e~ is a matrix exponent

. . def , . . .
C' is a square matrix, and C° = I is a unity matrix.

Consider the partition {7,}7_ of [0,T] such that 7, = pA, A > 0. For
simplicity, we will suppose that u(s), s € [0,T] can be approximated by the
step function, i.e. u(s) =~ a(s), s € [0,7], where a(s) = u(7,) for s € [1,, 7p41),
p=20,1,..., N —1 (more accurate approximations of u(s) are discussed in [62]
(also see [58], [61])). Substituting ¢t = 7,11, to = 7, and 1(s) instead of u(s)
into (247), we obtain

X, = 2%, + A7 (e — I)Bu(pA) + w1 (A),  x =x(0), (248)
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where x,, is the approximation of x, and
A
_ def ~
/eA(A S)Fdws+pA = Wy1(A).
0

Also we assume that y, = HX,, where y, is the approximation of y, . The
random column w,,;1(A) admits the following representation [4]

Wpi1(A) = Sp(A)Ap(A)Wp.1, (249)

where w, € R" is a column of independent standard Gaussian random variables
such that M {v_vpv_vg} = O for p # q, O is a zero matrix of size n x n, Sp(A)
is a matrix of orthonormal eigenvectors of the matrix D;(A) and A%(A) is a

diagonal matrix on the main diagonal of which are the eigenvalues of the matrix
D¢(A), the matrix Dy(A) is defined by

D¢(A)=M {VVPH(A)W;H(A)} = /exp(A(A — 5))FFTexp(AT(A — s))ds,

where CT is a transposed matrix C. Moreover, D(A) = Dy(t)|,_,, where
D¢(t) is a solution of the following Cauchy problem [4]

dD;

o (t) = AD;(t) + Di(t)AT + FFT, D(0) = O.

In the SDE-MATH software package, we implement the numerical modeling

of the system (246]) by the formulas ([248), ([249). At that we use Algorithms
2.3-2.6 from [62] (also see [61], Chapter 11) for the implemetation of (249]).

3 The Structure of the SDE-MATH Software Package

3.1 Development Tools

The software package was implemented with Python programming language.
The main reason to use it is a huge community and significant amount of helpful
libraries for calculations and mathematics. The development was performed in
free to use Atom text editor!.

LAll programs in Python programming language from this paper were written by the first author
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3.2 Dependency Libraries

In the development of the SDE-MATH software package such libraries as
SymPy, NumPy, PyQtb5, and Matplotlib were involved. All these libraries and
tools are free and open source.

e SymPy is a Python library able to perform symbolic algebra calculations.

e NumPy is a library which specialization is efficient mathematical calcula-
tions. Most part of this library is written in C programming language that
guarantees high calculation performance.

e The database is SQLite3. This is a tiny database for a local usage on one
machine.

e Matplotlib library is a piece of software used to present obtained results in
a best way.

e PyQt5 is alibrary used to build graphical user interface for the SDE-MATH
software package.

3.3 Architecture

Taking into account, that the SDE-MATH software package is oriented on a nu-
merical modeling its architecture is clear. There are two main statements. The
first is that mathematical formulas are strongly integrated with SymPy library.
By that we mean that they completely rely on SymPy. And the second is usage
of database to make some calculations able for caching. The architecture itself
is provided on Figure [[l Here all parts of the software package can be seen.

The main package is responsible for startup, so it decides which part of the
software package must be started. The software package has several modes of
operation. The objectives now are

e Run program to calculate and store the Fourier-Legendre coefficients in
few text files with further loading in database.

e Run program with graphical user interface. This is the main program entry
for the SDE-MATH software package.
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Figure 1: The SDE-MATH software package architecture
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On the current state of development the main entry package booting up
PyQt5 library with all necessary widgets. More detailed description of this
process will be provided later.

Moving further, the modeling package comes up. This package responsible
for all work referenced to modeling including initialization of modeling environ-
ment, calculations loops and more. Also, it depends on accuracy calculation
module deciding which amount of members in each approximation of iterated
stochastic integral should be used in modeling of the It6 SDE () solution.

Accuracy calculation module accepts the order of strong numerical scheme
for the It6 SDE () and its integration step and then calculates necessary
amount of members in approximations of iterated Ito6 and Stratonovich stochas-
tic integrals.

Symbolic algebra module is the construction part which combines many
supplementary differential operators with strong numerical schemes for the It6
SDE (). Having these components combined this module performs simplifica-
tion of resulting formula so the modeling package can do its modeling work.

Tools module provides some functionality related to bootstrap of runtime
environment and external instruments such as database and file system.

3.3.1 Integration with SymPy

Class inheritance tree was extended to implement strong numerical schemes for
Ito SDEs. While numerical schemes for [to SDEs were being implemented it was
also necessary to implement supplementary subprograms. SymPy is a Python
library able to perform symbolic algebra calculations. This is a core part of
the project since it is differentiates input functions, builds and simplifies strong
numerical schemes for It6 SDEs to model the 1t6 SDE () solution. Without
this part the program package cannot be able to provide such flexible input of
data.

3.3.2 Purpose of NumPy

NumPy is a library that helps with calculation optimizations in this project.
The library specialization is efficient mathematical calculations. The main us-
age case is to calculate compiled symbolic formulas with it. It has integration
with SymPy to replace symbolic functions with high performance numerical
functions.
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3.3.3 Purpose of SQLite Database

The database was used to store the precalculated Fourier—Legendre coefficients,
so getting them from there made numerical modeling much faster, because cal-
culation process for these Fourier—Legendre coefficients involve high-cost sym-
bolic operations. The database contains only one table, and might be thought
redundant, but modeling needs hundreds (or even thousands) of precalculated
coefficients. Obviously, calculation of them at runtime is terribly inefficient, but
text files also not the best choice. Text files provide a sequential access memory
and combining different accuracy values qi, ..., q5 it causes sequential search
which extends time to give the result. That is where database comes up. The
random access allows to get any Fourier—Legendre coefficient or any quantity
of them which makes solution as flexible as it possible.

The download of precalculated Fourier—Legendre coefficients is built in sup-
plemental subprograms to provide fluent calculation pipeline. Having the pre-
calculated Fourier-Legendre coefficient not found, subprogram initiates calcu-
lation for it with following store in the database.

Request for a
e o o calculation

Database

4 )
v C

Formula calculation tree 1 Tina o ,
id | index_string | value
Op. 1 0 {0:0:0_0:0:0 4/3
> | 1]0:0:10:0:0 |[-2/3
[op.2] [ ¢ | ) 2 10:02 000 |2/15
3 10:0:3 _0:0:0 0
[op 3 ] [op.4 ] 4 10:0:4 0:00 |0
5 10:0:5_0:0:0 0
- J
\ 4

Result of
calculation

Figure 2: Fourier—Legendre coefficients calculations explanation
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It is an interesting note that having mentioned earlier optimization done,
the calculations performance were increased in several times. Now the most
heavy operation is symbolic simplifications before modeling. The actual mod-
eling takes seconds, for thousands of iterations on m components of stochastic
process, so it is not such important how long modeling period of time, as the
accuracy that needs to be accomplished.

The scheme of calculation process is presented on Figure 2

3.3.4 Purpose of Matplotlib

Matplotlib library is a piece of software used to present obtained results in
a best way. This library has many features, but feature that needed in this
project is to print charts with modeling results in a PyQt5 widget. Thus the
data visualization is integrated in graphical user interface.

3.4 Implementation Plan

The implementation of SDE-MATH software package was performed sequen-
tially. The components of SDE-MATH software package were implemented in
order of their necessity for calculation pipeline completion.

3.4.1 Calculation of the Fourier—Legendre Coefficients

The Fourier—Legendre coefficients for the approximations of iterated It6 and
Stratonovich stochastic integrals were implemented and placed in Listings @3}
61l This was the first step since the Fourier—Legendre coefficients involved
almost in every strong numerical scheme for the It6 SDE ().

Also it is important to note that the SDE-MATH software package contains
a Python script intended for generating of Fourier-Legendre coefficients using
multiprocessing. This script placed in Listing and already contains tasks
that were performed to generate about 300,000 Fourier-Legendre coefficients.
Similarly, user can run and calculate additional Fourier—Legendre coefficients
if they are needed. To determine which Fourier-Legendre coefficients will be
calculated user must specify pairs of starting and ending values of components
in lower multi-index and specify upper multi-index of the Fourier—Legendre
coefficient. For example (((0,15),(0,15),(0,15)),(0,1,0)). This means that
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program calculates the Fourier-Legendre coefficients CY'

Jaj2j1’ where J1,J2,73 €
{0,1,...,14}.

3.4.2 Differential Operators L, L, G(()i), 1=1,....m

Moving further, strong numerical schemes for It6 SDEs rely on the differential
operators (), (B), and ([23). They were implemented and placed in Listings
64HET

3.4.3 Approximations of Iterated Stochastic Integrals

The next step is implementation of approximations of iterated Ito and Stratono-
vich stochastic integrals for the numerical schemes (I2)—(I6), (24)-28)). They
are implemented and definition of their classes are placed in Listings [69HIOS].
3.4.4 Strong Numerical Schemes for It6 SDEs

The strong numerical schemes (I2)—(I0), 24)-28) for [t6 SDEs were imple-
mented. They are placed in Listings [TOHI3TI

3.4.5 Graphical User Interface

Finally, the graphical user interface was implemented. The source codes refer-
enced to graphical user interface are placed in Listings [7H42]

4 Software Package Graphical User Interface

For the SDE-MATH software package mentioned above the graphical user in-
terface was developed. The graphical user interface is important and massive
part of SDE-MATH software package because it allows user to perform mod-
eling experiments without programming skills and understanding of program
package architecture and principles of work.

4.1 Information Model of The Graphical User Interface

The development of graphical user interface was started from consideration of
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Figure 3: Information model of graphical user interface

experiments and routines which can be performed with the SDE-MATH soft-
ware package. The graphical user interface is aimed on provision of user capa-
bilities to perform nonlinear and linear systems of 1t6 SDEs modeling experi-
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ments. The information model which schematically describes the graphical user
interface structure is presented on Figure 3l

4.1.1 Processing Screens

To represent long duration processes the graphical user interface has two dialogs
which can be seen on Figure B, in Windows 1 and 6. The first one represents
database preparing process on application very first run. During this process the
Fourier—-Legendre coefficients are being loaded into the SQLite database. This
screen appears also when user calculates new Fourier—Legendre coefficients. The
other screen shows logs during modeling experiment.

4.1.2 Greetings Dialog

After the SDE-MATH software package has completed the database prepa-
ration, it shows greeting dialog which represents short information about its
purposes. The greeting dialog can be seen on Figure [3in Window 2.

4.1.3 Main Menu Dialog

In the main menu of the SDE-MATH software package user can choose one of
strong numerical schemes for 1t6 SDEs to perform modeling experiments. The
main menu dialog can be seen on Figure [3] in Window 3.

4.1.4 Visualization Tool

It is important to note that the main SDE-MATH software package window has
a checkbox in right upper corner which do switching on and off charts window.
In any time user can call this window or hide it if it is not needed. The charts
window is universal utility for modeling experiments results visualization. This
window has few instruments on it. The left side bar contains all curves labels,
and control elements for hiding, showing, and deleting curves. On the right side
of the window there are plot which draws the curves. The charts window can
be seen on Figure [3], it is Window 3.

4.1.5 Data Input Dialogs

Since the software package has options to perform linear Ito SDEs modeling
experiments it is necessary to provide user with input fields for numerical data
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both scalar and matrix. On the other side, for nonlinear Ito SDEs it is necessary
to provide symbolic input. The choice of control elements is conditioned by the
above obstacles. On Figure Bl and especially in Windows 4 and 5, these input
controls can be seen. There are ”LineEditWidget” and ”TableWidget” which
are sufficient to provide input abilities. The topic of input data validation is
also important but to be more accurate referenced to user experience rather
than to information model, so it will be described further.

4.2 The User Experience and Implementation Results

The above part represents the structure of software package but not the dynam-
ics and user experience of it. Let us discuss the SDE-MATH software package
user experience on few examples provided further on Figures H36l This exam-
ples represent two scenarios of the SDE-MATH software package use.

The database preparation screen is presented on Figure 4. During the
database preparation this screen displays informational message and spinning
visualizer of process continuation.

The screen that presented on Figure [l appears every time when software
package runs unless user presses ”Ok” button with marked checkbox. In such
case this message screen will not be shown again.

On Figure [@l the main menu dialog is presented. In this dialog user can
choose any strong numerical scheme for Ito SDEs to perform modeling experi-
ment.

The tooltip example can be seen on Figure [l Such tooltips displayed with
characteristic icon are placed all over software package interface to help user
with explanations.

As noted earlier, the dedicated charts window is universal tool for visualiza-
tion. The specific examples of such visualization are presented on Figure /19,

34136l

The initial state of input dialogs for nonlinear and linear It6 SDEs are
displayed on Figures [0 and 20. At that moment user can start to input the
data.

The example of wrong scalar data input is presented on Figures [I0], 3] 211
and [31l When user input wrong data the error message appears and ”"Next” or

”Perform modeling” button is blocked. The input field is being checked all the
user data input process, and as soon as wrong character is entered notification
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pops up.
If scalar data is correct the ”Next” button is automatically unblocked. On
Figures [I1], 16, 22 and B2 the examples of scenario are displayed.

On Figures [12 03, and the example of correct matrix data input is
presented. In this particular case the input is symbolic. Symbolic algebra
input errors are much harder to determine so this is done on further stages, in
modeling runtime.

In the other case when matrix input data are numerical, the validation is
performed right after user has finished input. The examples of incorrect matrix
numerical input can be found on Figure 241

When user finishes input with a success the ”Next” or ” Perform modeling”
button is automatically unblocked. On Figures 23|, 25H27, 29|, and B0 that can
be clearly seen.

The Figures[I7, 18], and 33 displays sequence of log messages emerged during
the modeling process.

After modeling has been done the focus moves to the charts window where
obtained modeling results can be seen. The results of modeling is displayed
on Figures 19, B4H36l On Figures BA] and B the expectations and variances of
obtained components of solution are displayed.

SDE-MATH: software package - O X

i
71\

Preparing the database...

Figure 4: Fourier-Legendre coefficients database preparation screen
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SDE-MATH: software package - U X

Welcome to SDE-MATH Software Package for
the Numerical Solution of Systems of Ito SDEs

t t
X = Xg + /a(xs,s)ds +/B(x5,3)dws, xp = x(0),
0 0

where x; : [0,T] x @ —R", a(x,t) : B"x[0,T] =R", B(x,t): B"x[0,T] =R"*™,

w, 15 a standard m—dimensional Wiener process with independent components

Exact solutions of Ito SDEs are known in rare cases. For this reason, it becomes
necessary to construct numerical methods for Ito SDEs. Moreover, the problem of
numerical solution of Ito SDEs often occurs even in cases when the exact solution of
Tto SDE is known. This means that in some cases, knowing the exact solution to the
Ito SDE does not allow us to simulate it numerically in a simple way.

Do not show again | + Ok

Figure 5: Greetings screen

SDE-MATH: software package - O X

© | Charts window

® Strong Numerical Schemes for Ito SDEs

Taylor-Tto Schemes Tavylor-Stratonovich Schemes Linear Tto SDEs Systems Modeling
Euler Convergence Order 1.0 Dispersion Spectral Decomposition
Milstein Convergence Order 1.5
Convergence Order 1.5 Convergence Order 2.0
Convergence Order 2.0 Convergence Order 2.5
Convergence Order 2.5 Convergence Order 3.0

Convergence Order 3.0

Figure 6: Main menu dialog
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SDE-MATH: software package - O X

© | Charts window

® Strong Numerical Schemes for Ito SDEs

You are now in main menu, you can choose
any scheme to perform modeling

Taylor-Ito Schemes Taylor-Stratonovich Schemes Linear Ito SDEs Systems Modeling
Euler Convergence Order 1.0 Dispersion Spectral Decomposition
Milstein Convergence Order 1.5
Convergence Order 1.5 Convergence Order 2.0
Convergence Order 2.0 Convergence Order 2.5
Convergence Order 2.5 Convergence Order 3.0

Convergence Order 3.0

Figure 7: Tooltip

SDE-MATH: charts window - [m] X

© curves o=t g Trajectories Expectations Variances @ € =9 '*' Q =~

-0.02 4

—0.04 1

-0.04 -0.02 0.00 0.02 0.04

Figure 8: Charts window
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SDE-MATH: software package - O X

G Back | Strong Taylor-Ito Scheme with Convergence Order 1.5 Charts window

t t
x; = Xg + [a(xs,s)ds +fB(X,,3]dW!, xo = x(0),
0 0

where x; : [0,T] x @ —R", a(x,t) : B"x[0,T] =R", B(x,t): B"x[0,T] =R"*™,

w, is a standard m—dimensional Wiener process with independent components

Dimensions settings
On
@m

W Next
Figure 9: Nonlinear system of Ito SDEs data input
SDE-MATH: software package - O X
QO Back | Strong Taylor-Ito Scheme with Convergence Order 1.5 Charts window

t i
x = xo + [alx,)ds + [ Boxs)dw, x0 = x(0),
0 0

where x; : [0,T] x @ —=R", a(x,t) : R"x[0,T] =R", B(x,t): B"x[0,T] =R"*™,

w, is a standard m—dimensional Wiener process with independent components

Dimensions settings

On 2
@ Wrong value!
Omd

<) Next

Figure 10: Wrong data input
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SDE-MATH: software package - O X

G Back | Strong Taylor-Ito Scheme with Convergence Order 1.5 Charts window

t

t
x; = Xg + [a(xs,s)ds +fB{x,,s)dwj, xo = x(0),
0 0

where x; : [0,T] x @ —R", a(x,t) : B"x[0,T] =R", B(x,t): B"x[0,T] =R"*™,

w, is a standard m—dimensional Wiener process with independent components

Dimensions settings

On 2
Om 2

@ Next
Figure 11: Correct data input
SDE-MATH: software package - O X
QO Back | Strong Taylor-Ito Scheme with Convergence Order 1.5 Charts window

0 Setting of column a(x, t)

1
1/-5"x1
2|-5"x2

GBack || @ Next

Figure 12: Vector function a(x,t) input
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SDE-MATH: software package - O X

Strong Taylor-Tto Scheme with Convergence Order 1.5 Charts window

© Setting of matrix B(x, t)

1 0.5%sin(x1) x2

2

0.5%cos(x1)

3 Back @ Next

Figure 13: Matrix function B(x,t) input

SDE-MATH: software package - O X

Strong Taylor-Tto Scheme with Convergence Order 1.5 Charts window

® Setting of column x0

GBack || @ Next

Figure 14: Initial data input
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SDE-MATH: software package - O X

G Back | Strong Taylor-Ito Scheme with Convergence Order 1.5 v/ | Charts window

Accuracy settings

@ Wrong value!
Qi |21 @ dt 0.001 @20

@ seed 703 @c s

G Back || @ Perform modeling

Figure 15: Wrong data input

SDE-MATH: software package - O X

QO Back | Strong Taylor-Ito Scheme with Convergence Order 1.5 /| Charts window

Accuracy settings

ot |d © dt 0.001 O t120
® seed 703 ®c 50

G Back || @ Perform modeling

Figure 16: Correct data input
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;- The modeling is being performed...

02:49:34 - SQlite Database is successfully connected
02:49:34 - SQlite Database Version is: 3.33.0
02:49:39 - [0.000 seconds] Strong Taylor-Ito 1.5 start
02:49:40 - [0.713 seconds] Using C = 50.0

02:49:40 - [0.714 seconds] Using dt = 0.001
02:49:40 - [0.714 seconds] Using q = (2500, 3)

Figure 17: Modeling logs

SDE-MATH: software package - [ X

The modeling has been completed!

03:02:02 - SQLite Database is successfully connected

03:02:02 - SQLite Database Version is: 3.33.0

03:02:06 - [0.000 seconds] Strong Taylor-Ito 1.5 start

03:02:07 - [0.731 seconds] Using C = 50.0

03:02:07 - [0.731 seconds] Using dt = 0.001

03:02:07 - [0.731 seconds] Using q = (2500, 3)

03:03:49 - [102.940 seconds] Strong Taylor-Ito 1.5 subs are finished
03:07:28 - [321.630 seconds] Strong Taylor-Ito 1.5 calculations are finished
03:07:28 - The SQlite connection is closed

v Ok

Figure 18: Modeling logs
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L - o
© Curves °o = © Trajectories Expectations Variances @ € = ‘*‘ Q =~
v Taylor-Ito 1.5,x1 X

V| Taylor-Ito 1.5, x2 X

| !

0.0 25 5.0 75 10.0 125 15.0 175

Figure 19: Modeling results

SDE-MATH: software package - O X

G Back | Linear Systems of Tto SDEs Charts window

dxy= (Ax;+Bu(t))dt + Fdw,
s Xo= X(U),

yv;= Hx;

where x;: [0,T] x @ »R", A eR™™ B eR™F u(t) : [0,T] »RF, F cR™™, H RV,
w, i5 a standard m—dimensional Wiener process with independent components

Dimensions settings
0 n
Om
0«

& Next

Figure 20: Linear system of It6 SDEs data input
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SDE-MATH: software package - O X

GBack | Linear Systems of Ito SDEs Charts window

dx,= (Ax,+Bu(t))dt + Fdw,
, xo=x(0),

¥i—= Hx,

where x;: [0,T] x @ »R", A eR™" B eR™* u(t) : [0,T) —R¥, F k™™ H eR*™,
wy i5 a standard m—dimensional Wiener process with independent components

Dimensions settings
On 4
O mis

@ Wrong value!
Ok [

< Next

Figure 21: Wrong data input

SDE-MATH: software package - O X

O Back | Linear Systems of Ito SDEs Charts window

dx,= (Ax,+Bu(t))dt + Fdw,
s Xp= X(U),

¥i—= Hx,

where x;: [0,T] x @ »R", A eR™" B eR™* u(t) : [0,T) —R¥, F sR™™ H RV
w, i5 a standard m—dimensional Wiener process with independent components

Dimensions settings
On 4
O mis
(i K]

D Next

Figure 22: Correct data input
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SDE-MATH: software package - O X
GBack | Linear Systems of Ito SDEs Charts window
© Setting of matrix A

1 2 3 4
10 0 0 0
20 0 0 0
3|0 0 0 0
40 0 0 0
3 Back @ Next
Figure 23: Matrix A input

SDE-MATH: software package - O X

O Back | Linear Systems of Ito SDEs Charts window

(i ] Sett"’]g of matrix A © Wrong values in matrix!

1 2 3 4
1/-1 0 0
20 -2 0
30 0 -3 0
4/0 0 0 a

& Back 2 Next

Figure 24: Wrong matrix A input
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SDE-MATH: software package - O X

GBack | Linear Systems of Ito SDEs Charts window

© Setting of matrix A

1 2 3 4
1/-1 0
20 -2
30 0 -3
40 0 0 4

3 Back @ Next

Figure 25: Correct matrix A input

O Back | Linear Systems of Ito SDEs Charts window

0 Setting of matrix B

1 2 3
1/0 1 0
20 1 0
30 1 0
4/0 1 0

GBack || @ Next

Figure 26: Matrix B input
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SDE-MATH: software package

& Back

Linear Systems of Ito SDEs

© Setting of matrix F

1/0.2
2101
3/0.1
4/0.1

1

0.1
0.2
0.1
0.1

2
0.1
0.1
0.2
0.1

3

0.1
0.1
0.1
0.2

— t X

Charts window

0.1
0.1
0.1
0.1

3 Back @ Next

Figure 27: Matrix F' input

SDE-MATH: software package

3 Back

0 Setting of vector function u(t)

1 5*t*exp(-2*1)

20

3 sqrt(1+t**2)

Linear Systems of Tto SDEs

— | X

Charts window

GBack || @ Next

Figure 28: Vector function u(t) input
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SDE-MATH: software package - O X

GBack | Linear Systems of Ito SDEs Charts window

© Setting of matrix H
1 2 e 4
1-2 1 2 il

3 Back @ Next

Figure 29: Matrix H input

SDE-MATH: software package - O X

O Back | Linear Systems of Ito SDEs Charts window

© Setting of column x0

1
11
22
3/-1
4|-2

GBack || @ Next

Figure 30: Initial data input
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GBack | Linear Systems of Ito SDEs v/ | Charts window

Accuracy settings

@ Wrong value!
@0 21 @ dt 0.001 @t 20

@ seed 703

G Back || @ Perform modeling

Figure 31: Wrong data input

SDE-MATH: software package - O X

O Back | Linear Systems of Ito SDEs /| Charts window

Accuracy settings

Ot 0 O dt 0.001 Ot120
@ seed 703

G Back || @ Perform modeling

Figure 32: Correct data input
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SDE-MATH: software package - O

The modeling has been completed!

03:30:23 - Reading input data

03:30:23 - Input is correct

03:30:23 - Calculation of Ad and Bd (Algorithm 11.2)
03:30:23 - Calculation of Fd (Algorithm 11.6)
03:30:23 - Starting modeling loop

03:30:24 - Integration took 0.562 seconds

v Ok

Figure 33: Modeling logs

SDE-MATH: charts window

O X

© curves o w !
WV Linear, x1
V| Linear, x2

Linear, x3

Linear, x4

X |X | %X |x|x

Linear, y

© Trajectories Expectations Variances @ € 9 | Q = &/ Zzoom rect

Figure 34: Modeling results (components of solution)
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SDE-MATH: charts window - [m] X
O curves © ® ! @ Trajectories Expectations Variances @& € 9 & Q= & zoom rect
W Linear, x1 x
V| Linear, x2 X
Linear, x3 X
Linear, x4 X
Linear, y x
\
\
\\ ‘
025 A\
Q
0.00 = ——
0.0 25 50 75 100 125 15.0 175 200
Figure 35: Modeling results (expectations)
O curves © ® ! @ Trajectories Expectations Variances @ € 9 b/Q = WV zoom rect
V| Linear, x1 X | o040
W Linear, x2 x
Linear, x3 x
Linear, x4 X 0.035 4
Linear, y x
00304
o02s5{ |

00204 | —
| /
|
|

0.015 4
0.010 4

0.005 4

5.0 7.5

Figure 36: Modeling results (variances)
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5 The Results Obtained Using the SDE-MATH Software
Package

This section represents the results that were obtained with the SDE-MATH
software package at the current stage of the development.

5.1 The Calculated Fourier—Legendre Coefficients

When application runs first time it performs loading of Fourier-Legendre coef-
ficients basic pack in the database from the files. Further, in Listings [[H4] few
examples of them can be seen.

Listing 1: The Fourier-Legendre coefficients CY) . examples
1 [C.0:0:0 = 4/3
2 |[C0:0:1 = —2/3
3C0:0:2 = 2/15
4 |C.0:0:3 =0
5 0.
6 |C0:6:4 = —4/429
7 |C0:6:5 = 2/143
8 |C.0:6:6 = 2/2145
9 |C.1:0:0 = 2/3
10 | ...
11 |C_47:33:44 = 3874457388633368/31334948307735906710660485
12 | C.47:33:45 = 0
13 | C_47:33:46 = 52892292737827468,/2224781329849249376456894435
14 | C47:34:0 = 0
15 [C.47:34:1 = 0
Listing 2: The Fourier-Legendre coefficients C7)) . examples
1 |C.0:0:0:0 = 2/3
2 |C.0:0:0:1 = —2/5
3 [C0:0:0:2 = 2/15
4 1C.0:0:1:0 = —2/15
5 |C0:0:1:1 = 2/15
6| ...
7 (C1:1:0:1 = —2/35
8§ |C.1:1:0:2 =0
9 |C1:1:1:0 = 2/105
10 [C_1:1:1:1 =0
1| ...
12 [C_20:20:20:1 = —2401828/165607444685315115
13 [C.20:20:20:2 = 0
14 [C.20:20:20:3 = —1241929832/77669891557412788935
15 | C20:20:20:4 = 0
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Listing 3: The Fourier—Legendre coefficients Cg)]g(}gjm examples

1 [C.0:0:0:0:0 = 4/15

2 |C.0:0:0:0:1 = —8/45

31C.0:0:0:1:0 = —4/45

4 [C.0:0:0:1:1 = 8/105

5 (1C.0:0:1:0:0 =0

6 |C0:0:1:0:1 = 4/315

O

8 |C_1:1:0:1:0 = —4/315

9 |C1:1:0:1:1 = 4/315

10 |C-1:1:1:0:0 = 2/105

11 |C.1:1:1:0:1 = —8/945

12 {C.1:1:1:1:0 = 2/945

13 |C1:1:1:1:1 =0

14 | ...

15 | C-20:20:20:20:1 = 0

16 [ C_20:20:20:20:2 = —249877207023610010/10969028984480026752856704371

17 | C_20:20:20:20:3 = 0

18 | C_20:20:20:20:4 = —307937246954575016/571102494076952592887484313076115
Listing 4: The Fourier-Legendre coefficients C°2% . . examples

1 [C.0:0:0:0:0:0 = 4/45

2 [C.0:0:0:0:0:1 = —4/63

3 (C.0:0:0:0:0:2 = 2/63

4 |C.0:0:0:0:1:0 = —4/105

5 | ...

6 1C2:1:0:1:0:2 = —2/1575

7 1C2:1:0:1:1:0 = 38/22275

8 |C2:1:0:1:1:1 = —2/1575

9 |C2:1:0:1:1:2 = 68/81081

10 | ...

11 |C.15:15:15:15:15:15 = 0

12 |C.15:15:15:15:15:16 = —798538765964/243076352242280511713913783475

13 [C.15:15:15:15:15:17 = 0

14 |C_15:15:15:15:15:18 = —59075427603328/17302616709609603697454044769175

5.2 Accuracy Settings

From Theorem 3 (see formulas (BI)—(66])) it follows that the number p in the
formula (48)) should be chosen individually for various combinations of indices
i1,. .., i € {1,...,m}. As follows from Listing [}l (see below) and the results of
work [73], these numbers p in the overwhelming majority of cases do not exceed
the number p from the formula (5II). Moreover, all the mentioned numbers p
are many times less than the number p selected using the formula ([@9) (due to
the presence of the multiplier factor k! on the left-hand side of (E9])).

In this work, we have replaced the mentioned numbers p for all possible
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combinations of indices iy, ...,4 € {1,...,m} with the number p according to
the formula (BI). This is possible due to the results of Listing [l This listing
shows that the above replacement does not lead to noticeable accuracy loss of
the mean square approximation of iterated Ito stochastic integrals (for more
details see [73]).

Thus, in this paper we decided to exclude the multiplier factor k! in the
conditions for choosing the numbers ¢, ..., q5 (see (I69)—(202)). Recall that
these numbers are used to construct the approximations of iterated Itd6 and
Stratonovich stochastic integrals from the numerical schemes (I3)—(L6]), (25])—
(28)). The test script was written. The results of its work are presented in
Listings B and [0, where

1. dt is the integration step;

2. q1(1,2) means p from (B4)), q1(2,3) means p from (BI), q1(1,3) means p
from (56), q1 means p from (Bl for k£ = 3;

3. C =1 (see (I7) and (29));
4. error 1 means the left-hand side of (I'71));
5. error 2 means the left-hand side of (54]) divided by (T — t)?;
6. error 3 means the left-hand side of (56]) divided by (T' — t)3;
7. error 4 means the left-hand side of (58] divided by (T — t)3.
The above idea of calculation of the numbers ¢, ..., q5 is described in
Listing 09l
Listing 5: Accuracy calculation module
1
2 |dt = 0.011
3 ql = 12
4 ql (1, 2) =
5 ql (1, 3) = 12
6 al (2, 3) =6
7
8 |dt = 0.008
9 ql = 16
10 ql (1, 2) =8
11 ql (1, 3) = 16
12 qal (2, 3) =8
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13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39

© 00 N O Ut A W N

N N N e e e e e e e e
N = O © 00 O Utk W NN = O

dt = 0.0045
ql = 28
al (1, 2) = 14
ql (1, 3) = 28
al (2, 3) = 14
dt = 0.0035
ql = 36
ql (1, 2) = 18
al (1, 3) = 36
ql (2, 3) = 18
dt = 0.0027
ql = 47
ql (1, 2) = 23
ql (1, 3) = 47
qal (2, 3) = 23
dt = 0.0025
ql = 50
ql (1, 2) = 25
ql (1, 3) = 51
ql (2, 3) = 25
Process finished with exit code 0
Listing 6: Accuracy calculation module
dt = 0.011
error 1 = 0.010153888451696458
ql = 12
error 2 = 0.005076944225848201
ql (1, 2) = 12
error 3 = 0.010307776903394072
ql (1, 3) = 12
error 4 = 0.005076944225848284
al (2, 3) = 12
dt = 0.008
error 1 = 0.007681193827577537
ql = 16
error 2 = 0.003840596913789046
ql (1, 2) = 16
error 3 = 0.0077866300793989485
ql (1, 3) = 16
error 4 = 0.003840596913789157
ql (2, 3) = 16
dt = 0.0045
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23 error 1 = 0.004432832059862973
24 ql = 28
25 error 2 = 0.0022164160299319446

26 ql (1, 2) = 28
27 error 3 = 0.004479699207443705
28 ql (1, 3) = 28

29 error 4 = 0.002216416029932139
30 ql (2, 3) = 28

31
32 |dt = 0.0035

33 error 1 = 0.0034564405520411956
34 ql =
35 error 2 = 0.0017282202760207088
36 ql (1, 2) = 36

37 error 3 = 0.003488223569838411
38 ql (1, 3) = 36

39 error 4 = 0.0017282202760210141
40 al (2, 3) = 36

41
42 |dt = 0.0027

43 error 1 = 0.0026523659377455377
44 ql = 47

45 error 2 = 0.00132618296887127
46 ql (1, 2) = 47

47 error 3 = 0.0026731529281250332
48 ql (1, 3) = 47

49 error 4 = 0.0013261829688714366
50 ql (2, 3) = 47

51
52 |dt = 0.0025

53 error 1 = 0.002494053620431952

54 ql = 50
55 error 2 = 0.0012470268102122428
56 ql (1, 2) = 50
57 error 3 = 0.0025128597161119537
58 ql (1, 3) = 50

59 error 4 = 0.0012470268102123538
60 ql (2, 3) = 50

61
62
63 | Process finished with exit code 0

5.3 Testing Example (Nonlinear System of Ité6 SDEs)

The input data for testing of the SDE-MATH software package correspond
to the autonomous variant of nonlinear system of Ito SDE ([Il) with multidi-
mensional non-commutative noise. More precisely, we choose n = 2, m = 2,
xV =1, x% =15

0o — H X T 49
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B (Xu), X(z))

0.5 - sin (x(l))

—5x()

—5x(2)

oe)

oe)

0.5 - cos (x(l))

Figures B7H92 related to the strong high-order Taylor—It6 and Taylor—Stra-

tonovich schemes (I2)—(I6), ([24)-(28)) for the 1t6 SDE () represent modeling
results.

Test machine specifications are CPU with maximum core frequency 4.2 GHz

and 16GB of RAM.

5.4 Visualization and Numerical Results for Nonlinear System of

Ito SDEs Obtained via the SDE-MATH Software Package

This subsection is fully devoted to modeling logs and results visualization
are presented on Figures B7HIT]

. They

SDE-MATH: software package

The modeling has been completed!
18:18:52 -
18:18:52 -
18:18:52 -
18:18:52 -
18:18:52 -
18:18:52 -

SQlite Database is successfully connected
SQLite Database Version is: 3.33.0

[0.000 seconds] Euler start

[0.004 seconds] Euler subs are finished
[0.168 seconds] Euler calculations are finished
The SQLite connection is closed

18:19:54

18:19:55 -
18:19:55 -
18:19:55 -

SDE-MATH: software package - m}

The modeling has been completed!
18:19:50 -
18:19:50 -
18:19:54 -
18:19:54 -
18:19:54 -

SQlite Database is successfully connected
SQlite Database Version is: 3.33.0

[0.001 seconds] Milstein start

0.001 seconds] Using C = 50.0

0.001 seconds] Using dt = 0.001

0.069 seconds] Milstein subs are finished
0.825 seconds] Milstein calculations are finished
The SQlite connection is closed

[
[
- [0.001 seconds] Using q = (3,)
[
[

Euler scheme (dt = 0.001)

Milstein scheme (C' = 50, dt = 0.001)

Figure 37: Modeling logs
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SDE-MATH: software package - O X

The modeling has been completed!

18:20:10 - SQLite Database is successfully connected

18:20:10 - SQLite Database Version is: 3.33.0

18:20:14 - [0.000 seconds] Strong Taylor-Ito 1.5 start

18:20:15 - [0.723 seconds] Using C = 50.0

18:20:15 - [0.723 seconds] Using dt = 0.001

18:20:15 - [0.728 seconds] Using q = (2500, 3)

18:21:44 - [90.166 seconds] Strong Taylor-Ito 1.5 subs are finished
18:25:20 - [306.154 seconds] Strong Taylor-Ito 1.5 calculations are finished
18:25:20 - The SQLite connection is closed

Figure 38: Strong Taylor-It6 scheme of order 1.5 (C' = 50, dt = 0.001)
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Figure 39: Strong Taylor-It6 schemes of orders 0.5, 1.0, and 1.5 (xgl) component, C' = 50,

dt = 0.001)
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SDE-MATH: charts window - O X
© Curves o=l g Trajectories Expectations Variances @ € 9 o Q, = &

Euler, x1 b 4
V| Euler, x2 X

15

Milstein, x1 X
V' Milstein, x2 X

Taylor-Ito 1.5, x1. x
V' Taylor-Ito 1.5, x2 b 4
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Figure 40: Strong Taylor-Ito schemes of orders 0.5, 1.0, and 1.5 (X,EQ) component, C' = 50,
dt = 0.001)

SDE-MATH: software package — O X SDE-MATH: software package — O X
The modeling has been completed! The modeling has been completed!
18:36:24 - SQlite Database is successfully connected 18:36:49 - SQLite Database is successfully connected
- SQlite Database Version is: 3.33.0 18:36:49 - SQLite Database Version is: 3.33.0
18:36:24 - [0.000 seconds] Euler start 18:36:54 - [0.000 seconds] Milstein start
18:36:24 - [0.009 seconds] Euler subs are finished 18:36:54 - [0.000 seconds] Using C = 500.0
18:36:24 - [0.039 seconds] Euler calculations are finished 18:36:54 - [0.000 seconds] Using dt = 0.005
18:36:24 - The SQLite connection is closed 18:36:54 - [0.000 seconds] Using ¢ = (0,)

18:36:54 - [0.034 seconds] Milstein subs are finished
18:36:54 - [0.132 seconds] Milstein calculations are finished
18:36:54 - The SQLite connection is closed

v 0k Ok

Euler scheme (dt = 0.005) Milstein scheme (C' = 500, dt = 0.005)

Figure 41: Modeling logs
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SDE-MATH: software package - m} X SDE-MATH: software package - m} X
The modeling has been completed! The modeling has been completed!
18:37:10 - SQlite Database is successfully connected 19:34:09 - SQlite Database is successfully connected
18:37:10 - SQlite Database Version is: 3.33.0 19:34:09 - SQLite Database Version is: 3.33.0
18:37:14 - [0.000 seconds] Strong Taylor-Ito 1.5 start 19:34:15 - [0.000 seconds] Strong Taylor-Ito 2.0 start
18:37:14 - [0.001 seconds] Using C = 500.0 19:34:15 - [0.475 seconds] Using C = 500.0
18:37:14 - [0.001 seconds] Using dt = 0.005 19:34:15 - [0.475 seconds] Using dt = 0.005
18:37:14 - [0.006 seconds] Using q = (10, 0) 19:34:15 - [0.481 seconds] Using q = (2000, 10, 0, 0)
18:37:14 - [0.262 seconds] Strong Taylor-Ito 1.5 subs are finished 19:36:53 - [158.104 seconds] Strong Taylor-Ito 2.0 subs are finished
18:37:15 - [0.830 seconds] Strong Taylor-Ito 1.5 calculations are finished 19:38:13 - [238.335 seconds] Strong Taylor-Ito 2.0 calculations are finished
18:37:15 - The SQLite connection is closed 19:38:13 - The SQLite connection is closed

v Ok v Ok
N A~
Strong Taylor-It6 scheme of order 1.5 (C' =  Strong Taylor—It6 scheme of order 2.0 (C' =

500, dt = 0.005) 500, dt = 0.005)

Figure 42: Modeling logs

SDE-MATH: charts window - O X
ez © ® ! @ Trajectories Expectations Variances & € 9 & Q =
V| Euler, x1 t 4

Euler, x2 X
Vv Milstein, x1 } 4 Lo

Milstein, x2 b 4
V| Taylor-Ito 1.5, x1 b 4

Taylor-Tto 1.5, x2 X

0.8
V' Taylor-Ite 2.0, x1 X
Taylor-Ito 2.0, x2 x
0.6 «‘ \
‘ {
0.4 ‘
| |
‘ |
u ‘
\ {
02 " !
\ | |
U /
|
| |

0.0
u,' ]

. “ L) l‘.‘”m’ g (N Nv ih \’&‘r N _1‘3‘,‘\, ('_

/ (
'M !“l‘ " I
| “‘m Mﬂ i } ~ (il JM ‘.f i }'M ) Wl'r

Figure 43: Strong Taylor-It6 schemes of orders 0.5, 1.0, 1.5, and 2.0 (x; (1) component, C' = 500,
dt = 0.005)
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Figure 44: Strong Taylor-It6 schemes of orders 0.5, 1.0, 1.5, and 2.0 (x; ) component, C' = 500,

dt = 0.005)
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Figure 45: Strong Taylor-Ito schemes of orders 0.5, 1.0, 1.5, 2.0, and 2.5 (xgl) component,

C = 7500, dt = 0.01)
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SDE-MATH: software package - [} X

The modeling has been completed!

18:50:36 - SQLite Database is successfully connected
18:50:36 - SQlite Database Version is: 3.33.0

SDE-MATH: software package - m} X

The modeling has been completed!

18:50:51 - SQLite Database is successfully connected
18:50:51 - SQLite Database Version is: 3.33.0

18:50:36 - [0.000 seconds] Euler start 18:50:56 - [0.000 seconds] Milstein start

18:50:36 - [0.013 seconds] Euler subs are finished 18:50:56 - [0.001 seconds] Using C = 7500.0
18:50:36 - [0.028 seconds] Euler calculations are finished 18:50:56 - [0.005 seconds] Using dt = 0.01
18:50:36 - The SQLite connection is closed 18:50:56 - [0.005 seconds] Using q = (0,)

18:50:56 - [0.039 seconds] Milstein subs are finished

18:50:56 - [0.086 seconds] Milstein calculations are finished
18:50:56 - The SQlite connection is closed

v Ok v Ok

Euler scheme (dt = 0.01) Milstein scheme (C' = 7500, dt = 0.01)

SDE-MATH: software package - [} X SDE-MATH: software package - m} X
The modeling has been completed!
18:51:10 - SQLite Database is successfully connected
18:51:10 - SQLite Database Version is: 3.33.0

18:51:14 - [0.000 seconds] Strong Taylor-Ito 1.5 start

The modeling has been completed!

18:51:31 - SQLite Database is successfully connected
18:51:31 - SQLite Database Version is: 3.33.0
18:51:35 - [0.000 seconds] Strong Taylor-Ito 2.0 start

18:51:14 - [0.000 seconds] Using C = 7500.0 18:51:35 - [0.000 seconds] Using C = 7500.0

18:51:14 - [0.001 seconds] Using dt = 0.01 18:51:35 - [0.000 seconds] Using dt = 0.01

18:51:14 - [0.005 seconds] Using g = (0, 0) 18:51:35 - [0.001 seconds] Using g = (17, 0, 0, 0}

18:51:14 - [0.141 seconds] Strong Taylor-Ito 1.5 subs are finished 18:51:36 - [0.910 seconds] Strong Taylor-Ito 2.0 subs are finished

18:51:15 - [0.338 seconds] Strong Taylor-Ito 1.5 calculations are finished
18:51:15 - The SQLite connection is closed

18:51:37 - [2.051 seconds] Strong Taylor-Ito 2.0 calculations are finished
18:51:37 - The SQlite connection is closed

v Ok v Ok

Strong Taylor-Itd scheme of order 1.5 (C' =
7500, dt = 0.01)

Strong Taylor-It6 scheme of order 2.0 (C =
7500, dt = 0.01)

SDE-MATH: software package [} X

The modeling has been completed!

18:52:35 - SQLite Database is successfully connected

18:52:35 - SQlite Database Version is: 3.33.0

18:52:39 - [0.000 seconds] Strong Taylor-Ite 2.5 start

18:52:40 - [0.384 seconds] Using C = 7500.0

18:52:40 - [0.384 seconds] Using dt = 0.01

18:52:40 - [0.384 seconds] Using q = (1667, 17,0, 0,0, 0, 0, 0)

18:56:32 - [232.859 seconds] Strong Taylor-Ito 2.5 subs are finished
18:57:45 - [305.366 seconds] Strong Taylor-Ito 2.5 calculations are finished
18:57:45 - The SQLite connection is closed

v 0k

Strong Taylor-It6 scheme of order 2.5 (C' =
7500, dt = 0.01)

Figure 46: Modeling logs
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SDE-MATH: charts window - O X
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Figure 47: Strong Taylor-Ito schemes of orders 0.5, 1.0, 1.5, 2.0, and 2.5 (X?) component,
C = 7500, dt = 0.01)
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Figure 48: Strong Taylor-I1to6 schemes of orders 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 (xgl) component,
C' = 14000, dt = 0.025)
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SDE-MATH: software package - [} X

The modeling has been completed!

19:09:25 - SQLite Database is successfully connected
19:09:25 - SQlite Database Version is: 3.33.0

19:09:25 - [0.000 seconds] Euler start

19:09:25 - [0.014 seconds] Euler subs are finished
19:09:25 - [0.021 seconds] Euler calculations are finished
19:09:25 - The SQLite connection is closed

SDE-MATH: software package - m} X

The modeling has been completed!

19:09:40 - SQLite Database is successfully connected
19:09:40 - SQLite Database Version is: 3.33.0

19:09:44 - [0.000 seconds] Milstein start

19:09:44 - [0.001 seconds] Using C = 14000.0

19:09:44 - [0.001 seconds] Using dt = 0.025

19:09:44 - [0.006 seconds] Using q = (0,)

19:09:44 - [0.041 seconds] Milstein subs are finished
19:09:44 - [0.059 seconds] Milstein calculations are finished
19:09:44 - The SQlite connection is closed

v Ok v Ok
Euler scheme (dt = 0.025) Milstein scheme (C' = 14000, dt = 0.025)

SDE-MATH: software package - O X SDE-MATH: software package - O X
The modeling has been completed! The modeling has been completed!
19:10:07 - SQLite Database is successfully connected 19:10:23 - SQLite Database is successfully connected
19:10:07 - SQLite Database Version is: 3.33.0 19:10:23 - SQLite Database Version is: 3.33.0
19:10:11 - [0.000 seconds] Strong Taylor-Ito 1.5 start 19:10:27 - [0.000 seconds] Strong Taylor-Ito 2.0 start
19:10:11 - [0.000 seconds] Using C = 14000.0 19:10:27 - [0.000 seconds] Using C = 14000.0
19:10:11 - [0.000 secends] Using dt = 0.025 19:10:27 - [0.001 seconds] Using dt = 0.025
19:10:11 - [0.005 seconds] Using g = (0, 0) 19:10:27 - [0.006 seconds] Using q = (1, 0, 0, 0)
19:10:12 - [0.145 seconds] Strong Taylor-Ito 1.5 subs are finished 19:10:28 - [0.547 seconds] Strong Taylor-Ito 2.0 subs are finished
19:10:12 - [0.224 seconds] Strong Taylor-Ito 1.5 calculations are finished 19:10:28 - [0.899 seconds] Strong Taylor-Ito 2.0 calculations are finished
19:10:12 - The SQLite connection is closed 19:10:28 - The SQlite connection is closed

v Ok

v Ok

Strong Taylor-Itd scheme of order 1.5 (C' =
14000, dt = 0.025)

Strong Taylor-It6 scheme of order 2.0 (C =
14000, dt = 0.025)

SDE-MATH: software package - [} X

The modeling has been completed!

19:10:44 - SQLite Database is successfully connected

19:10:44 - SQlite Database Version is: 3.33.0

19:10:48 - [0.000 seconds] Strong Taylor-Ito 2.5 start

19:10:48 - [0.000 seconds] Using C = 14000.0

19:10:48 - [0.000 seconds] Using dt = 0.025

19:10:48 - [0.005 seconds] Using q = (23, 0,0, 0,0, 0, 0, 0)

19:10:51 - [2.722 seconds] Strong Taylor-Ito 2.5 subs are finished
19:10:53 - [4.672 seconds] Strong Taylor-Ito 2.5 calculations are finished
19:10:53 - The SQLite connection is closed

v Ok

SDE-MATH: software package - m} X

The modeling has been completed!

19:11:05 - SQLite Database is successfully connected

19:11:05 - SQLite Database Version is: 3.33.0

19:11:09 - [0.000 seconds] Strong Taylor-Ito 3.0 start

19:11:10 - [0.264 seconds] Using C = 14000.0

19:11:10 - [0.265 seconds] Using dt = 0.025

19:11:10 - [0.265 seconds] Using q = (914, 23,0, 0,0,0,0,0,0,0,0,0,0, 0,0, 0)
19:17:00 - [350.567 seconds] Strong Taylor-Ito 3.0 subs are finished

19:17:53 - [403.822 seconds] Strong Taylor-Ito 3.0 calculations are finished
19:17:53 - The SQLite connection is closed

v Ok

Strong Taylor-Itd scheme of order 2.5 (C' =
14000, dt = 0.025)

Strong Taylor-It6 scheme of order 3.0 (C' =
14000, dt = 0.025)

Figure 49: Modeling logs
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SDE-MATH: charts window - O X
© Curves o=l g Trajectories Expectations Variances @ € 9 o Q, = &
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Figure 50: Strong Taylor-It6 schemes of orders 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 ( component
C' = 14000, dt = 0.025)

SDE-MATH: software package — O X SDE-MATH: software package — O X
The modeling has been completed! The modeling has been completed!
18:28:36 - SQlite Database is successfully connected 18:29:04 - SQLite Database is successfully connected
18:28:36 - SQLite Database Version is: 3.33.0 18:29:04 - SQLite Database Version is: 3.33.0
18:28:40 - [0.000 seconds] Taylor-Stratonovich 1.0 start 18:29:08 - [0.000 seconds] Strong Taylor-Stratonovich 1.5 start
18:28:40 - [0.000 seconds] Using C = 50.0 18:29:09 - [0.726 seconds] Using C = 50.0
18:28:40 - [0.001 seconds] Using dt = 0.001 18:29:09 - [0.727 seconds] Using dt = 0.001
18:28:40 - [0.001 seconds] Using g = (3,) 18:29:09 - [0.727 seconds] Using g = (2500, 3)
18:28:40 - [0.080 seconds] Strong Taylor-Stratonovich 1.0 subs are finished 18:30:40 - [91.427 seconds] Strong Taylor-Stratonovich 1.5 subs are finished
18:28:41 - [0.916 seconds] Strong Taylor-Stratonovich 1.0 calculations are finished 18:34:16 - [307.814 seconds] Strong Taylor-Stratonovich 1.5 calculations are finished
18:28:41 - The SQLite connection is closed 18:34:16 - The SQlite connection is closed

v Ok v Ok

Strong Taylor—Stratonovich scheme of order  Strong Taylor—Stratonovich scheme of order
1.0 (C =50, dt = 0.001) 1.5 (C =50, dt = 0.001)

Figure 51: Modeling logs
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SDE-MATH: charts window
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Figure 52: Strong Taylor—Stratonovich schemes of orders 1.0 and 1.5 (x; ’ component, C' = 50,

dt = 0.001)
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Figure 53: Strong Taylor—Stratonovich schemes of orders 1.0 and 1.5 (x;~ component, C' = 50,

dt = 0.001)
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Figure 54: Strong Taylor—Stratonovich schemes of orders 1.0, 1.5, and 2.0 (X(l) component,
C' = 500, dt = 0.005)

SDE-MATH: software package — O X SDE-MATH: software package — O X
The modeling has been completed! The modeling has been completed!
18:42:35 - SQlite Database is successfully connected 18:42:58 - SQLite Database is successfully connected
18:42:35 - SQLite Database Version is: 3.33.0 18:42:58 - SQLite Database Version is: 3.33.0
18:42:39 - [0.000 seconds] Taylor-Stratonovich 1.0 start 18:43:04 - [0.000 seconds] Strong Taylor-Stratonovich 1.5 start
18:42:39 - [0.000 seconds] Using C = 500.0 18:43:04 - [0.000 seconds] Using C = 500.0
18:42:39 - [0.000 secands] Using dt = 0.005 18:43:04 - [0.000 seconds] Using dt = 0.005
18:42:39 - [0.006 seconds] Using g = (0,) 18:43:04 - [0.005 seconds] Using q = (10, 0)
18:42:39 - [0.043 seconds] Strong Taylor-Stratonovich 1.0 subs are finished 18:43:04 - [0.227 seconds] Strong Taylor-Stratonovich 1.5 subs are finished
18:42:40 - [0.153 seconds] Strong Taylor-Stratonovich 1.0 calculations are finished 18:43:04 - [0.819 seconds] Strong Taylor-Stratonovich 1.5 calculations are finished
18:42:40 - The SQLite connection is closed 18:43:04 - The SQlite connection is closed

| vok | Ok

Strong Taylor—Stratonovich scheme of order  Strong Taylor—Stratonovich scheme of order
1.0 (C =500, dt = 0.005) 1.5 (C = 500, dt = 0.005)

Figure 55: Modeling logs
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SDE-MATH: software package - O X

The modeling has been completed!

18:43:36 -
18:43:36 -

18:43:41

SQlLite Database is successfully connected
SQLite Database Version is: 3.33.0

- [0.000 seconds] Strong Taylor-Stratonovich 2.0 start
18:43:42 -
18:43:42 -
18:43:42 -
18:46:22 -
18:47:42 -
18:47:42 -

[0.481 seconds] Using C = 500.0

[0.481 seconds] Using dt = 0.005

[0.482 seconds] Using q = (2000, 10, 0, 0)

[160.880 seconds] Strong Taylor-Stratonovich 2.0 subs are finished
[240.279 seconds] Strong Taylor-Stratonovich 2.0 calculations are finished
The SQlite connection is closed

Figure 56: Strong Taylor-Stratonovich scheme of order 2.0 (C' = 500, dt = 0.005)
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Figure 57: Strong Taylor—Stratonovich schemes of orders 1.0, 1.5, and 2.0 (x§2>

C' =500, dt = 0.005)

component,
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SDE-MATH: charts window - O X
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Figure 58: Strong Taylor—Stratonovich schemes of orders 1.0, 1.5, 2.0, and 2.5 (Xgl) component,
C' = 7500, dt = 0.01)

SDE-MATH: software package — O X SDE-MATH: software package — O X
The modeling has been completed! The modeling has been completed!
19:01:25 - SQLite Database is successfully connected 19:01:42 - SQLite Database is successfully connected
19:01:25 - SQLite Database Version is: 3.33.0 19:01:42 - SQLite Database Version is: 3.33.0
19:01:30 - [0.000 seconds] Taylor-Stratonovich 1.0 start 19:01:46 - [0.000 seconds] Strong Taylor-Stratonovich 1.5 start
19:01:30 - [0.001 seconds] Using C = 7500.0 19:01:46 - [0.000 seconds] Using C = 7500.0
19:01:30 - [0.001 secends] Using dt = 0.01 19:01:46 - [0.000 seconds] Using dt = 0.01
19:01:30 - [0.001 seconds] Using g = (0,) 19:01:46 - [0.006 seconds] Using q = (0, 0)
19:01:30 - [0.039 seconds] Strong Taylor-Stratonovich 1.0 subs are finished 19:01:46 - [0.110 seconds] Strong Taylor-Stratonovich 1.5 subs are finished
19:01:30 - [0.098 seconds] Strong Taylor-Stratonovich 1.0 calculations are finished 19:01:46 - [0.317 seconds] Strong Taylor-Stratonovich 1.5 calculations are finished
19:01:30 - The SQLite connection is closed 19:01:46 - The SQlite connection is closed

v Ok v Ok

Strong Taylor—Stratonovich scheme of order  Strong Taylor—Stratonovich scheme of order
1.0 (C = 7500, dt = 0.01) 1.5 (C = 7500, dt = 0.01)

Figure 59: Modeling logs
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SDE-MATH: software package - m} X

The modeling has been completed!

SDE-MATH: software package - m} X

The modeling has been completed!

19:02:01
19:02:01

- SQlite Database is successfully connected
- SQlite Database Version is: 3.33.0

19:02:05 -
19:02:05 -
19:02:05 -
19:02:05 -
19:02:05 -
19:02:07 -
19:02:07 -

[0.000 seconds] Strong Taylor-Stratenovich 2.0 start

[0.000 seconds] Using C = 7500.0

[0.000 seconds] Using dt = 0.01

[0.005 seconds] Using q = (17, 0, 0. 0)

[0.667 seconds] Strong Taylor-Stratenovich 2.0 subs are finished
[1.773 seconds] Strong Taylor-Stratonovich 2.0 calculations are finished
The SQLite connection is closed

v Ok

19:02:23 - SQlite Database is successfully connected

19:02:23 - SQLite Database Version is: 3.33.0

19:02:27 - [0.000 seconds] Strong Taylor-Stratonovich 2.5 start

19:02:28 - [0.380 seconds] Using C = 7500.0

19:02:28 - [0.380 seconds] Using dt = 0.01

19:02:28 - [0.381 seconds] Using q = (1667, 17,0, 0, 0, 0, 0, 0)

19:05:55 - [207.453 seconds] Strong Taylor-Stratonovich 2.5 subs are finished
19:07:06 - [279.034 seconds] Strong Taylor-Stratonovich 2.5 calculations are finished

19:07:06 -

The SQLite connection is closed

v Ok

Strong Taylor—Stratonovich scheme of order
2.0 (C = 17500, dt = 0.01)

Strong Taylor—Stratonovich scheme of order
2.5 (C = 17500, dt = 0.01)

Figure 60: Modeling logs

SDE-MATH: charts window — O X
@ curves o=l g Trajectories Expectations Variances @ € 9 «» Q = &
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Figure 61: Strong Taylor—Stratonovich schemes of orders 1.0, 1.5, 2.0, and 2.5 (

C = 7500, dt = 0.01)

component
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SDE-MATH: software package - [} X

The modeling has been completed!

19:21:13 - SQLite Database is successfully connected

19:21:13 - SQlite Database Version is: 3.33.0

19:21:17 - [0.000 seconds] Taylor-Stratonovich 1.0 start

19:21:17 - [0.000 seconds] Using C = 14000.0

19:21:17 - [0.001 seconds] Using dt = 0.025

19:21:17 - [0.001 seconds] Using g = (0,)

19:21:17 - [0.037 seconds] Strong Taylor-Stratonovich 1.0 subs are finished
19:21:17 - [0.061 seconds] Strong Taylor-Stratonovich 1.0 calculations are finished
19:21:17 - The SQLite connection is closed

v Ok

SDE-MATH: software package - m} X

The modeling has been completed!

19:21:34 - SQLite Database is successfully connected

19:21:34 - SQlite Database Version is: 3.33.0

19:21:38 - [0.000 seconds] Strong Taylor-Stratonovich 1.5 start

19:21:38 - [0.000 seconds] Using C = 14000.0

19:21:38 - [0.000 seconds] Using dt = 0.025

19:21:38 - [0.007 seconds] Using q = (0, 0)

19:21:38 - [0.113 seconds] Strong Taylor-Stratonovich 1.5 subs are finished
19:21:38 - [0.196 seconds] Strong Taylor-Stratonovich 1.5 calculations are finished
19:21:38 - The SQlite connection is closed

v Ok

Strong Taylor—Stratonovich scheme of order
1.0 (C = 14000, dt = 0.025)

Strong Taylor—Stratonovich scheme of order
1.5 (C = 14000, dt = 0.025)

SDE-MATH: software package - O X

The modeling has been completed!

19:21:56 - SQlite Database is successfully connected

19:21:56 - SQLite Database Version is: 3.33.0

19:22:00 - [0.000 secends] Strang Taylor-Stratenovich 2.0 start

19:22:00 - [0.001 seconds] Using C = 14000.0

19:22:00 - [0.001 seconds] Using dt = 0.025

19:22:00 - [0.006 seconds] Using q = (1, 0, 0, 0)

19:22:00 - [0.331 seconds] Strong Taylor-Stratonovich 2.0 subs are finished
19:22:01 - [0.669 seconds] Strong Taylor-Stratonovich 2.0 calculations are finished
19:22:01 - The SQLite connection is closed

v Ok

SDE-MATH: software package - O X

The modeling has been completed!

19:22:29 - SQLite Database is successfully connected

19:22:29 - SQLite Database Version is: 3.33.0

19:22:33 - [0.000 seconds] Strong Taylor-Stratonovich 2.5 start

19:22:33 - [0.001 seconds] Using C = 14000.0

19:22:33 - [0.001 seconds] Using dt = 0.025

19:22:33 - [0.006 seconds] Using q = (23,0, 0,0, 0, 0, 0, 0)

19:22:35 - [1.773 seconds] Strong Taylor-Stratonovich 2.5 subs are finished
19:22:37 - [3.471 seconds] Strong Taylor-Stratonovich 2.5 calculations are finished
19:22:37 - The SQlite connection is closed

v Ok

Strong Taylor—Stratonovich scheme of order
2.0 (C = 14000, dt = 0.025)

Strong Taylor—Stratonovich scheme of order
2.5 (C = 14000, dt = 0.025)

SDE-MATH: software package

- O X

1, 2021

The modeling has been completed!

19:23:17 - SQLite Database is successfully connected
19:23:17 - SQLite Database Version is: 3.33.0

: - [0.001 seconds] Strong Taylor-Stratonovich 3.0 start
- [0.261 seconds] Using C = 14000.0
- [0.262 seconds] Using dt = 0.025
19:23:21 - [0.266 seconds] Using q = (914, 23,0,0,0,0,0,0,0,0,0,0,0,0, 0, 0)

A7 - [266.455 seconds] Strong Taylor-Stratonovich 3.0 subs are finished

: - [316.214 seconds] Strong Taylor-Stratonovich 3.0 calculations are finished
19:28:37 - The SQLite connection is closed

v 0ok

Strong Taylor—Stratonovich scheme of order
3.0 (C' = 14000, dt = 0.025)

Figure 62: Modeling logs
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SDE-MATH: charts window
@ Curves °oa !
V' Taylor-Str. 1.0, x1
Taylor-Str. 1.0, x2
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Figure 63: Strong Taylor-Stratonovich schemes of orders 1.0, 1.5, 2.0, 2.5, and 3.0 (x;’ com-
ponent, C' = 14000, dt = 0.025)

SDE-MATH: charts window
© Curves o w !
Taylor-Str. 1.0, x1
v Taylor-str. 1.0, x2
Taylor-Str. 1.5, x1
v Taylor-Str. 1.5, x2.
Taylor-Str. 2.0, x1
v Taylor-str. 2.0, x2
Taylor-Str. 2.5, x1
V| Taylor-Str. 2.5, X2

Taylor-Str. 3.0, x1

X X |IX|X | X |X|X%X|Xx|Xx|Xx
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Figure 64: Strong Taylor—Stratonovich schemes of orders 1.0, 1.5, 2.0, 2.5, and 3.0 (x§2) com-
ponent, C' = 14000, dt = 0.025)
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SDE-MATH: charts window - O X
© curves © ® ! @ Trajectories Expectations Variances @& € P o Q = &
V| Euler, xt x 10
Euler, x2 x
V Milstein, x1 x
Milstein, x2 X
V/ TaylorTto 1.5, x1 x
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Figure 65: Strong Taylor-Ito schemes of orders 0.5, 1.0, and 1.5 (xgl) component, C' = 0.1,
dt = 0.07)

SDE-MATH: software package - O X SDE-MATH: software package - O X
The modeling has been completed! The modeling has been completed!
19:39:48 - SQlite Database is successfully connected 19:40:06 - SQLite Database is successfully connected
19:39:48 - SQLite Database Version is: 3.33.0 19:40:06 - SQLite Database Version is: 3.33.0
19:39:48 - [0.000 seconds] Euler start 19:40:11 - [0.000 seconds] Milstein start
19:39:48 - [0.014 seconds] Euler subs are finished 19:40:11 - [0.001 seconds] Using C = 0.1
19:39:48 - [0.017 seconds] Euler calculations are finished 19:40:11 - [0.001 seconds] Using dt = 0.07
19:39:48 - The SQLite connection is closed 19:40:11 - [0.001 seconds] Using g = (18)
19:40:11 - [0.243 seconds] Milstein subs are finished
19:40:11 - [0.271 seconds] Milstein calculations are finished

19:40:11 - The SQLite connection is closed

v 0k ok

Euler scheme (dt = 0.07) Milstein scheme (C' = 0.1, dt = 0.07)

Figure 66: Modeling logs
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SDE-MATH: software package - O X

The modeling has been completed!

19:40:29 -
19:40:29 -
19:40:34 -
19:40:34 -
19:40:34 -
19:40:34 -
19:41:47 -
- [77.021 seconds] Strong Taylor-Ito 1.5 calculations are finished
- The SQlite connection is closed

19:41:51
19:41:51

SQlLite Database is successfully connected

SQLite Database Version is: 3.33.0

[0.000 seconds] Strong Taylor-Ito 1.5 start

[0.074 seconds] Using C = 0.1

[0.074 seconds] Using dt = 0.07

[0.074 seconds] Using q = (255, 18)

[73.360 seconds] Strong Taylor-Ito 1.5 subs are finished

Figure 67: Strong Taylor-Ito scheme of order 1.5 (C' = 0.1, dt = 0.07)

SDE-MATH: charts window
© Curves o w !

Euler, x1
V' Euler, x2

Milstein, x1
V| Milstein, x2
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Figure 68: Strong Taylor-Ito schemes of orders 0.5, 1.0, and 1.5 (x?) component, C' = 0.1,

dt = 0.07)
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SDE-MATH: charts window

[]
4

@ Curves @ Trajectories Expectations Variances @& € = ‘*’ Q =~

V' Euler, x1

1.0
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Taylor-Ito 1.5, x2

V| Taylor-Ito 2.0, x1

XX | X | %X |%Xx|Xx|%x|x

Taylor-Tto 2.0, x2

0.6

\
Il
A
A
[/RREER
AR

Figure 69: Strong Taylor—Ito schemes of orders 0.5, 1.0, 1.5, and 2.0 (xgl) component, C' = 0.5,

dt = 0.15)

SDE-MATH: software package — O X SDE-MATH: software package — O X
The modeling has been completed! The modeling has been completed!
19:46:51 - SQLite Database is successfully connected 19:47:02 - SQLite Database is successfully connected
19:46:51 - SQLite Database Version is: 3.33.0 19:47:02 - SQLite Database Version is: 3.33.0
19:46:51 - [0.000 seconds] Euler start 19:47:07 - [0.000 seconds] Milstein start
19:46:51 - [0.008 seconds] Euler subs are finished 19:47:07 - [0.000 seconds] Using C = 0.5
19:46:51 - [0.009 seconds] Euler calculations are finished 19:47:07 - [0.001 seconds] Using dt = 0.15
19:46:51 - The SQLite connection is closed 19:47:07 - [0.001 seconds] Using q = (2,)
19:47:08 - [0.069 seconds] Milstein subs are finished
19:47:08 - [0.073 seconds] Milstein calculations are finished
19:47:08 - The SQlite connection is closed
v Ok v Ok

Euler scheme (dt = 0.15)

Milstein scheme (C' = 0.5, dt = 0.15)

Figure 70: Modeling logs
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SDE-MATH: software package - m} X SDE-MATH: software package - m} X
The modeling has been completed! The modeling has been completed!
19:47:24 - SQlite Database is successfully connected 19:47:58 - SQlite Database is successfully connected
19:47:24 - SQlite Database Version is: 3.33.0 19:47:58 - SQLite Database Version is: 3.33.0
19:47:30 - [0.000 seconds] Strong Taylor-Ito 1.5 start 19:48:04 - [0.000 seconds] Strong Taylor-Ito 2.0 start
19:47:30 - [0.000 seconds] Using C = 0.5 19:48:04 - [0.014 seconds] Using C = 0.5
19:47:30 - [0.001 seconds] Using dt = 0.15 19:48:04 - [0.014 seconds] Using dt = 0.15
19:47:30 - [0.005 seconds] Using g = (11, 2) 19:48:04 - [0.014 seconds] Using q = (74, 11, 1, 0)
19:47:30 - [0.484 seconds] Strong Taylor-Ito 1.5 subs are finished 19:48:19 - [15.007 seconds] Strong Taylor-Ito 2.0 subs are finished
19:47:30 - [0.517 seconds] Strong Taylor-Ito 1.5 calculations are finished 19:48:20 - [15.609 seconds] Strong Taylor-Ito 2.0 calculations are finished
19:47:30 - The SQLite connection is closed 19:48:20 - The SQLite connection is closed

v Ok v Ok
N A~
Strong Taylor-Itd scheme of order 1.5 (C' =  Strong Taylor-It6 scheme of order 2.0 (C' =

0.5, dt = 0.15) 0.5, dt = 0.15)

Figure 71: Modeling logs

SDE-MATH: charts window - O X
O curves © ® ! @ Trjectories Expectations Variances & € 9 & Q = &
Euler, x1 4 150
V| Euler, x2 x
Milstein, x1 b 4
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Figure 72: Strong Taylor-Itd schemes of orders 0.5, 1.0, 1.5, and 2.0 (X§2) component, C' = (.5,
dt = 0.15)
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SDE-MATH: software package - [} X SDE-MATH: software package - m} X
The modeling has been completed! The modeling has been completed!
19:53:36 - SQLite Database is successfully connected 19:53:48 - SQLite Database is successfully connected
19:53:36 - SQlite Database Version is: 3.33.0 19:53:48 - SQlite Database Version is: 3.33.0
19:53:36 - [0.000 seconds] Euler start 19:53:53 - [0.000 seconds] Milstein start
19:53:36 - [0.007 seconds] Euler subs are finished 19:53:53 - [0.000 seconds] Using C = 0.8
19:53:36 - [0.008 seconds] Euler calculations are finished 19:53:53 - [0.001 seconds] Using dt = 0.2
19:53:36 - The SQLite connection is closed 19:53:53 - [0.006 seconds] Using q = (1))
19:53:53 - [0.053 seconds] Milstein subs are finished

19:53:53 - [0.056 seconds] Milstein calculations are finished
19:53:53 - The SQlite connection is closed

Euler scheme (dt = 0.2) Milstein scheme (C = 0.8, dt = 0.2)

SDE-MATH: software package - [} X SDE-MATH: software package - m} X
The modeling has been completed! The modeling has been completed!
19:54:10 - SQLite Database is successfully connected 19:54:36 - SQLite Database is successfully connected
19:54:10 - SQLite Database Version is: 3.33.0 19:54:36 - SQLite Database Version is: 3.33.0
19:54:14 - [0.000 seconds] Strong Taylor-Ito 1.5 start 19:54:40 - [0.000 seconds] Strong Taylor-Ito 2.0 start
19:54:14 - [0.000 seconds] Using C = 0.8 19:54:40 - [0.001 seconds] Using C = 0.8
19:54:14 - [0.000 seconds] Using dt = 0.2 19:54:40 - [0.001 seconds] Using dt = 0.2
19:54:14 - [0.000 seconds] Using g = (4, 0) 19:54:40 - [0.001 seconds] Using g = (20, 4, 0, 0}
19:54:14 - [0.205 seconds] Strong Taylor-Ito 1.5 subs are finished 19:54:42 - [1.860 seconds] Strong Taylor-Ito 2.0 subs are finished
19:54:14 - [0.217 seconds] Strong Taylor-Ito 1.5 calculations are finished 19:54:42 - [1.958 seconds] Strong Taylor-Ito 2.0 calculations are finished
19:54:14 - The SQLite connection is closed 19:54:42 - The SQlite connection is closed

v Ok v Ok
A A~
Strong Taylor-It6 scheme of order 1.5 (C' =  Strong Taylor-It6 scheme of order 2.0 (C' =

0.8, dt =0.2) 0.8, dt =0.2)

SDE-MATH: software package - [} X

The modeling has been completed!

19:55:19 - SQLite Database is successfully connected

19:55:19 - SQLite Database Version is: 3.33.0

19:55:23 - [0.000 seconds] Strong Taylor-Ito 2.5 start

19:55:23 - [0.101 seconds] Using C = 0.8

19:55:23 - [0.101 seconds] Using dt = 0.2

19:55:23 - [0.102 seconds] Using q = (98, 20, 2, 1,0, 0, 0, 0)

19:58:39 - [196.216 seconds] Strong Taylor-Ito 2.5 subs are finished
19:58:43 - [199.719 seconds] Strong Taylor-Ito 2.5 calculations are finished
19:58:43 - The SQLite connection is closed

v 0k

Strong Taylor-It6 scheme of order 2.5 (C' =
0.8, dt =0.2)

Figure 73: Modeling logs
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SDE-MATH: charts window - O X

@ Curves o w | @ Trajectories Expectations Variances @& € = ‘*‘ Q=
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Figure 74: Strong Taylor-Ito schemes of orders 0.5, 1.0, 1.5, 2.0, and 2.5 (xgl) component,
C=038,dt=0.2)

SDE-MATH: charts window - O X
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Figure 75: Strong Taylor-Ito schemes of orders 0.5, 1.0, 1.5, 2.0, and 2.5 (X§2) component,
C =038, dt=0.2)
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SDE-MATH: software package - [} X

The modeling has been completed!

20:09:29 - SQLite Database is successfully connected
20:09:29 - SQLlite Database Version is: 3.33.0

20:09:29 - [0.000 seconds] Euler start

20:09:29 - [0.008 seconds] Euler subs are finished
20:09:29 - [0.009 seconds] Euler calculations are finished
20:09:29 - The SQLite connection is closed

SDE-MATH: software package - m} X

The modeling has been completed!

20:09:46 - SQlite Database is successfully connected
20:09:46 - SQlite Database Version is: 3.33.0

20:09:50 - [0.000 seconds] Milstein start

20:09:50 - [0.001 seconds] Using C = 4.0

20:09:50 - [0.001 seconds] Using dt = 0.2

20:09:50 - [0.007 seconds] Using q = (0,)

20:09:50 - [0.043 seconds] Milstein subs are finished
20:09:50 - [0.045 seconds] Milstein calculations are finished
20:09:50 - The SQlite connection is closed

v Ok v Ok
Euler scheme (dt = 0.2) Milstein scheme (C = 4, dt = 0.2)

SDE-MATH: software package - O X SDE-MATH: software package - O X
The modeling has been completed! The modeling has been completed!
20:10:08 - SQlite Database is successfully connected 20:10:41 - SQLite Database is successfully connected
20:10:08 - SQLite Database Version is: 3.33.0 20:10:41 - SQLite Database Version is: 3.33.0
20:10:12 - [0.000 seconds] Strong Taylor-Ito 1.5 start 20:10:46 - [0.000 seconds] Strong Taylor-Ito 2.0 start
20:10:12 - [0.000 seconds] Using C = 4.0 20:10:46 - [0.001 seconds] Using C = 4.0
20:10:12 - [0.000 secends] Using dt = 0.2 20:10:46 - [0.006 seconds] Using dt = 0.2
20:10:12 - [0.000 seconds] Using g = (1, 0) 20:10:46 - [0.006 seconds] Using q = (4, 0, 0, 0)
20:10:12 - [0.167 seconds] Strong Taylor-Ito 1.5 subs are finished 20:10:46 - [0.583 seconds) Strong Taylor-Ito 2.0 subs are finished
20:10:12 - [0.178 seconds] Strong Taylor-Ito 1.5 calculations are finished 20:10:46 - [0.630 seconds] Strong Taylor-Ito 2.0 calculations are finished
20:10:12 - The SQlite connection is closed 20:10:46 - The SQlite connection is closed

v Ok v Ok

Strong Taylor—It6 scheme of order 1.5 (C' = 4,
dt =0.2)

Strong Taylor—It6 scheme of order 2.0 (C' =4,
dt =0.2)

SDE-MATH: software package - [} X

The modeling has been completed!

20:11:17 - SQlite Database is successfully connected

20:11:17 - SQLite Database Version is: 3.33.0

20:11:21 - [0.000 seconds] Strong Taylor-Ito 2.5 start

20:11:21 - [0.001 secends] Using C = 4.0

20:11:21 - [0.002 seconds] Using dt = 0.2

20:11:21 - [0.002 seconds] Using q = (20, 4,0, 0, 0, 0, 0, 0)

20:11:25 - [4.343 seconds] Strong Taylor-Ito 2.5 subs are finished
20:11:26 - [4.670 seconds] Strong Taylor-Ito 2.5 calculations are finished
20:11:26 - The SQLite connection is closed

v Ok

SDE-MATH: software package - m} X

The modeling has been completed!
20:12:38 - SQlite Database is successfully connected
20:12:38 - SQlite Database Version is: 3.33.0

20:12:43 - [0.000 seconds] Strong Taylor-Ito 3.0 start

20:12:43 - [0.100 seconds] Using C = 4.0

20:12:43 - [0.100 seconds] Using dt = 0.2

20:12:43 - [0.101 seconds] Using q = (98,20, 2,1,0,0,0,0,0,0,0,0,0,0, 0, 0)
20:16:16 - [213.005 seconds] Strong Taylor-Ito 3.0 subs are finished

20:16:20 - [217.631 seconds] Strong Taylor-Ito 3.0 calculations are finished
20:16:20 - The SQLite connection is closed

v Ok

Strong Taylor—Itd scheme of order 2.5 (C' = 4,
dt =0.2)

Strong Taylor—It6 scheme of order 3.0 (C' =4,

dt = 0.2)

Figure 76: Modeling logs
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SDE-MATH: charts window - O X
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Figure 77: Strong Taylor-I1to6 schemes of orders 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 (xgl) component,
C=4,dt=0.2)
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Figure 78: Strong Taylor-I1to6 schemes of orders 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 (x§2) component,
C=4,dt =0.2)
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SDE-MATH: software package - m} X SDE-MATH: software package - m} X
The modeling has been completed! The modeling has been completed!
19:43:13 - SQlite Database is successfully connected 19:43:32 - SQlite Database is successfully connected
19:43:13 - SQlite Database Version is: 3.33.0 19:43:32 - SQlite Database Version is: 3.33.0
19:43:17 - [0.000 seconds] Taylor-Stratonovich 1.0 start 19:43:36 - [0.000 seconds] Strong Taylor-Stratonovich 1.5 start
19:43:17 - [0.000 seconds] Using C = 0.1 19:43:36 - [0.076 seconds] Using C = 0.1
19:43:17 - [0.000 seconds] Using dt = 0.07 19:43:36 - [0.077 seconds] Using dt = 0.07
19:43:17 - [0.001 seconds] Using q = (18,) 19:43:36 - [0.077 seconds] Using q = (255, 18)
19:43:18 - [0.254 seconds] Strong Taylor-Stratonovich 1.0 subs are finished 19:44:35 - [59.549 seconds] Strong Taylor-Stratonovich 1.5 subs are finished
19:43:18 - [0.285 seconds] Strong Taylor-Stratonovich 1.0 calculations are finished 19:44:39 - [63.133 seconds] Strong Taylor-Stratonovich 1.5 caleulations are finished
19:43:18 - The SQLite connection is closed 19:44:39 - The SQLite connection is closed

v Ok v Ok

Strong Taylor—Stratonovich scheme of order  Strong Taylor—Stratonovich scheme of order
1.0 (C' = 0.1, dt = 0.07) 1.5 (C = 0.1, dt = 0.07)

Figure 79: Modeling logs

SDE-MATH: charts window - O X
O curves © ® ! @ Trjectories Expectations Variances & € 9 & Q = &
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Figure 80: Strong Taylor-Stratonovich schemes of orders 1.0 and 1.5 (xgl) component, C' = 0.1,

dt = 0.07)
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SDE-MATH: charts window
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Figure 81: Strong Taylor—Stratonovich schemes of orders 1.0 and 1.5 (X§2) component, C' = 0.1,
dt = 0.07)

SDE-MATH: software package — O X SDE-MATH: software package — O X

The modeling has been completed!

19:49:24 - SQlite Database is successfully connected

19:49:24 - SQLite Database Version is: 3.33.0

19:49:28 - [0.000 seconds] Taylor-Stratonovich 1.0 start

19:49:28 - [0.000 seconds] Using C = 0.5

19:49:28 - [0.001 secands] Using dt = 0.15

19:49:28 - [0.006 seconds] Using g = (2,)

19:49:28 - [0.066 seconds] Strong Taylor-Stratonovich 1.0 subs are finished
19:49:28 - [0.071 seconds] Strong Taylor-Stratonovich 1.0 calculations are finished
19:49:28 - The SQLite connection is closed

The modeling has been completed!

19:49:56 - SQLite Database is successfully connected

19:49:56 - SQLite Database Version is: 3.33.0

19:50:00 - [0.000 seconds] Strong Taylor-Stratonovich 1.5 start

19:50:00 - [0.001 seconds] Using C = 0.5

19:50:00 - [0.001 seconds] Using dt = 0.15

19:50:00 - [0.005 seconds] Using q = (11, 2)

19:50:01 - [0.431 seconds] Strong Taylor-Stratonovich 1.5 subs are finished
19:50:01 - [0.464 seconds] Strong Taylor-Stratonovich 1.5 calculations are finished
19:50:01 - The SQlite connection is closed

v Ok v Ok

Strong Taylor—Stratonovich scheme of order
1.0 (C = 0.5, dt = 0.15)

Strong Taylor—Stratonovich scheme of order
1.5 (C = 0.5, dt = 0.15)

Figure 82: Modeling logs
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SDE-MATH: software package - O X

The modeling has been completed!

19:50:53 -
19:50:53 -
19:50:57 -
19:50:57 -
19:50:57 -
19:50:57 -
19:51:14 -
19:51:14 -
19:51:14 -

SQlLite Database is successfully connected

SQLite Database Version is: 3.33.0

[0.000 seconds] Strong Taylor-Stratonovich 2.0 start

[0.013 seconds] Using C = 0.5

[0.013 seconds] Using dt = 0.15

[0.013 seconds] Using q = (74, 11, 1, 0)

[16.905 seconds] Strong Taylor-Stratonovich 2.0 subs are finished
[17.509 seconds] Strong Taylor-Stratonovich 2.0 calculations are finished
The SQlite connection is closed

Figure 83: Strong Taylor-Stratonovich scheme of order 2.0 (C' = 0.5, dt = 0.15)

SDE-MATH: charts window
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Figure 84: Strong Taylor-Stratonovich schemes of orders 1.0, 1.5, and 2.0 (xgl) component,

C =05, dt =0.15)
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SDE-MATH: charts window - O X

L P .
© Curves @ @ ® Trajectories Expectations Variances @& € 9 < Q = &
Taylor-Str. 1.0, x1
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Figure 85: Strong Taylor-Stratonovich schemes of orders 1.0, 1.5, and 2.0 (X?) component,
C =0.5, dt =0.15)

SDE-MATH: software package — O X SDE-MATH: software package — O X
The modeling has been completed! The modeling has been completed!
19:59:58 - SQLite Database is successfully connected 20:00:36 - SQLite Database is successfully connected
19:59:58 - SQLite Database Version is: 3.33.0 20:00:36 - SQLite Database Version is: 3.33.0
20:00:02 - [0.001 secends] Taylor-Stratonovich 1.0 start 20:00:41 - [0.000 seconds] Strong Taylor-Stratonovich 1.5 start
20:00:02 - [0.001 seconds] Using C = 0.8 20:00:41 - [0.001 seconds] Using C = 0.8
20:00:02 - [0.001 secends] Using dt = 0.2 20:00:41 - [0.001 seconds] Using dt = 0.2
20:00:02 - [0.007 seconds] Using g = (1,) 20:00:41 - [0.001 seconds] Using q = (4, 0)
20:00:02 - [0.056 seconds] Strong Taylor-Stratonovich 1.0 subs are finished 20:00:41 - [0.164 seconds] Strong Taylor-Stratonovich 1.5 subs are finished
20:00:02 - [0.060 seconds] Strong Taylor-Stratonovich 1.0 calculations are finished 20:00:41 - [0.176 seconds] Strong Taylor-Stratonovich 1.5 calculations are finished
20:00:02 - The SQlite connection is closed 20:00:41 - The SQlite connection is closed

v Ok v Ok

Strong Taylor—Stratonovich scheme of order  Strong Taylor—Stratonovich scheme of order
1.0 (C =0.8, dt =0.2) 1.5 (C =0.8, dt =0.2)

Figure 86: Modeling logs
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SDE-MATH: software package — O X SDE-MATH: software package — O X
The modeling has been completed! The modeling has been completed!
20:02:54 - SQLite Database is successfully connected 20:04:01 - SQLite Database is successfully connected
20:02:54 - SQlite Database Version is: 3.33.0 20:04:01 - SQlite Database Version is: 3.33.0
20:02:59 - [0.000 seconds] Strong Taylor-Stratonovich 2.0 start 20:04:06 - [0.000 seconds] Strong Taylor-Stratonovich 2.5 start
20:02:59 - [0.001 seconds] Using C = 0.8 20:04:06 - [0.099 seconds] Using C = 0.8
20:02:59 - [0.001 seconds] Using dt = 0.2 20:04:06 - [0.099 seconds] Using dt = 0.2
20:02:59 - [0.001 secends] Using q = (20, 4, 0, 0) 20:04:06 - [0.100 seconds] Using q = (98, 20, 2,1,0,0,0, 0)
20:03:00 - [1.723 seconds] Strong Taylor-Stratonovich 2.0 subs are finished 20:06:39 - [153.082 seconds] Strong Taylor-Stratonovich 2.5 subs are finished
20:03:00 - [1.817 seconds] Strong Taylor-Stratonovich 2.0 calculations are finished 20:06:42 - [156.496 seconds] Strong Taylor-Stratonovich 2.5 calculations are finished
20:03:00 - The SQLite connection is closed 20:06:42 - The SQlite connection is closed

v Ok Ok

Strong Taylor—Stratonovich scheme of order  Strong Taylor—Stratonovich scheme of order
2.0 (C=0.8,dt=0.2) 2.5 (C=0.8,dt =0.2)

Figure 87: Modeling logs

SDE-MATH: charts window - O X
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Figure 88: Strong Taylor—Stratonovich schemes of orders 1.0, 1.5, 2.0, and 2.5 (xﬁ” component,
C =038, dt=0.2)
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SDE-MATH: charts window - O X
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Figure 89: Strong Taylor—Stratonovich schemes of orders 1.0, 1.5, 2.0, and 2.5 (ng) component,

C =08, dt=02)
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Figure 90: Strong Taylor-Stratonovich schemes of orders 1.0, 1.5, 2.0, 2.5, and 3.0 (xﬁl’ com-
ponent, C' =4, dt = 0.2)
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SDE-MATH: software package - [} X

The modeling has been completed!

20:17:57 - SQlite Database is successfully connected

20:17:57 - SQlite Database Version is: 3.33.0

20:18:01 - [0.000 secends] Taylor-Stratonovich 1.0 start

20:18:01 - [0.001 secends] Using C = 4.0

20:18:01 - [0.001 seconds] Using dt = 0.2

20:18:01 - [0.007 seconds] Using q = (0,)

20:18:01 - [0.043 seconds] Strong Taylor-Stratonovich 1.0 subs are finished
20:18:01 - [0.047 secends] Strong Taylor-Stratenovich 1.0 calculations are finished
20:18:01 - The SQlite connection is closed

v Ok

SDE-MATH: software package - m} X

The modeling has been completed!

20:18:48 - SQlite Database is successfully connected

20:18:48 - SQlite Database Version is: 3.33.0

20:18:52 - [0.000 seconds] Strong Taylor-Stratonovich 1.5 start

20:18:52 - [0.001 seconds] Using C = 4.0

20:18:52 - [0.001 seconds] Using dt = 0.2

20:18:52 - [0.007 seconds) Using q = (1, 0)

20:18:52 - [0.131 seconds] Strong Taylor-Stratonovich 1.5 subs are finished
20:18:52 - [0.142 seconds] Strong Taylor-Stratonovich 1.5 calculations are finished
20:18:52 - The SQlite connection is closed

v Ok

Strong Taylor—Stratonovich scheme of order
1.0 (C =4, dt =0.2)

Strong Taylor—Stratonovich scheme of order
1.5 (C =4, dt =0.2)

SDE-MATH: software package - O X

The modeling has been completed!

20:19:08 - SQLlite Database is successfully connected

20:19:08 - SQLite Database Version is: 3.33.0

20:19:12 - [0.000 seconds] Strong Taylor-Stratenovich 2.0 start

20:19:12 - [0.001 seconds] Using C = 4.0

20:19:12 - [0.001 seconds] Using dt = 0.2

20:19:12 - [0.005 seconds] Using q = (4, 0, 0, 0)

20:19:12 - [0.380 seconds] Strong Taylor-Stratonovich 2.0 subs are finished
20:19:12 - [0.426 seconds] Strong Taylor-Stratenovich 2.0 calculations are finished
20:19:12 - The SQLite connection is closed

v Ok

SDE-MATH: software package - O X

The modeling has been completed!

20:19:26 - SQLite Database is successfully connected

20:19:26 - SQLite Database Version is: 3.33.0

20:19:30 - [0.000 seconds] Strong Taylor-Stratonovich 2.5 start

20:19:30 - [0.001 seconds] Using C = 4.0

20:19:30 - [0.001 seconds] Using dt = 0.2

20:19:30 - [0.001 seconds] Using q = (20, 4, 0, 0, 0, 0, 0, 0)

20:19:34 - [3.549 seconds] Strong Taylor-Stratonovich 2.5 subs are finished
20:19:34 - [3.833 seconds] Strong Taylor-Stratonovich 2.5 calculations are finished
20:19:34 - The SQlite connection is closed

v Ok

Strong Taylor—Stratonovich scheme of order
2.0(C=4,dt=0.2)

Strong Taylor—Stratonovich scheme of order
25 (C=4,dt=0.2)

SDE-MATH: software package

20:20:06 - SQLite Database Version is: 3.33.0

20:
20:
20:22:51 - The SQlite connection is closed

- O X

The modeling has been completed!
20:20:06 - SQLite Database is successfully connected

20: - [0.000 seconds] Strong Taylor-Stratonovich 3.0 start
20: - [0.104 seconds] Using C = 4.0
20: - [0.104 seconds] Using dt = 0.2

20:20:10 - [0.105 seconds] Using q = (98, 20, 2, 1,0,0,0,0,0,0,0,0,0, 0, 0, 0)
A7 - [157.030 seconds] Strong Taylor-Stratonovich 3.0 subs are finished
- [161.379 seconds] Strong Taylor-Stratonovich 3.0 calculations are finished

v 0ok

Strong Taylor—Stratonovich scheme of order

3.0 (C =4, dt =02)

Figure 91: Modeling logs
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SDE-MATH: charts window - O X
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Figure 92: Strong Taylor—Stratonovich schemes of orders 1.0, 1.5, 2.0, 2.5, and 3.0 (XEZ) com-
ponent, C' =4, dt = 0.2)

5.5 Example of Linear System of It6 SDEs (Solar Activity)

Consider a mathematical model of the solar activity without its average value

in a form of the system of linear 1t6 SDEs (246) [4]. In (246) we choose [4]
n=2m=1k=2x\"=7 xP =025

A= , B= , (250)
—0.3205 —0.14 00

0 0
u(t) = , F = : (251)

5.6 Visualization and Numerical Results for Solar Activity Model

This subsection is devoted to the visualization and numerical results for the

model of solar activity (246]), (250), (251]).
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02:56:38

02:56:41

02:56:38 -
02:56:38 -
02:56:38 -
02:56:38 -

The modeling has been completed!

- Reading input data

Input is correct

Calculation of Ad and Bd (Algorithm 11.2)
Calculation of Fd (Algorithm 11.6)
Starting modeling loop

- Integration took 2.341 seconds

Figure 93: Modeling logs for solar activity model
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Figure 94: Solar activity model (xgl) component)
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SDE-MATH: charts window m} X
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Figure 96: Solar

activity model (expectations)
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SDE-MATH: charts window - m} X
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Figure 97: Solar activity model (variances)

5.7 Example of Abstract Linear System of Ito SDEs

Now consider the system of linear It6 SDEs (246]) with the following data

n=4, m=5 k=3 x"=1 xP=2 xP=-1, x{!=-2 (252
(<10 0 0) (11 1) (02 0.1 0.1 0.1 0.1)

0 -2 0 0 111 0.1 02 0.1 0.1 0.1
A= y B = 3 F = )

0 0 -3 0 111 0.1 0.1 0.2 0.1 0.1

\0 0 0 —4 \111) \0.1 0.1 0.1 0.2 0.1)
(253)

.

u(t) = (0 0 0) . H= (0.1 0.1 0.1 0.1). (254)
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5.8 Visualization and Numerical Results for Abstract Linear System

of Ito SDEs Obtained via the SDE-MATH Software Package

This subsection is devoted to the visualization and numerical results for the

model (246), (252) (253).

SDE-MATH: software package - O X

The modeling has been completed!

03:02:57 - Reading input data

03:02:57 - Input is correct

03:02:57 - Calculation of Ad and Bd (Algerithm 11.2)
03:02:57 - Calculation of Fd (Algorithm 11.6)
03:02:57 - Starting modeling loop

03:02:58 - Integration took 0.513 seconds

Figure 98: Modeling logs (linear system of 1t6 SDEs ([240]), (252)(254))
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Figure 99: Linear system of It6 SDEs (246]), [252)-(254) (components of solution)
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SDE-MATH: charts window — O X
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Figure 100: Linear system of Ito SDEs (240]), ([252)-([254) (expectations)
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Figure 101: Linear system of Ito SDEs (246]), ([252)-(254) (variances)
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Source Codes of the SDE-MATH Software Package in
the Python Programming Language

6.1 Source Codes of Graphical User Interface

6.1.1 Source Codes of Main Menu
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Listing 7: Configuration file example

2999

Configuration file example, change this paths to yours

293 9

# Paths to resources

resources = ”./resources/”

# Path to database

database = ”./resources/database.db”

# Size of read buffer for the Fourier—Legendre coefficients
read_buffer_size = 8192

# Recursion limit for the Fourier—Legendre calculations

recursion_limit = 10 *x 8

Listing 8: Program entry

#!/usr/bin/env python
import logging
import os

import sys

from PyQt5 import QtGui, QtWidgets
from PyQt5. QtWidgets import QApplication
from PyQt5.QtWinExtras import QWinTaskbarButton

from config import database, images
from mathematics.sde.nonlinear.symbolic. coefficients.c import C
from tools.database import connect, disconnect

from ui.main.main_window import MainWindow

def main () :

logging . basicConfig (
level=logging .INFO,
format="%(asctime)s — %(levelname)s — %(message)s” ,

datefmt="%H:%M:%S”
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app =

app .setWindowlIcon (QtGui. Qlcon (os.path.join (images, ”function.png”)))
app.setStyle (QtWidgets. QStyleFactory . create (’Fusion’))

main_-window = MainWindow ()

main_window . taskbar_button = QWinTaskbarButton ()

main_window . taskbar_button.setOverlaylcon (QtGui.QIcon(” resources/function.svg”))

QApplication (sys.argv)

exit (app.exec())

if __name__. =— 7 __main__":
main ()
Listing 9: Main window
from PyQt5.QtCore import QThreadPool, pyqtSignal
from PyQt5.QtWidgets import QStackedWidget, QMainWindow
from sympy.physics.mechanics. tests.test_system import lam
from init.initialization import initialization
from tools.fsys import is_locked
from ui.async_calls.worker import Worker
from ui.charts.charts_.window import PlotWindow
from ui.main. greetings import GreetingsWidget
from ui.main.menu. base import MainMenuWidget
from ui.main.modeling.linear .base import LinearModelingWidget
from ui.main.modeling.nonliear.base import NonlinearModelingWidget
from ui.main.progress.complex_progress import ComplexProgressWidget
from ui.main. progress.simple_progress import SimpleProgressWidget

class MainWindow (QMainWindow ) :

main_window_close
start_simple_progress = pyqtSignal (str)

stop_simple_progress

def __init__(self):

super (QMainWindow ,

self

self .

self.

self
self
self

self.

.plot_window

.complex_progress = ComplexProgressWidget(self.stack_-widget)
.simple_progress = SimpleProgressWidget (self.stack_-widget)

stack_widget

main_menu = MainMenuWidget (self .stack_widget)

.greetings =

= QStackedWidget (self)

GreetingsWidget (self.stack_widget)
linear_modeling = LinearModelingWidget (self.stack_widget)

pyqtSignal ()

= pyqtSignal (str)

self). __init__ ()

PlotWindow ()
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self.

self.
self .
self.
self.
self.
self .

self

self

self .
self .
self.
self .

self.
self.

self

nonlinear_modeling = NonlinearModelingWidget (self.stack_widget)

stack_-widget .addWidget
stack_widget .addWidget

(self.main_menu)

(
stack_widget.addWidget(self.linear_modeling)

(

(

(

self.nonlinear_modeling)

stack_widget .addWidget
stack_-widget .addWidget
stack_widget .addWidget

self.greetings)
self.simple_progress)

self.complex_progress)

.setCentralWidget (self.stack_widget)

.exec_init ()

setWindowTitle (”SDE-MATH: software package”)
setMinimumSize (640, 480)

resize (800, 600)

show ()

main_menu. groupl.show_nonlinear_dialog.connect(self.show_nonlinear)

main_menu. group2.show_nonlinear_dialog.connect(self.show_nonlinear)

.main_menu. group3.show_linear_dialog.connect (

lambda: self.stack_widget.setCurrentWidget(self.linear_modeling))

self.

nonlinear_modeling .show_main_menu. connect (

lambda: self.stack_-widget.setCurrentWidget (self.main_menu))

self .

nonlinear_modeling.start_progress.connect (

lambda: self.stack_widget.setCurrentWidget (self.complex_progress))

self .

linear_modeling .show_main_menu. connect (

lambda: self.stack_widget.setCurrentWidget(self.main_menu))

self.

linear_modeling . start_progress.connect (

lambda: self.stack_-widget.setCurrentWidget (self.complex_progress))

self.

greetings .show_main_menu. connect (

lambda: self.stack_widget.setCurrentWidget (self.main_menu))

self .

greetings .show_main_menu. connect (

lambda: self.stack_widget.setCurrentWidget (self.main_menu))

self .

greetings .show_main_menu. connect (

lambda: self.stack_-widget.setCurrentWidget(self.main_menu))

self.

complex_progress.back_btn.clicked .connect (

lambda: self.stack_-widget.setCurrentWidget (self.main_menu))

# plot events

self .

self.
self .

main_window_close.connect(self.plot_-window . close)

main_menu. charts_check.clicked .connect(self.plot_-window.setVisible)

plot_window . charts_show .connect (

lambda: self.main_menu.charts_check.setChecked (True))

self.

plot_window.charts_hide.connect (

lambda: self.main_.menu.charts_check.setChecked (False))
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1
2

self .nonlinear_modeling .draw_chart.connect (self.plot_-window.charts_list.new_items)
self.nonlinear_modeling .draw_chart.connect (self.plot_-window . plot_-widget.new_items)

self.nonlinear_modeling .draw_chart.connect (self.plot_-window .show)

self .nonlinear_modeling . charts_check.stateChanged.connect(self.plot_window.setVisible
)
self.plot-window . charts_show .connect (

lambda: self.nonlinear_modeling.charts_check.setChecked (True))
self.plot_-window.charts_hide.connect (

lambda: self.nonlinear_-modeling.charts_check.setChecked (False))

self.linear _modeling.draw_chart.connect(self.plot_-window.charts_list.new_items)
self.linear_modeling.draw_chart.connect(self.plot_-window.plot_widget.new_items)

self.linear_-modeling.draw_chart.connect(self.plot_-window .show)

self.linear _modeling.charts_check.clicked .connect(self.plot_-window.setVisible)
self.plot-window . charts_show .connect (

lambda: self.linear_modeling.charts_check.setChecked (True))
self.plot_window.charts_hide.connect (

lambda: self.linear_modeling.charts_check.setChecked (False))

self.linear_modeling.start_progress.connect(self.complex_progress.spin)
self .nonlinear_modeling.start_progress.connect(self.complex_progress.spin)
self.linear_modeling.stop_-progress.connect(self.complex_progress.stop)

self .nonlinear_modeling . stop_progress.connect(self.complex_progress.stop)

def closeEvent (self, event):

self . main_window_close . emit ()

def exec_init(self):
self.simple_progress.spin(” Preparing the database...”)

self.stack_-widget.setCurrentWidget (self.simple_progress)

worker = Worker(initialization)

worker . signals . finished .connect(self.init_-done)

QThreadPool. globallnstance () .start (worker)

def init_done(self):
if not is_locked (”.welcome.lock”):
self.stack_widget.setCurrentWidget (self.greetings)
else:
self .stack_widget.setCurrentWidget (self.main_menu)

self.simple_progress.stop ()

def show_nonlinear (self , scheme_id):
self .nonlinear_modeling .set_scheme (scheme_id)

self.stack_-widget.setCurrentWidget(self.nonlinear_modeling)

Listing 10: Greetings window

from PyQt5.QtCore import pyqtSignal, Qt
from PyQt5.QtWidgets import QPushButton, QVBoxLayout, QWidget, QSizePolicy, \
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QSpacerltem , QHBoxLayout, QLabel, QCheckBox, QApplication, QStyle

from tools.fsys import lock, unlock

from ui.main.svg import SVG

class GreetingsWidget (QWidget) :
show_main_menu = pyqtSignal ()

def __init__(self, parent=None):
super (QWidget, self).__init__(parent)

header = QLabel (”Welcome to SDE-MATH Software Package for ”
”?the Numerical Solution of Systems of Ito SDEs”)

font = header. font ()

font .setPointSize (15)

header.setAlignment (Qt. AlignJustify)

header .setWordWrap ( True)

header.setFont (font)

welcome = QLabel (
”Exact solutions of Ito SDEs are known in rare cases. For this ”

”reason, it becomes necessary to construct numerical methods for ”

?”Ito SDEs. Moreover, the problem of numerical solution of Ito SDEs ”

”often occurs even in cases when the exact solution of Ito SDE is known. ”

”This means that in some cases, knowing the exact solution to the Ito ”

?SDE does not allow us to simulate it numerically in a simple way.”, self

font = welcome. font ()

welcome . setFont (font)

welcome . setAlignment (Qt. AlignJustify)
welcome . setWordWrap ( True)
welcome . setSizePolicy (QSizePolicy (QSizePolicy . Expanding, QSizePolicy .Minimum))

check_again = QCheckBox(”Do not show again”, self)
next_btn = QPushButton(”0Ok”, self)
next_btn.setIcon (QApplication.style().standardIcon (QStyle.SP_DialogApplyButton))

check_again . clicked .connect(self.check_lock)

next_btn.clicked .connect (lambda: self.show_main_menu.emit())

controls = QHBoxLayout ()

controls.addltem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))
controls.addWidget (check_again)

controls.addWidget (next_btn)

controls.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

eql = QHBoxLayout ()

eql.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy .Minimum))
eql.addWidget (SVG(” equationl.svg”, scale_factor=1.))

eql.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))
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eq2 = QHBoxLayout ()

eq2.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy .Minimum))
eq2.addWidget (SVG(” equation2.svg”, scale_factor=1.))

eq2.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy .Minimum))

column = QVBoxLayout ()

column . addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding))
column . addWidget (header)

column . addItem (QSpacerItem (0, 15, QSizePolicy.Expanding, QSizePolicy.Minimum))
column . addLayout (eql)

column . addItem (QSpacerltem (0, 15, QSizePolicy.Expanding, QSizePolicy .Minimum))
column . addLayout (eq2)

column . addItem (QSpacerItem (0, 15, QSizePolicy.Expanding, QSizePolicy.Minimum))
column . addWidget (welcome)

column . addItem (QSpacerltem (0, 30, QSizePolicy.Expanding, QSizePolicy.Minimum))
column . addLayout (controls)

column . addItem (QSpacerItem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding))
layout = QHBoxLayout ()
layout .addItem (QSpacerltem (50, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

layout .addLayout (column)
layout .addItem (QSpacerltem (50, 0, QSizePolicy.Expanding, QSizePolicy .Minimum))

self .setLayout (layout)

def check_lock(self):
if self.sender().isChecked():

else:

lock (7 .welcome . lock”)

unlock (” . welcome. lock”)

Listing 11: Info icon

from PyQt5.QtCore import QSize
from PyQt5.QtWidgets import QWidget, QApplication, QStyle, QLabel

class Infolcon (QLabel):

def __init__(self, text: str, parent=None):

super (QWidget, self).__init__(parent)

self.setToolTip (text)
self .setStyleSheet (”QToolTip {background: white;}”)
self.setPixmap (QApplication.style().standardIcon (

QStyle. SP_MessageBoxInformation) . pixmap (QSize (16, 16)))

Listing 12: Error widget

from PyQt5.QtCore import QSize
from PyQt5.QtWidgets import QWidget, QApplication, QStyle, QLabel, QHBoxLayout,
QSpacerltem , QSizePolicy
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class ErrorWidget (QWidget) :

def __init__(self,
super (QWidget,

text: str,

self). __init__(parent)

msg.m = QLabel(text)
msg-m.setStyleSheet (?”QLabel { color:

msg_i = QLabel ()

msg_i.setStyleSheet (”QToolTip { background:
msg_i.setPixmap (QApplication.style().standardIcon (
QStyle. SP_MessageBoxCritical) . pixmap (QSize (16,

= QHBoxLayout ()
setContentsMargins (0, 0, 0, 0)
addWidget (msg_i)
addWidget (msg-m)
addItem (QSpacerltem (0, O,

layout
layout .
layout .
layout .

layout .

self.setLayout (layout)

parent=None) :

rgb (230, 0, 0); }7)
white; }7)
16)))

QSizePolicy . Expanding,

QSizePolicy . Minimum) )

Listing 13:

Svg picture

import os

PyQt5.QtCore import QSize
PyQt5.QtSvg import QSvgWidget
PyQt5. QtWidgets import QSizePolicy

from
from
from

from config import images

class SVG(QSvgWidget) :

def __init__(self, name: str,
super (QSvgWidget, self). __init__()

self.load (os.path.join (images, name))

self.scale_factor = scale_factor

self.setSizePolicy (QSizePolicy .Fixed,

def sizeHint (self):
size = self.renderer().defaultSize ()
return QSize(size.width ()
size . height ()

scale_factor=1.):

x self.scale_factor ,

x self.scale_factor)

QSizePolicy . Fixed)

Listing 14: Main menu (base part)

1 |from PyQt5.QtWidgets import QWidget, QSizePolicy, QSpacerltem , QHBoxLayout, QVBoxLayout, ‘
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from
from
from

from

class MainMenuWidget (QWidget) :

def __init__(self, parent=None):

QCheckBox,

ui.main. info
ui.main.menu.
ui.main.menu.

ui.main.menu.

super (QWidget

self.charts_check = QCheckBox(” Charts window” , self)

icon = Infolcon (”This is charts window checkbox, it will\n”
?follow you on every application dialog, so\n”

?you can easily open or close window with available charts”)

bar_layout = QHBoxLayout ()

bar_layout .addItem (QSpacerltem (0, 35, QSizePolicy.Expanding, QSizePolicy .Minimum))
bar_layout .addWidget (icon)

bar_layout.addWidget(self.charts_check)

header = QLabel(” Strong Numerical Schemes for Ito SDEs”, parent=self)

font = header.

font .setPointSize (15)
header.setFont (font)

icon = Infolcon (”You are now in main menu, you can choose\n”

”any scheme to perform modeling”)

header_layout
header_layout .
)

header_layout .
header_layout .
header_layout

)

self .group3 =
self.groupl =
self.group2 =

menu_layout =

menu_layout.addWidget (self.groupl)
menu_layout.addWidget (self.group2)
menu_layout.addWidget (self.group3)

layout = QVBoxLayout ()

layout .addLayout (bar_layout)

layout . addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding))
layout .addLayout (header_layout)

layout .addItem (QSpacerItem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding))
layout .addLayout (menu_layout)

QLabel

= QHBoxLayout ()

.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding)

import Infolcon
linear import LinearGroupWidget
taylor_ito import ItoGroupWidget

taylor_stratonovich import StratonovichGroupWidget

self). __init__(parent)

font ()

addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding)

addWidget (icon)
addWidget (header)

LinearGroupWidget (self)
ItoGroupWidget ( self)
StratonovichGroupWidget (self)

QHBoxLayout ()
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layout . addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding))

self.setLayout (layout)

Listing 15: Main menu (linear part)

from PyQt5.QtCore import pyqtSignal

from PyQt5.QtWidgets import QPushButton, QVBoxLayout, QSizePolicy, QSpacerltem, QGroupBox

class LinearGroupWidget (QGroupBox) :

show_linear_dialog = pyqtSignal()

def __init__(self, parent=None):
super (QGroupBox, self).__init__(parent)

linear _btn = QPushButton(” Dispersion Spectral Decomposition”)

layout = QVBoxLayout ()

layout .addWidget (linear_btn)

layout . addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding))

self.setLayout (layout)

self.setTitle (” Linear Ito SDEs Systems Modeling”)
self.setSizePolicy (QSizePolicy (QSizePolicy . Expanding, QSizePolicy.Expanding))

linear_btn.clicked .connect (lambda: self.show_linear_dialog.emit())

Listing 16: Main menu (Taylor-It6 part)

from PyQt5.QtCore import pyqtSignal
from PyQt5.QtWidgets import QPushButton, QVBoxLayout, QSizePolicy, QSpacerltem, QGroupBox

class ItoGroupWidget (QGroupBox) :
show_nonlinear_dialog = pyqtSignal (int)

def __init__(self, parent=None):
super (QGroupBox, self).__init__(parent)

btnl = QPushButton(” Euler”)

btn2 QPushButton (” Milstein”)

btn3 QPushButton (” Convergence Order 1
btn4 QPushButton (” Convergence Order 2
btn5 = QPushButton(” Convergence Order 2.
btn6 = QPushButton(” Convergence Order 3

layout = QVBoxLayout ()
layout .addWidget (btnl)
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layout .addWidget
layout .addWidget
layout .addWidget (btn4)
layout .addWidget (btn5)
layout .addWidget (btn6)
layout .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding))

btn2)
btn3)

= =

self.setLayout (layout)

self.setTitle (” Taylor—Ito Schemes”)
self.setSizePolicy (QSizePolicy (QSizePolicy . Expanding, QSizePolicy.Expanding))
btnl.clicked .connect (lambda: self.show_nonlinear_dialog.emit (0))
btn2. clicked .connect (lambda: self.show_nonlinear_dialog.emit (1)
btn3. clicked .connect (lambda: self.show_nonlinear_dialog.emit (2
btn4.clicked .connect (lambda: self.show_nonlinear_dialog.emit (3

btn5. clicked . connect (lambda: self.show_nonlinear_dialog.emit (4

PR

btn6. clicked .connect (lambda: self.show_nonlinear_dialog.emit (5

Listing 17: Main menu (Taylor—Stratonovich part)

from PyQt5.QtCore import pyqtSignal
from PyQt5.QtWidgets import QPushButton, QVBoxLayout, QSizePolicy, QSpacerltem, QGroupBox

class StratonovichGroupWidget (QGroupBox) :
show_nonlinear_dialog = pyqtSignal (int)

def __init__(self, parent=None):
super (QGroupBox, self).__init__(parent)

btnl = QPushButton(” Convergence Order 1
btn2 = QPushButton(” Convergence Order 1
btn3 = QPushButton(” Convergence Order 2.
btn4d = QPushButton(” Convergence Order 2
btn5 = QPushButton(” Convergence Order 3

layout = QVBoxLayout ()
layout .addWidget (btnl)
layout .addWidget (btn2)
layout .addWidget (btn3)
layout .addWidget (btn4)
layout .addWidget (btn5)
layout . addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding))

self.setLayout (layout)

self.setTitle (” Taylor—Stratonovich Schemes”)
self.setSizePolicy (QSizePolicy (QSizePolicy . Expanding, QSizePolicy.Expanding))

btnl.clicked .connect (lambda: self.show_nonlinear_dialog.emit (6))

btn2. clicked . connect (lambda: self.show_nonlinear_dialog.emit (7))
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btn3.clicked .connect (lambda: self.show_nonlinear_dialog.emit (8))
btn4 . clicked .connect (lambda: self.show_nonlinear_dialog.emit(9))

btn5. clicked . connect (lambda: self.show_-nonlinear_dialog.emit(10))

Listing 18: Complex progress view

import logging

from PyQt5.QtWidgets import QWidget, QHBoxLayout, QVBoxLayout, QSpacerltem, QSizePolicy ,
\
QListWidget , QLabel, QPushButton, QApplication, QStyle

from pyqtspinner.spinner import WaitingSpinner

from ui.main. progress.log_handler import LogHandler

class ComplexProgressWidget (QWidget) :

def __init__(self, parent=None):
super (QWidget, self).__init_-_(parent)

self.spinner = WaitingSpinner (self ,
radius=5.0,
lines =10,
line_length =5.0,
centerOnParent=False)
self.list_widget = QListWidget(self)
self.handler = LogHandler(self.handle_message)

self.label = QLabel(self)
font = self.label.font ()
font.setPointSize (15)

self.label.setFont (font)

self.back_btn = QPushButton (”0Ok”)
self .back_btn.setIcon(QApplication.style ().standardIcon(QStyle.SP_DialogApplyButton))
self.back_btn.hide ()

spinner_layout = QHBoxLayout ()

spinner_layout.addWidget(self.spinner)

spinner_layout.addWidget (self.label)

spinner_layout .addSpacerltem (QSpacerltem (0, 0, QSizePolicy.Expanding,
QSizePolicy . Minimum) )

bottom_bar = QHBoxLayout ()
bottom_bar.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy .Minimum))
bottom_bar.addWidget (self.back_-btn)

layout = QVBoxLayout ()

layout .addLayout (spinner_layout)
layout .addWidget (self.list_widget)
layout .addLayout (bottom_bar)
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self.setLayout (layout)

def handle_message(self , text):
self.list_widget .addItem (text)
self.list_widget .scrollToBottom ()

def spin(self, text):
self.list_widget.clear ()
logging . getLogger () .addHandler (self . handler)
self.back_btn.hide ()
self.spinner.start ()
self.label.setText (text)

def stop(self, text):
self.back_btn.show ()
self.list_widget .scrollToBottom ()
self.label.setText (text)
self.spinner.stop ()

logging . getLogger () .removeHandler (self.handler)

Listing 19: Simple progress view

from PyQt5.QtCore import Qt
from PyQt5.QtWidgets import QVBoxLayout, QWidget, QLabel, QSpacerltem, QSizePolicy

from pyqtspinner.spinner import WaitingSpinner

class SimpleProgressWidget (QWidget) :

def __init__(self, parent=None):
super (QWidget, self).__init__(parent)

self.spinner = WaitingSpinner(self , radius=15.0, lines=10, line_length=15.0)

self.label = QLabel ()

self . label.setAlignment (Qt. AlignCenter)
font = self.label.font ()
font.setPointSize (15)
self.label.setFont (font)

layout = QVBoxLayout ()

layout .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding))
layout .addWidget (self .spinner)

layout .addItem (QSpacerltem (0, 50, QSizePolicy .Minimum, QSizePolicy.Minimum))
layout .addWidget (self.label)

layout . addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding))

self.setLayout (layout)
def spin(self, text):

self.spinner.start ()
self.label.setText (text)
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def stop(self):
self .spinner.stop ()

Listing 20: Log handler for application

import logging

class LogHandler (logging .Handler):

def __init__(self, callback):
super (). __init__ ()
self.callback = callback
self.setFormatter (logging . Formatter (”%(asctime)s — %(message)s”, "%3:%M:%S”))

def handle(self, record):
self.callback (self.format(record))

Listing 21: Matrix widget

from PyQt5.QtWidgets import QTableWidgetltem , QTableWidget, QSizePolicy

class MatrixWidget (QTableWidget) :

def __init__(self, parent=None):
super (QTableWidget, self).__init-_(parent)

self .itemChanged.connect(self.item_changed)
self m= [[707]]

self .setRowCount (1)
self.setColumnCount (1)
self.setItem (0, 0, CustomItem(”0”))

self.setSizePolicy (QSizePolicy (QSizePolicy . Expanding, QSizePolicy.Expanding))
def resize_w (self, w: int):
self . blockSignals (True)
old-w = self.columnCount ()
self .setColumnCount (w)
h = self.rowCount ()
self m = [[self . m[i][j] if i < h and j < old-w else 707
for j in range(w) ]
for i in range(h)]
for i in range(h):

for j in range(w):

item = self.item (i, j)
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if item is not None:
item.setText (self . m[i][j])

else:
self.setltem (i, j, CustomItem(self.m[i][j]))

self.blockSignals (False)

def resize_h (self, h: int):

self.blockSignals (True)

old_h = self.rowCount ()
w = self.columnCount ()
self.setRowCount (h)

self m= [[self m[i][j] if i < old_.h and j < w else ”0”
for j in range(w) ]

for i in range(h)]

for i in range(h):
for j in range(w):
item = self.item (i, j)
if item is not None:
item.setText(self m[i][]j])
else:
self .setItem (i, j, Customltem(self.m[i][j]))

self.blockSignals (False)

def item_changed (self , item):

self .m[item.row () |[item.column ()] = item.text ()

class CustomlItem (QTableWidgetItem) :

def __init__(self, value: str):
super (QTableWidgetItem , self).__init__(value)

self.valid = True

6.1.2 Source Codes of Charts Window

N O O W N

Listing 22: Charts window

from PyQt5.QtCore import pyqtSignal
from PyQt5.QtWidgets import QWidget, QHBoxLayout, QMainWindow, QSplitter

from ui.charts.side.available_charts_widget import AvailableChartsWidget

from ui.charts.visuals.charts_widget import ChartsWidget
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class PlotWindow (QMainWindow) :

charts_show

pyaqtSignal ()
charts_hide = pyqtSignal()

def __init__(self):
super (QMainWindow, self).__init__ ()

self.plot_widget = ChartsWidget (self)
self.charts_list = AvailableChartsWidget (self)

splitter = QSplitter ()

splitter .addWidget (self.charts_list)

splitter .addWidget (self.plot-widget)

splitter.setSizes ([splitter.width() / 0.85,
splitter .width() / 0.15])

layout = QHBoxLayout(self)
layout .addWidget (splitter)

central_widget = QWidget ()
central_widget .setLayout (layout)
self .setCentralWidget (central_widget)

self.setWindowTitle (”SDE-MATH: charts window”)
self . resize (1200, 800)

self.charts_list.on_show_all.connect(self.plot_widget.show_all)
self.charts_list.on_hide_-all.connect(self.plot_-widget.hide_all)

self.charts_list.on_remove_all.connect(self.plot_widget.delete_all)

def showEvent(self , event):

self.charts_show.emit ()

def closeEvent (self , event):
self.charts_hide.emit ()

Listing 23: Curves list

import os

from PyQt5 import QtGui

from PyQt5.QtCore import pyqtSignal

from PyQt5.QtWidgets import QVBoxLayout, QWidget, QSizePolicy, QSpacerltem, \
QScrollArea, QLabel, QHBoxLayout, QPushButton, QApplication, QStyle

from config import images

from ui.charts.side.item_widget import ItemWidget

from ui.main.info import Infolcon

class AvailableChartsWidget (QWidget) :
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on_hide_all = pyqtSignal ()
on_show_all = pyqtSignal()
on_remove_all = pyqtSignal ()

def __init__(self, parent=None):
super (QWidget, self).__init_-_(parent)

self.items = dict ()

self.spacer = QSpacerltem (0, 0, QSizePolicy.Minimum, QSizePolicy.Expanding)
self.plot_widget = self.parent().plot_widget

remove_all = QPushButton ()
remove_all.setFlat (True)
remove_all.setIcon (
QApplication.style () .standardIcon (QStyle.SP_DialogResetButton))

hide_all = QPushButton ()
hide_all.setFlat (True)
hide_all.setlIcon (QtGui.QIcon(os.path.join (images, ”crossed.png”)))

show_all = QPushButton ()
show_all.setFlat (True)
show_all.setIcon (QtGui.QIcon(os.path.join (images, "eye.png”)))

header_layout = QHBoxLayout ()
header_layout .addWidget (

Infolcon (”Here You will see all modeling series\n”

”You can hide them or delete, if you need to”))
header_layout .addItem (

QSpacerltem (5, 0, QSizePolicy.Minimum, QSizePolicy .Minimum))
header_layout .addWidget (QLabel (” Curves”))
header_layout .addItem (

QSpacerltem (5, 0, QSizePolicy .Minimum, QSizePolicy .Minimum))
header_layout .setContentsMargins (0, 0, 0, 0)
header_layout .setSpacing (0)
header_layout .addItem (

QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))
header_layout.addWidget (show_all)
header_layout.addWidget ( hide_all)
header_layout.addWidget (remove_all)

self .layout = QVBoxLayout ()
self.layout.setContentsMargins (3, 3, 3, 3)
self .layout.setSpacing (2)

scroll_widget = QWidget(self)
scroll_widget .setLayout(self.layout)

scroll_area = QScrollArea(self)
scroll_area .setWidgetResizable (True)

scroll_area .setWidget (scroll_widget)

self .layout .addItem (self.spacer)
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layout = QVBoxLayout ()

layout .setContentsMargins (0, 0, 0, 0)
layout .addLayout (header_layout)
layout .addWidget (scroll_area)

self.setLayout (layout)

self.setSizePolicy (

QSizePolicy (QSizePolicy . MinimumExpanding,

QSizePolicy . MinimumExpanding) )

show_all. clicked .connect (self.show_all)
hide_all.clicked.connect(self.hide_all)

remove_all.clicked.connect(self.delete_all)

def new_items(self, lines: list):

self.layout.removeltem (self.spacer)

for i in range(len(lines)):

item_widget = ItemWidget(lines [i].name, lines[i].color, parent=self)

item_widget.uid = lines [i]. uid

item_widget .on_show.connect(self.plot_-widget .show_item)

item_widget.on_hide.connect(self.plot_widget.hide_item)

item_widget.on_delete.connect(self.plot_-widget.delete_item)

item_widget.on_delete.connect (self.delete_item)

self.items[lines[i].uid] = item_widget

self . plot_-widget.hide_label.connect(lambda uid: self.items[uid]. hide())

self .plot_widget.show_label.connect (lambda uid: self.items[uid].show())

self.layout.addWidget (item_widget)

self.layout.addItem(self.spacer)

def delete_item (self):
s = self.sender ()
s.setParent (None)
self.items.pop(s.uid)
self.layout.removeWidget (s)

def delete_all(self):
for item in self.items.values():
item.setParent (None)
self.layout.removeWidget (item)
self.items. clear ()

self.on_remove_all.emit ()

def hide_all(self):
for item in self.items.values():
item . checkbox. blockSignals (True)
item . checkbox.setChecked (False)
item . checkbox. blockSignals (False)
self.on_hide_all.emit ()

def show_all(self):
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for item in self.items.values():
item . checkbox . blockSignals (True)
item . checkbox.setChecked (True)
item . checkbox. blockSignals (False)

self.on_show_all.emit ()

Listing 24: Curves list item

from PyQt5.QtCore import pyqtSignal
from PyQt5.QtWidgets import QPushButton, QSizePolicy , QHBoxLayout, QStyle, \
QApplication, QCheckBox, QVBoxLayout, QLabel, QSpacerltem , QFrame

class ItemWidget (QFrame) :

on_delete = pyqtSignal(object)
on_hide = pyqtSignal(int)
on_show = pyqtSignal (int)

def __init__(self, name, color, parent=None):

super (QFrame, self).__init__(parent)
self.uid = 0

self .setFrameShape (QFrame. StyledPanel)
self.setStyleSheet (”QFrame { background: white; }”)

self.checkbox = QCheckBox(name)
self . checkbox.setChecked (True)

btn = QPushButton ()
btn.setFlat (True)
btn.setIcon (QApplication.style () .standardIcon (QStyle.SP_DialogCancelButton))

underline = QLabel ()

underline . setSizePolicy (QSizePolicy (QSizePolicy . Expanding, QSizePolicy .Maximum) )
underline . setMaximumHeight (3)

underline.setStyleSheet (f”QLabel {{ background: {color}; }}”)

layout = QHBoxLayout ()

layout .setContentsMargins (3, 3, 3, 3)

layout .setSpacing (0)

layout .addWidget ( self .checkbox)

layout .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy .Minimum))
layout .addWidget (btn)

layout_-underlined = QVBoxLayout ()
layout_underlined .setContentsMargins (0, 0, 0, 0)
layout_underlined .setSpacing (0)
layout_underlined .addLayout (layout)
layout_-underlined .addWidget (underline)

self .setLayout(layout_underlined)
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self.checkbox.stateChanged.connect(self.checkbox_changed)

btn. clicked .connect (lambda: self.on_delete.emit(self.uid))

def checkbox_changed(self, v):
if v > 0:
self.on_show.emit(self.uid)
else:
self.on_hide.emit(self.uid)

Listing 25: Charts area

import matplotlib.pyplot as plt

from PyQt5.QtCore import pyqtSignal

from PyQt5.QtWidgets import QSizePolicy , QFrame, QHBoxLayout, QPushButton, \
QSpacerltem

from PyQt5.QtWidgets import QVBoxLayout

from matplotlib.backends.backend_qtbagg import FigureCanvasQTAgg as FigureCanvas

from ui.charts.visuals.color import Color
from ui.charts.visuals.toolbar import ToolBar
from ui.main.info import Infolcon

class ChartsWidget (QFrame) :

hide_-label = pyqtSignal(int)
show_label = pyqtSignal (int)

def __init__(self, parent=None):
super (QFrame, self).__init__ (parent)

self.plots = dict ()

self .mode = 0

self .setFrameStyle (QFrame. StyledPanel)
self .setStyleSheet (”QFrame { background: white; }”)

self.figure = plt.figure ()

self .canvas = FigureCanvas(self.figure)
self.canvas.mpl_connect(’resize_event’, self.on_resize)
self .toolbar = ToolBar(self.canvas, self)

self.ax = self.figure.add_subplot(111)
self .ax.margins (0)

self.ax.grid (axis=’both’, alpha=.3)
self.ax.relim (visible_only=True)

self.ax.autoscale ()

self.figure.tight_layout ()

self.canvas.draw ()

self .btn_to_fn = QPushButton(” Trajectories”)
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self.
self .
self.
self .
self.

btn_to_-fn.setFlat (True)

btn_to.mx.setFlat (True)

btn_to_dx.setFlat (True)

toolbar_layout = QHBoxLayout ()

toolbar_layout .setContentsMargins (0, 0, 0, 0)

toolbar_layout .setSpacing (0)
toolbar_layout .addItem (QSpacerItem (15,

toolbar_layout.addWidget (Infolcon (” Click this buttons to switch plot modes\n”

”between trajectories
toolbar_layout .addItem (QSpacerItem (15,

0
toolbar_layout .addWidget(self.btn_to_fn)
toolbar_layout.addWidget(self.btn_to_mx)
toolbar_layout.addWidget(self.btn_to_-dx)

toolbar_layout.addWidget (self.toolbar)
toolbar_layout .addItem (QSpacerItem (15,

= QVBoxLayout ()
setContentsMargins (0, 0, 0, 0)
setSpacing (0)

layout
layout .
layout .
layout .addLayout (toolbar_layout)
layout .addWidget (self.canvas)
self.setLayout (layout)

self.

self .
self .
self.

btn_to_fn.pressed.connect(self.fn

def rescale(self):
self .ax.relim (visible_only=True)
self.ax.autoscale ()

self.canvas.draw ()

def clear (self):
for f in self.plots.values():
self.hide_-label.emit(f.uid)

if f.line_fn

f.line_fn.

is not None:
set_visible (False)
if f.line_mx is not None:
f.line_mx.set_visible (False)
if f.line_dx

f.line_dx.

is not None:
set_visible (False)

def fn_mode(self):

self .mode = 0

self.clear ()

for f in self.plots.values():

btn_to.mx = QPushButton(” Expectations”)

btn_to_dx = QPushButton(” Variances”)

setSizePolicy (QSizePolicy (QSizePolicy . Expanding ,

_mode)
btn_to_mx . pressed.connect(self.mx_mode)

btn_to_dx.pressed.connect(self.dx_-mode)

0, QSizePolicy .Minimum, QSizePolicy.Minimum))

, expectations and variances”))

, QSizePolicy .Minimum, QSizePolicy .Minimum))

0, QSizePolicy .Minimum, QSizePolicy.Minimum))

QSizePolicy . Expanding) )
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if f.line_fn is not None:
self.show_label.emit (f.uid)
if f.visible:

f.line_fn.set_visible (True)

self.rescale ()

def mx_mode(self):

self .mode = 1

self.clear ()

for f in self.plots.values():
if f.line_mx is not None:
self.show_label.emit (f.uid)
if f.visible:

f.line-mx.set_visible (True)

self.rescale ()

def dx-mode(self):

self .mode = 2

self.clear ()

for f in self.plots.values():
if f.line_dx is not None:
self.show_label.emit(f.uid)
if f.visible:
f.line_dx.set_visible (True)

self.rescale ()

def new_items(self , lines: list):

for line in lines:

self.plots[line.uid] = line

for f in self.plots.values():
if f.line_fn is None and f.fn is not None:
f.line_fn = self.ax.plot(f.t, f.fn, linewidth=1, color=f.color)[0]
if f.line_mx is None and f.mx is not None:
f.line_mx = self.ax.plot(f.t, f.mx, linewidth=1, color=f.color)[0]
if f.line_.dx is None and f.dx is not None:
f.line.dx = self.ax.plot(f.t, f.dx, linewidth=1, color=f.color)[0]

if self.mode = O0:
self . fn_mode ()

if self.mode — 1:

self.mx_mode ()

if self.mode — 2:
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self .dx_mode ()

def delete_item (self, uid: int):

item = self.plots.pop(uid)

Color . free (item. color)

if item.line_fn is not None:
item.line_fn .remove ()

if item.line_mx is not None:
item.line_mx .remove ()

if item.line_dx is not None:

item.line_dx .remove ()
self.rescale ()

def hide_item (self , uid: int):
item = self.plots[uid]
if item.line_fn is not None and self.mode =— 0:

item.line_fn.set_visible (False)

=

if item.line_mx is not None and self.mode
item.line_mx.set_visible (False)

if item.line_dx is not None and self.mode =— 2:
item.line_dx .set_visible (False)

item. visible = False
self.rescale ()

def show_item (self , uid: int):

item = self.plots[uid]

if item.line_fn is not None and self.mode — O0:
item.line_fn.set_visible (True)

if item.line_mx is not None and self.mode =— 1:
item.line_mx.set_visible (True)

if item.line_dx is not None and self.mode — 2:

item.line_dx.set_visible (True)

item . visible = True
self.rescale ()

def show_all(self):
for item in self.plots.values():

if item.line_fn is not None and self.mode =— O0:
item.line_fn.set_visible (True)

if item.line_mx is not None and self.mode =— 1:
item.line_mx.set_visible (True)

if item.line_dx is not None and self.mode — 2:
item.line_dx.set_visible (True)

item.visible = True
self.rescale ()
def hide_all(self):

for item in self.plots.values():

if item.line_fn is not None and self.mode =— O0:

item.line_fn .

if item.line_mx

set_visible (False)

is not None and self.mode — 1:
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207 item.line_mx.set_visible (False)
208 if item.line_dx is not None and self.mode — 2:
209 item.line_dx .set_visible (False)
210 item. visible = False

211

212 self.rescale ()

213

214 def delete_all(self):

215 for item in reversed(self.plots.values()):
216 Color. free (item. color)

217 if item.line_fn is not None:

218 item.line_fn .remove ()

219 if item.line_mx is not None:

220 item.line_mx .remove ()

221 if item.line_dx is not None:

222 item.line_dx .remove ()

223

224 self.plots.clear ()

225

226 self.rescale ()

227

228 def on_resize(self, event):

229 self.figure.tight_layout ()

230 self.canvas.draw ()

Listing 26: Curves color

1 |from random import choice
2

3

4 | class Color:

5

6 reserved_colors = |

7 V#ff834a” |

8 "#ffel100”

9 P#c700cT”

10 ” 49402807

11 " 41100 ££7

12 V#ffle227

13 ]

14 available_colors = |

15 "#ff834a” |

16 "Hffe1007

17 P#c700cT”

18 7 #24e2807

19 " 41100 ££7

20 "Hff1e227

21 ]

22

23 def __new__(cls, xargs, sxkwargs):
24

25 try:

26 return cls.available_colors .pop()
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except IndexError:
return {7 #{’’.join ([choice (’0123456789ABCDEF’) for j in range(6)])}”

Qclassmethod
def free(cls, code: str):

if code in cls.reserved_colors:

cls.available_colors.append(code)

Listing 27: Curve

from ui.charts.visuals.color import Color

class Line:

count = 0

def __init__(self, name, t, fn, mx=None, dx=None):
self .name = name
self .t = ¢t

self.fn = fn
self .mx = mx
self .dx = dx

self.line_fn = None
self.line_mx = None
self.line_dx = None
self.visible = True
self.color = Color ()
self.uid = Line.count

Line.count += 1

6.1.3 Source Codes of Input for Nonlinear Systems of Ito SDEs
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Listing 28: Base part of data input for nonlinear systems

import logging

import numpy as np

from PyQt5.QtCore import QThreadPool, pyqtSignal

from PyQt5.QtWidgets import QCheckBox, QPushButton, QStyle, QApplication,\
QSizePolicy , QHBoxLayout, QSpacerltem, QVBoxLayout, QStackedWidget, \
QWidget, QLabel

from sympy import Matrix

import config
from mathematics.sde.nonlinear.drivers.euler import euler
from mathematics.sde.nonlinear.drivers. milstein import milstein

from mathematics.sde.nonlinear.drivers.strong_taylor_ito_1p5 import strong_taylor_ito_1p5
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15
16
17

18

19

20

21

22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63

from mathematics.sde.nonlinear.drivers.strong_taylor_ito_2p0 import strong_taylor_ito_-2p0

from mathematics.sde.nonlinear.drivers.strong_taylor_ito_-2p5 import strong_taylor_ito_2p5

from mathematics.sde.nonlinear.drivers.strong_taylor_-ito_3p0 import strong_-taylor_ito_-3p0

from mathematics.sde.nonlinear.drivers.strong_taylor_stratonovich_1p0 import
strong_taylor_stratonovich_1p0

from mathematics.sde.nonlinear.drivers.strong_taylor_stratonovich_1p5 import
strong_-taylor_stratonovich_1p5

from mathematics.sde.nonlinear.drivers.strong_taylor_stratonovich_2p0 import
strong_taylor_stratonovich_2p0

from mathematics.sde.nonlinear.drivers.strong_taylor_stratonovich_2p5 import
strong_taylor_stratonovich_2p5

from mathematics.sde.nonlinear.drivers.strong_taylor_stratonovich_3p0 import

strong_taylor_stratonovich_3p0
from mathematics.sde.nonlinear.symbolic. coefficients.c import C

from tools import database

from ui.async_calls.worker import Worker

from ui.charts.visuals.line import Line

from ui.main.modeling.nonliear.stepl import Stepl
from ui.main.modeling.nonliear.step2 import Step2
from ui.main.modeling.nonliear.step3 import Step3
from ui.main.modeling.nonliear.step4 import Step4
from ui.main.modeling.nonliear.step5 import Step5b

class NonlinearModelingWidget (QWidget) :

show_main_menu = pyqtSignal ()

start_progress = pyqtSignal(str)
stop_progress = pyqtSignal(str)
draw_chart = pyqtSignal(list)
def __init__(self,

super (QWidget,

parent=None) :

self). __init__(parent)

self.logger = logging.getLogger(-_name__)

self.scheme_id = 0

self.schemes = |
(euler , ”Euler”, ”Euler Scheme”) ,
(milstein , ”Milstein”, ” Milstein Scheme”),
(strong_-taylor_ito_1p5 , ”Taylor—Ito 1.5,
?Strong Taylor—Ito Scheme with Convergence Order 1.57),
(strong_taylor_ito_2p0 , ”Taylor—Ito 2.0”,
”?Strong Taylor—Ito Scheme with Convergence Order 2.07),
(strong-taylor_-ito_-2p5 , ”Taylor—Ito 2.5,
?Strong Taylor—Ito Scheme with Convergence Order 2.57),
(strong_taylor_ito_3p0 , ”Taylor—Ito 3.0”,
?Strong Taylor—Ito Scheme with Convergence Order 3.07),
(strong_-taylor_stratonovich_1p0, ”Taylor—Str. 1.07,
?Strong Taylor—Stratonovich Scheme with Convergence Order 1.07),
(strong_taylor_stratonovich_1p5, ”Taylor—Str. 1.5”,
”?Strong Taylor—Stratonovich Scheme with Convergence Order 1.57),
(strong_-taylor_stratonovich_2p0, ”Taylor—Str. 2.07,
”Strong Taylor—Stratonovich Scheme with Convergence Order 2.0”),
(strong_taylor_stratonovich_2p5, ”Taylor—Str. 2.57,
?Strong Taylor—Stratonovich Scheme with Convergence Order 2.57),
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64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118

(strong_taylor_stratonovich_3p0 , ”Taylor—Str.

3.0” ,

”?Strong Taylor—Stratonovich Scheme with Convergence Order 3.07),

self .stack_widget = QStackedWidget(self)

self .stepl = Stepl ()
self .step2 = Step2()
self .step3 = Step3 ()
self.stepd = Step4 ()
self.step5 = Stepb()

back_btn = QPushButton (”Back” ,

self)

back_btn.setIcon (QApplication.style ().standardIcon (QStyle.SP_ArrowBack))

self.charts_check = QCheckBox(” Charts window” ,

self .scheme_name = QLabel ()

self.scheme_name. setSizePolicy (QSizePolicy . Expanding,

bar_layout = QHBoxLayout ()
bar_layout
bar_layout .
bar_layout .
bar_layout .
bar_layout
self .stack_widget .addWidget
addWidget

(
self.stack_widget . (
addWidget (

(

(

self.stack_widget .
self.stack_widget .addWidget
self.stack_widget .addWidget
layout = QVBoxLayout ()

layout .addLayout (bar_layout)

.addWidget (back_btn)

addItem (QSpacerltem (10, 35,
addWidget (self.scheme_name)
addItem (QSpacerltem (0, 0, QSizePolicy.Expanding,
.addWidget ( self .charts_check)

self .
self.
self.
self.
self .

stepl)
step2)
step3)
step4)
stepb)

layout .addWidget (self .stack_widget)

self.setLayout (layout)

back_btn.clicked.connect(self.show_main_menu.emit)

back_btn. clicked .connect (
lambda: self.stack_widget.
self.stepl.next_btn.clicked.
lambda:
self.step2.prev_btn.clicked.
lambda:
self.step2.next_btn.clicked.
lambda:
self.step3.prev_btn.clicked.
lambda:
self.step3.next_btn.clicked.
lambda:
self .stepd.prev_btn.clicked.
lambda:

self.stack_widget .

self.stack_widget .

self.stack_widget .

self.stack_widget

self.stack_widget .

self.stack_widget .

setCurrentWidget (self.

connect (
setCurrentWidget (self.
connect (
setCurrentWidget (self.
connect (
setCurrentWidget (self.

connect (

.setCurrentWidget (self .

connect (
setCurrentWidget (self.
connect (
setCurrentWidget ( self .

self)

QSizePolicy . Minimum)

QSizePolicy . Minimum, QSizePolicy .Minimum))

QSizePolicy . Minimum) )

stepl))

step2))

stepl))

step3))

step2))

step4))

step3))
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127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173

self.step4.next_btn.clicked.connect(

lambda: self.stack_-widget.setCurrentWidget(self.step5))
self.step5.prev_btn.clicked .connect (

lambda: self.stack_widget.setCurrentWidget (self.step4d))

self.step5.run_btn.clicked.connect (
lambda: self.run_-modeling())
self .step5.run_btn.clicked.connect(
lambda: self.stack_widget.setCurrentWidget(self.stepl))

self.stepl.n_valid.connect(self.step2.matrix.resize_h)
self .stepl.n_valid.connect(self.step3.matrix.resize_h)

self .stepl.n_valid.connect(self.step4d.matrix.resize_h)

self .stepl.m_valid.connect(self.step3.matrix.resize_w)

def set_scheme(self, scheme_id):
self .scheme_id = scheme_id
self.scheme_name.setText(self.schemes|[scheme_id][2])
if scheme_id = 0:
self.step5.count_c(False)
else:

self .stepb5.count_c(True)

def run_modeling (self):

self.start_progress.emit(”The modeling is being performed...”)

worker = Worker(self.routine)

worker . signals.result.connect(self.on_modeling_finish)
worker . signals.error.connect(self.on_modeling_corrupted)
QThreadPool. globallnstance () . start (worker)

def routine (self):

scheme = self.schemes[self.scheme_id]

a = Matrix(self.step2.matrix.m)

b = Matrix(self.step3.matrix.m)

x0 = np.ndarray (shape=(self.step4.matrix.rowCount() ,
self .step4 . matrix.columnCount()), dtype=float)
for i in range(self.step4.matrix.rowCount()):
for j in range(self.step4.matrix.columnCount()):
x0[i][]j] = float(self.step4.matrix.m[i][]])

if self.step5.s != 0:
np.random. seed (self .step5.s)

database.connect (config.database)

if self.scheme_id = O0:
result = scheme [0](
x0, a, b,

(self.step5.t0,
self.stepb.dt,
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self .step5.t1)

)

else:
C.preload (56, 56, 56, 56, 56)
result = scheme [0](

x0, a, b, self.stepb5.c,
(self.step5.t0,
self.stepb.dt,
self .step5.t1)

database.disconnect ()
lines = [Line(f”{scheme[1]}, x{i + 1}”,
np.array(result [1]) .astype(float),
np.array(result [0][i, :]).astype(float))
for i in range(len(result [0]))]
return lines
def on_modeling_finish (self, result):
self.stop_-progress.emit(”The modeling has been completed!”)
self.draw_chart.emit(result)
def on_modeling_corrupted(self , result):
self .logger.error(result [0])
self .logger.error(result[1])

self.logger.error (result [2])

self.stop_progress.emit(”The modeling failed!”)

Listing 29: Step 1 of data input for nonlinear systems

from PyQt5.QtCore import pyqtSignal
from PyQt5.QtWidgets import QWidget, QHBoxLayout, QGridLayout, QLineEdit, QLabel, \
QVBoxLayout, QSpacerltem, QSizePolicy , QPushButton, QApplication, QStyle

from ui.main.error import ErrorWidget

from ui.main.info import Infolcon

from ui.main.svg import SVG

class Stepl (QWidget) :

pyqtSignal (int)

n_valid

m_valid pyqtSignal (int)

def __init__(self, parent=None):
super (QWidget, self).__init_-_(parent)

self.n_is_valid = False

self . m_is_valid = False
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28
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44
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46
47
48
49
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52
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54
55
56
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59
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61
62
63
64
65
66
67
68
69
70
71
72
73
74

self.input_stack = self.parent ()

info.n = Infolcon (”Dimension of linear system of Ito SDEs”)

infoom = Infolcon (”Dimension of vector Wiener process”)

label_-n = QLabel (”n”

label_m QLabel ("m”)

self.lineedit-n = QLineEdit ()
QLineEdit ()

self.lineedit_m

self .msg.n = ErrorWidget (”Wrong value!”)
self.msg-n.hide ()

self .msg.m = ErrorWidget (”Wrong value!”)
self .msg_m. hide ()

grid_layout = QGridLayout ()
grid_layout.addWidget(self .msgn, 0, 2)
grid_layout .addWidget
grid_layout .addWidget 1, 0)
grid_layout .addWidget (info.m , 3, 0)

1

1

(self .msgm, 2, 2)
(
(
grid_layout.addWidget (label-n, 1, 1)
(
(
(

info_n ,

grid_-layout .addWidget (label-m , 3, 1)
grid_layout .addWidget(self.lineedit_-n, 1, 2)
grid_layout .addWidget (self.lineedit-m , 3, 2)

header = QLabel(”Dimensions settings”, parent=self)
font = header. font ()
font.setPointSize (15)
header.setFont (font)

self.next_btn = QPushButton(”Next”, self)

self .next_btn.setIcon(QApplication.style ().standardIcon(QStyle.SP_ArrowForward))

self .next_btn.setEnabled (False)

header_layout = QHBoxLayout ()

header_layout.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding,

header_layout .addWidget (header)

header_layout .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding,

bottom_bar = QHBoxLayout ()
bottom_bar.addItem (QSpacerItem (0, 0, QSizePolicy.Expanding,
bottom_bar.addWidget(self.next_btn)

eql = QHBoxLayout ()

eql.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy

eql.addWidget (SVG(” equationl.svg”, scale_factor=1.))

eql .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy

eq2 = QHBoxLayout ()

eq2.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy

eq2.addWidget (SVG(” equation2.svg”, scale_factor=1.))

eq2.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy

QSizePolicy . Minimum) )

QSizePolicy . Minimum) )

QSizePolicy . Minimum) )

.Minimum ) )

.Minimum) )

.Minimum ) )

.Minimum) )
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104
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107
108
109
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115
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122
123
124
125
126

equalities_-layout = QVBoxLayout ()
equalities_layout .addLayout (eql)
equalities_layout .addItem (QSpacerltem (0, 20, QSizePolicy .Minimum, QSizePolicy.Minimum

))

equalities_layout .addLayout (eq2)

equalit
equalit
)

equalit
equalit

)

grid_wr
grid_wr
grid_-wr

grid_wr

layout
layout .
layout .
layout .
layout .
layout .
layout .
layout .
layout .
layout .

self.setLayout (layout)

self.lineedit_n.textChanged.connect(self.validate_n)

self.lineedit_m .textChanged.connect(self.validate_m)

def valid

if self.n_is_valid and self.m_is_valid:

self .
else:
self .

def validate_n (self, value):

try:

typed-value = int(value)
if typed_value <= 0:

raise ValueError ()

self.
self.
self.

except
self .
self.

ies_wrap = QHBoxLayout ()
ies_wrap .addItem (QSpacerItem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum)

ies_wrap .addLayout(equalities_layout)

ies_wrap .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum)

ap = QHBoxLayout ()

ap .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))
ap .addLayout(grid_-layout)

ap .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

= QVBoxLayout ()

addItem (QSpacerltem (0, 0, QSizePolicy.Minimum, QSizePolicy.Expanding))
addLayout (equalities_-wrap)

addItem (QSpacerltem (0, 25, QSizePolicy.Minimum, QSizePolicy .Minimum))
addLayout (header_layout)

addItem (QSpacerltem (0, 5, QSizePolicy.Minimum, QSizePolicy .Minimum))

addLayout (grid_wrap)

addItem (QSpacerltem (0, 0, QSizePolicy.Minimum, QSizePolicy.Expanding))
addItem (QSpacerltem (0, 25, QSizePolicy.Minimum, QSizePolicy .Minimum))
addLayout (bottom_bar)

ate_form (self):
next_btn.setEnabled (True)

next_btn.setEnabled (False)

n_is_valid = True
n_valid .emit (typed_value)
msg-n. hide ()

ValueError:
n_is_valid = False

msg_n . show ()

Electronic Journal. http://diffjournal.spbu.ru/ 248



Differential Equations and Control Processes, N. 1, 2021

127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145

© 00 N O Ut R W N =

W W NN N NDDNDNDNINDNIDNDIDNHFH R B B B B B B = &
= O © 00 N O U W= O © 00 O U i W N = O

finally :

self.validate_form ()

def validate_m (self , value):
try:
typed_-value = int(value)
if typed_value <= 0:

raise ValueError ()

self . m_is_valid = True
self.m_valid.emit (typed_value)

self .msg.m. hide ()

except ValueError:
self . m_is_valid = False

self .msg_m.show ()

finally :

self.validate_form ()

Listing 30: Step 2 of data input for nonlinear systems

from PyQt5.QtWidgets import QWidget, QHBoxLayout, QLabel, QSpacerltem, QSizePolicy, \
QVBoxLayout, QPushButton, QApplication, QStyle

from ui.main.error import ErrorWidget
from ui.main.info import Infolcon

from ui.main.modeling. matrix_-widget import MatrixWidget

class Step2(QWidget) :

def __init__(self, parent=None):
super (QWidget, self).__init__(parent)

self.errors = 0

header = QLabel(” Setting of column a(x, t)”, parent=self)

font = header. font ()

font.setPointSize (15)

header.setFont (font)

info = Infolcon (”Elements of column a(x, t) are expected to be functions\n”
?Size: n x 1l\n”

”Functions must be set in python and SymPy notation”)

self .msg = ErrorWidget (”Wrong values in matrix!”)
self .msg. hide ()

self . matrix = MatrixWidget (self)

self.next_btn = QPushButton(”Next”, self)
self .next_btn.setIcon(QApplication.style ().standardIcon(QStyle.SP_ArrowForward))
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self.prev_btn = QPushButton(”Back”, self)
self.prev_btn.setlcon (QApplication.style ().standardIcon (QStyle.SP_ArrowBack))
header_layout = QHBoxLayout ()

addWidget (info)

header_layout.addWidget (header)

.addWidget ( self . msg)

addItem (QSpacerltem (0, 0, QSizePolicy.Expanding,

header_layout .

header_layout
header_layout . QSizePolicy . Minimum) )
bottom_bar = QHBoxLayout ()

bottom_bar.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding,
bottom_bar.addWidget(self.prev_btn)
bottom_bar.addWidget(self.next_btn)

QSizePolicy . Minimum) )

layout = QVBoxLayout ()
addLayout (header_layout)
addWidget (self . matrix)
addLayout (bottom_bar)

layout .
layout .
layout .

self.setLayout (layout)

Listing 31: Step 3 of data input for nonlinear systems

from PyQt5.QtWidgets import QWidget,
QVBoxLayout, QPushButton, QApplication ,
from ui.main.error import ErrorWidget

from ui.main.info import Infolcon

QHBoxLayout ,
QStyle

QLabel, QSpacerltem, QSizePolicy ,

from ui.main.modeling. matrix_widget import MatrixWidget

class Step3 (QWidget) :

def __init__(self,
super (QWidget, self).__init__

parent=None) :

(parent)

self.errors = 0

header = QLabel(” Setting of matrix B(x,
font = header. font ()
font.setPointSize (15)
header.setFont (font)

info = Infolcon (”Elements of matrix B(x, t)
?Size: n x m\n”

”Functions must be set

t)”, parent=self)

are expected to be functions\n”

in python and SymPy notation”)

self .msg = ErrorWidget (”Wrong values in matrix!”)

self .msg. hide ()

self . matrix = MatrixWidget (self)

\
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self .next_btn = QPushButton(”Next”, self)

self.next_btn.setIcon(QApplication.style ().standardIcon(QStyle.SP_ArrowForward))

self.prev_btn = QPushButton(”Back”, self)

self .prev_btn.setIcon(QApplication.style ().standardIcon (QStyle.SP_ArrowBack))

header_layout = QHBoxLayout ()
header_layout.addWidget (info)
header_layout.addWidget (header)
header_layout.addWidget ( self .msg)

header_layout .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

bottom_bar = QHBoxLayout ()

bottom_bar.addItem (QSpacerItem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

bottom_bar.addWidget(self.prev_btn)
bottom_bar.addWidget(self.next_btn)

layout = QVBoxLayout ()

layout .addLayout ( header_layout)
layout .addWidget ( self . matrix)
layout .addLayout (bottom_bar)

self.setLayout (layout)

Listing 32: Step 4 of data input for nonlinear systems

from PyQt5.QtWidgets import QWidget, QHBoxLayout, QVBoxLayout, QLabel, \
QSpacerltem , QSizePolicy , QPushButton, QApplication, QStyle

from ui.main.error import ErrorWidget
from ui.main.info import Infolcon

from ui.main.modeling. matrix_-widget import MatrixWidget

class Step4 (QWidget) :

def __init__(self, parent=None):
super (QWidget, self).__init__(parent)

self.errors = 0

header = QLabel(” Setting of column x0”, parent=self)
font = header. font ()
font.setPointSize (15)
header.setFont (font)

info = Infolcon (”Elements of column x0 are expected to be functions\n”
?Size: n x 1\n”

”Functions must be set in python and SymPy notation”)

self .msg = ErrorWidget (”Wrong values in matrix!”)
self .msg. hide ()
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self . matrix = MatrixWidget (self)

self.next_btn = QPushButton(”Next”, self)
self .next_btn.setIcon(QApplication.style ().standardIcon(QStyle.SP_ArrowForward))

self.prev_btn = QPushButton(”Back”, self)
self .prev_btn.setIcon(QApplication.style ().standardIcon (QStyle.SP_ArrowBack))

header_layout = QHBoxLayout ()

header_layout .addWidget (info)

header_layout.addWidget (header)

header_layout.addWidget ( self .msg)

header_layout .addItem (QSpacerItem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

bottom_bar = QHBoxLayout ()

bottom_bar.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy .Minimum))
bottom_bar.addWidget(self.prev_btn)

bottom_bar.addWidget (self.next_btn)

layout
layout .
layout .
layout .

self.se

= QVBoxLayout ()
addLayout (header_layout)
addWidget (self . matrix)
addLayout (bottom_bar)

tLayout (layout)

Listing 33: Step 5 of data input for nonlinear systems

import sys

from PyQt5.

QGridLayout, QVBoxLayout, QSizePolicy , QSpacerltem, QPushButton, \
QApplication, QStyle

from ui.main.error import ErrorWidget

from ui.main.info import Infolcon

class Stepb

def __ini

super (QWidget, self).__init-_(parent)

self .t0 = sys.float_info .min
self.dt 0
self.tl sys. float_info .max
self .s =0
self.c =0

self.t0_is_valid = False
self.dt_is_valid = False
self.tl_is_valid = False

self.s_

QtWidgets import QWidget, QHBoxLayout, QLabel, QLineEdit, \

(QWidget) :

t__(self, parent=None):

is_valid = True
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69
70
71
72
73
74
75
76
7
78
79
80

self.c_is_valid = False

self.input_stack = self.parent ()

info_-t0 = Infolcon(”Start point of integration interval\n”
"Must be in [0, t1) range”)

info_dt = Infolcon(”Integration step\n”
"Must be set in (0, 1) interval”)

info_-tl = Infolcon(”Final point of integration interval\n”
”Must be more then t07)
info_s = Infolcon (” This is random generator seed\n”

”If You do not want to use specific\n”
"seed just leave this field empty”)

self.info_c = Infolcon (”The constant which defines approximation accuracy”)

label_t0 = QLabel(”t0”)
label_dt = QLabel(”dt”)
label_t1 = QLabel(7t1”)
label_s = QLabel(”seed”)
self.label_c = QLabel(”C”)

self . lineedit-t0 = QLineEdit ()
self.lineedit_-dt = QLineEdit ()
self.lineedit_t1 = QLineEdit ()
QLineEdit ()
self.lineedit_-c = QLineEdit ()

self.lineedit_s

self . msg_t0 = ErrorWidget (”Wrong value!”)
self.msg_t0. hide ()

self . msg_dt = ErrorWidget (”Wrong value!”)
self .msg_dt. hide ()

self .msg_t1l = ErrorWidget (”Wrong value!”)
self . msg_tl.hide ()

self . msg.s = ErrorWidget (”Wrong value!”)
self . msg_s.hide ()

self . msg_.c = ErrorWidget (”Wrong value!”)
self.msg_c.hide ()

header = QLabel(” Accuracy settings”, parent=self)
font = header. font ()
font.setPointSize (15)
header.setFont (font)

self.prev_btn = QPushButton(”Back”, self)
self .prev_btn.setIcon(QApplication.style ().standardIcon(QStyle.SP_ArrowBack))

self .run_btn = QPushButton(” Perform modeling”, self)
self .run_btn.setIcon(QApplication.style ().standardIcon (QStyle.SP_ArrowForward))
self.run_btn.setEnabled (False)

header_layout = QHBoxLayout ()
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81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122

123
124
125
126

127
128
129

130
131

header_layout .addWidget (header)
header_layout .addItem (QSpacerItem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

bottom_bar = QHBoxLayout ()

bottom_bar.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy .Minimum))
bottom_bar.addWidget(self.prev_btn)

bottom_bar.addWidget (self.run_btn)

grid_layout = QGridLayout ()

grid_layout .addWidget (self.msg_t0, 0, 2)

grid_-layout .addWidget (info_t0 , 1, 0)
grid_-layout .addWidget (label_t0 , 1, 1)
grid_layout .addWidget (self.lineedit_t0 , 1, 2)

grid_-layout .addWidget (self .msg_dt, 0, 5)

grid_layout .addWidget (info_dt , 1, 3)
grid_layout.addWidget (label_dt , 1, 4)
grid_-layout .addWidget (self .lineedit_-dt , 1, 5)

grid_layout .addWidget (self.msg_t1, 0, 8)

grid_-layout .addWidget (info_-t1, 1, 6)
grid_layout .addWidget (label_t1 , 1, 7)
grid_layout .addWidget (self.lineedit_t1, 1, 8)

grid_-layout .addWidget (self.msg-s, 2, 2)

grid_layout .addWidget (info_-s , 3, 0)
grid_-layout .addWidget (label_s , 3, 1)
grid_-layout .addWidget (self.lineedit-s , 3, 2)

grid_layout.addWidget(self .msg.c, 2, 5)

grid_-layout .addWidget (self .info_c, 3, 3)
grid_layout .addWidget (self.label_c, 3, 4)
grid_layout.addWidget(self.lineedit_c, 3, 5)

column_layout = QVBoxLayout ()

column_layout .addItem ( QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding)
)

column_layout .addLayout (header_layout)

column_layout .addItem ( QSpacerItem (0, 25, QSizePolicy.Minimum, QSizePolicy.Minimum))
column_layout .addLayout (grid_-layout)

column_layout .addItem (QSpacerItem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding)

)

control_layout = QHBoxLayout ()

control_layout .addItem (QSpacerItem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding
))

control_layout .addLayout (column_layout)

control_layout .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding

))
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132

133 layout = QVBoxLayout ()

134 layout .addLayout (control_-layout)

135 layout .addLayout (bottom_bar)

136

137 self.setLayout (layout)

138

139 self.lineedit_t0 .textChanged.connect(self.validate_t0)
140 self.lineedit_t0 .textChanged.connect(self.validate_t1)
141 self.lineedit_t0 .textChanged.connect(self.validate_dt)
142 self . lineedit_dt .textChanged.connect(self.validate_dt)
143 self.lineedit_t1.textChanged.connect(self.validate_t0)
144 self.lineedit_t1.textChanged.connect(self.validate_t1)
145 self.lineedit_-t1.textChanged.connect(self.validate_dt)
146 self.lineedit_s.textChanged.connect(self.validate_s)
147 self.lineedit_c.textChanged.connect(self.validate_c)
148

149 def count_c(self, flag: bool):

150 if flag:

151 self.info_c.show()

152 self.label_c.show ()

153 self.lineedit_c.show ()

154 self.validate_c ()

155 else:

156 self.info_c.hide ()

157 self . label_c.hide ()

158 self.lineedit_c.hide ()

159 self.c_is_valid = True

160

161 self . msg_c. hide ()

162

163 def validate_form (self):

164 if self.tO_is_valid \

165 and self.dt_is_valid \

166 and self.tl_is_valid \

167 and self.s_is_valid \

168 and self.c_is_valid:

169 self .run_btn.setEnabled (True)

170 else:

171 self .run_btn.setEnabled (False)

172

173 def validate_t0(self):

174 try:

175 typed-value = float (self.lineedit_t0.text ())

176 if typed_value >= self.tl:

177 raise ValueError ()

178

179 self.t0_is_valid = True

180 self .t0 = typed_value

181 self . msg_t0. hide ()

182

183 except ValueError:

184 self.t0_is_valid = False

185 self . msg_t0.show ()

186

Electronic Journal. http://diffjournal.spbu.ru/ 255



Differential Equations and Control Processes, N. 1, 2021

187 def validate_dt(self):

188 try:

189 typed-value = float (self.lineedit-dt.text())
190 if typed-value <= 0 \

191 or (self.tl — self.t0) / typed_value < 1 \
192 or typed_-value >= 1:

193 raise ValueError ()

194

195 self.dt_is_valid = True

196 self.dt = typed_value

197 self . msg_dt. hide ()

198 self . validate_form ()

199

200 except ValueError:

201 self.dt_is_valid = False

202 self . msg_dt.show ()

203

204 def validate_tl (self):

205 try:

206 typed_value = float(self.lineedit_t1l.text())
207 if typed_-value <= self.t0:

208 raise ValueError ()

209

210 self.tl_is_valid = True

211 self .t1 = typed_value

212 self . msg_t1.hide ()

213

214 except ValueError:

215 self.tl_is_valid = False

216 self . msg_t1l.show ()

217

218 def validate_s(self):

219 try:

220 if self.lineedit_s.text() = 77:
221 self.s_is_valid = True

222 self .s =0

223 else:

224 typed_value = int(self.lineedit_s.text())
225 if typed_value <= 0:

226 raise ValueError ()

227 self.s = typed_value

228

229 self.s_is_valid = True

230 self . msg_s.hide ()

231

232 except ValueError:

233 self.s_is_valid = False

234 self . msg_s.show ()

235

236 finally :

237 self.validate_form ()

238

239 def validate_c(self):

240 try:

241 typed-value = float (self.lineedit_c.text())
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242
243
244
245
246
247
248
249
250
251
252
253
254

if typed_value <= 0:

raise ValueError ()

self.c_is_valid = True
self.c = typed_value
self . msg_c.hide ()

except ValueError:
self.c_is_valid = False

self.msg_c.show ()

finally :

self.validate_form ()

6.1.4 Source Codes of Input for Linear Systems of It6 SDEs

© 00 N O Uk W N

W W W W NN DNDNDNINLDIDNDLDNNIDILN-RRFR B B B B =2 = o
W N = © © 0 O U b W N = O © 0 N O U i W N = O

Listing 34: Base part of data input for linear systems

import logging

from time import time

import numpy as np

from PyQt5.QtCore import QThreadPool, pyqtSignal

from PyQt5.QtWidgets import QCheckBox, QPushButton, QStyle, QApplication, \
QSizePolicy , QHBoxLayout, QSpacerltem , QVBoxLayout, QStackedWidget, \
QWidget, QLabel

from mathematics.sde.linear.dindet import dindet

from mathematics.sde.linear.distortions import Symbolic, ComplexDistortion
from mathematics.sde.linear.integration import Integral
from mathematics.sde.linear .stoch import stoch

from ui.async_calls.worker import Worker

from ui.charts.visuals.line import Line

from ui.main.modeling.linear.stepl import Stepl

from ui.main.modeling.linear.step2 import Step2

from ui.main.modeling.linear.step3 import Step3

from ui.main.modeling.linear .step4 import Step4

from ui.main.modeling.linear.step5 import Step5

from ui.main.modeling.linear.step6 import Step6

from ui.main.modeling.linear.step7 import StepT7

from ui.main.modeling.linear.step8 import Step8

class LinearModelingWidget (QWidget) :

show_main_menu = pyqtSignal ()
start_progress = pyqtSignal(str)
stop_progress = pyqtSignal(str)
draw_chart = pyqtSignal (list)

def __init__(self, parent=None):
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34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88

super (QWidget, self).__init__(parent)
self.logger = logging.getLogger (--name__)
self .stack_widget = QStackedWidget(self)

self .stepl = Stepl ()
self .step2 = Step2()
self .step3 = Step3 ()
self.stepd = Step4 ()
self.step5 = Stepb()
self .step6 = Step6 ()
self.step7 = StepT7()
self.step8 = Step8()

back_btn = QPushButton (”Back”, self)
back_btn.setIcon (QApplication.style ().standardIcon (QStyle.SP_ArrowBack))

self.charts_check = QCheckBox(” Charts window” , self)
self.scheme_name = QLabel(” Linear Systems of Ito SDEs”)

bar_layout = QHBoxLayout ()

bar_layout.addWidget (back_btn)

bar_layout .addItem (QSpacerltem (10, 35, QSizePolicy .Minimum, QSizePolicy.Minimum))
bar_layout.addWidget (self.scheme_name)

bar_layout .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))
bar_layout.addWidget (self.charts_check)

self .stack_widget .addWidget
self.stack_widget .addWidget
self.stack_-widget.addWidget(self.step3)
self.stack_-widget.addWidget (self.step4)

(self.stepl)
(
(
(
self.stack_widget.addWidget(self.step5)
(
(
(

self .step2)

self.stack_widget.addWidget(self.step6)
self.stack_-widget.addWidget (self.step7)
self.stack_-widget.addWidget(self.step8)

layout = QVBoxLayout ()
layout .addLayout (bar_layout)
layout .addWidget ( self .stack_-widget)

self.setLayout (layout)

back_btn.clicked.connect(self.show_main_menu.emit)
back_btn.clicked .connect (
lambda: self.stack_widget.setCurrentWidget(self.stepl))

self.stepl.next_btn.clicked.connect(

lambda: self.stack_widget.setCurrentWidget (self.step2))
self.step2.prev_btn.clicked.connect (

lambda: self.stack_-widget.setCurrentWidget (self.stepl))
self.step2.next_btn.clicked.connect(

lambda: self.stack_widget.setCurrentWidget(self.step3))

self.step3.prev_btn.clicked.connect (
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89

90

91

92

93

94

95

96

97

98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143

lambda:

lambda:

self.step4.prev_btn.clicked.

lambda:

self.step4d.next_btn.clicked.

lambda:
self.stepb.prev_btn.clicked
lambda:

self.stepb.next_btn.clicked.

lambda:

self.step6.prev_btn.clicked.

lambda:

self.step6.next_btn.clicked.

lambda:

self .step7.prev_btn.clicked.

lambda:

self.step7.next_btn.clicked.

lambda:

self .step8.prev_btn.clicked.

lambda:

self.stack_widget .
self.step3.next_btn.clicked.
self.stack_widget .
self.stack_widget .
self.stack_widget .
self.stack_widget .
self.stack_widget .
self.stack_widget.
self.stack_widget .
self.stack_widget .

self.stack_widget .

self.stack_widget .

setCurrentWidget (self.

connect (

setCurrentWidget ( self .

connect (

setCurrentWidget (self.

connect (

setCurrentWidget (self.
.connect (
setCurrentWidget (self.

connect (

setCurrentWidget (self.

connect (

setCurrentWidget (self.

connect (

setCurrentWidget (self.

connect (

setCurrentWidget (self.

connect (

setCurrentWidget (self.

connect (

setCurrentWidget ( self .

self .step8.run_btn.clicked.connect(

lambda:

self.run_modeling ())

self.step8.run_btn.clicked.connect (

lambda:

self.stepl.n_valid.
self.stepl.n_valid.
n_valid.
k_valid.

self.stepl.
self.stepl.

self.stepl.n_valid

self.stepl.
self.stepl.k_valid.
n_valid.

self.stepl.

self.stepl.n_valid.

def run_modeling(self):

self.start_progress.emit(”The modeling is being performed...”)

connect (self.

connect (self .

connect (self.

connect (self.

.connect (self.

m_valid . connect (self.

connect (self .

connect (self.

connect (self .

self.stack_widget.setCurrentWidget (self.

step2 . matrix.

step2 . matrix.

step3 . matrix.

step3 . matrix.

step4 . matrix.

stepb . matrix .

step7 . matrix.

worker = Worker(self.routine)

step2))

step4))

step3))

stepb))

stepd))

step6))

stepb))

step7))

step6))

step8))

step7))

stepl))

resize_h)

resize_w)

resize_h)

resize_w)

resize_h)

step4 . matrix.resize_w)

resize_h)

step6 . matrix.resize_w)

resize_h)

worker . signals.result.connect(self.on_modeling_finish)

worker . signals.error.connect(self.on_-modeling_corrupted)

QThreadPool. globallnstance ()

def routine(self):

.start (worker)

n = int(self.stepl.lineedit_n.text ()

m
k

)
int (self.stepl.lineedit-m.text ())
int(self.stepl.lineedit_k.text())

t0 = float(self.step8.lineedit_-t0.text())
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144 dt = float (self.step8.lineedit_dt.text())

145 tl = float(self.step8.lineedit_t1l.text())

146

147 self.logger.info (”Reading input data”)

148

149 integral = Integral(n)

150

151 integral .k, integral.m, integral.dt, integral.t0, integral.tk = \
152 k, m, dt, t0, t1

153

154 integral .m.a = np.array ([[ float (self.step2.matrix.m[i][j])

155 for j in range(self.step2.matrix.columnCount())]
156 for i in range(self.step2.matrix.rowCount())])
157

158 integral .mat_-b = np.array ([[float(self.step3.matrix.m[i][j])
159 for j in range(self.step3.matrix.columnCount())]
160 for i in range(self.step3.matrix.rowCount())])
161

162 integral .mat_f = np.array ([[float(self.step4.matrix.m[i][j])
163 for j in range(self.step4.matrix.columnCount())]
164 for i in range(self.step4.matrix.rowCount())])
165

166 integral .m-h = np.array ([[ float(self.step6.matrix.m[i][j])

167 for j in range(self.step6.matrix.columnCount()) ]
168 for i in range(self.step6.matrix.rowCount())])
169

170 integral . m_x0 = np.array ([[float(self.step7.matrix.m[i][j])

171 for j in range(self.step7.matrix.columnCount())]
172 for i in range(self.step7.matrix.rowCount())])
173

174 integral .mmx0 = np.array ([[float (self.step7.matrix. . m[i][j])
175 for j in range(self.step7.matrix.columnCount())]
176 for i in range(self.step7.matrix.rowCount())])
177

178 integral .m_dx0 = np.zeros((integral.n, integral.n))

179

180 self .logger.info (”Input is correct”)

181 self.logger.info(” Calculation of Ad and Bd (Algorithm 11.2)”)
182

183 integral .m_ad, integral.m_bd = dindet (

184 integral.n, integral.k, integral.m-.a, integral.mat.b, integral.dt)
185

186 self.logger.info (” Calculation of Fd (Algorithm 11.6)”)

187

188 integral .m_fd = stoch(integral.n, integral.m_a, integral.mat_f, integral.dt)
189

190 mat_-u = np.array ([[object]] * self.step5.matrix.rowCount())
191 for i in range(self.step5.matrix.rowCount()):

192 mat_u[i][0] = Symbolic(self.step5.matrix.m[i][0])

193

194 integral.distortion = ComplexDistortion(self.step5.matrix.rowCount (), mat_u)
195

196 self.logger.info(” Starting modeling loop”)

197

198 start_time = time ()
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199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229

© 00 N O Ut e W N =

e e e e e
© 00 N O Ut kW N = O

integral .integrate ()
self.logger.info (f”Integration took {(time() — start_time):.3f} seconds”)

lines = [Line(f”Linear, x{i + 1}”,
np.array (integral.v_t).astype(float),
np.array (integral . m_xt[i, :]).astype(float),
mx=np.array (integral . mmx[i, :]).astype(float),
dx=np.array(integral .m.dx[i, :]).astype(float))

for i in range(integral.m_xt.shape[0]) ]

name = f” Linear”

lines .append (Line (f” Linear, y”,
np.array (integral.v_t).astype(float),
np.array (integral.v_yt).astype(float),
mx=np.array (integral .v_my) .astype(float),

dx=np.array (integral.v_dy).astype(float)))

return lines

def on_modeling_finish (self, result):
self.stop_progress.emit(”The modeling has been completed!”)

self.draw_chart.emit(result)

def on_modeling_corrupted (self , result):
self .logger.error(result [0])
self .logger.error(result[1])
self.logger.error (result [2])

self.stop_progress.emit(”The modeling failed!”)

Listing 35: Step 1 of data input for linear systems

from PyQt5.QtCore import pyqtSignal
from PyQt5.QtWidgets import QWidget, QHBoxLayout, QGridLayout, QLineEdit, QLabel, \

QVBoxLayout, QSpacerltem, QSizePolicy , QPushButton, QApplication, QStyle

from ui.main.error import ErrorWidget
from ui.main.info import Infolcon

from ui.main.svg import SVG

class Stepl (QWidget) :

n_valid = pyqtSignal (int)
m_valid = pyqtSignal(int)
k_valid = pyqgtSignal(int)

def __init__(self, parent=None):
super (QWidget, self).__init-_(parent)

self.n_is_valid = False
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20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74

self. m_is_valid = False
self.k_is_valid = False

self.input_stack = self.parent ()

info.n = Infolcon (”Dimension of linear system of Ito SDEs”)

info.m = Infolcon (”Dimension of vector Wiener process”)
info_k

Infolcon (”Dimension of vector function u(t)”)

label_-n = QLabel (”n”
label_.m = QLabel ("m”)
label_k QLabel (k")

self.lineedit-n = QLineEdit ()
self.lineedit-m = QLineEdit ()
self.lineedit_-k = QLineEdit ()

self .msg.n = ErrorWidget (”Wrong value!”)
self .msg n.hide ()

self .msg.m = ErrorWidget (”Wrong value!”)
self .msg-m. hide ()

self . msg .k = ErrorWidget (”Wrong value!”)
self.msg_k.hide ()

grid_layout = QGridLayout ()
grid_-layout .addWidget(self.msgn, 0, 2)
grid_-layout .addWidget
grid_layout .addWidget
grid_layout .addWidget
grid_layout .addWidget (info_m , 3, 0
grid_layout .addWidget (info_k , 5, 0

(self .msg-m,
(
(
(
(
grid_layout .addWidget (label_n ,
(
(
(
(
(

2
self .msg k, 4, 2)

info.n, 1, 0

1, 1)
grid_layout .addWidget (label_-m , 3, 1)
label -k, 5, 1)
self.lineedit-n, 1, 2)
self.lineedit-m , 3, 2)
self.lineedit_-k , 5, 2)

)
)
)
1
1
1

grid_layout .addWidget
grid_layout .addWidget
grid_layout .addWidget
grid_layout .addWidget

header = QLabel(” Dimensions settings”, parent=self)
font = header. font ()
font.setPointSize (15)
header.setFont (font)

self .next_btn = QPushButton(”Next”, self)

self .next_btn.setIcon(QApplication.style ().standardIcon(QStyle.SP_ArrowForward))

self.next_btn.setEnabled (False)

header_layout = QHBoxLayout ()

header_layout .addItem (QSpacerItem (0, 0, QSizePolicy.Expanding,

header_layout .addWidget (header)

header_layout .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding,

bottom_bar = QHBoxLayout ()
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75
76
e
78
79
80
81
82
83
84
85
86
87
88
89
90

91
92
93
94

95
96

97

98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120

122
123
124
125
126

bottom_bar.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

bottom_bar.addWidget (self.next_btn)

eql = QHBoxLayout ()

eql .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))
eql .addWidget (SVG(” equation3.svg”, scale_factor=1.))

eql.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy .Minimum))

eq2 = QHBoxLayout ()

eq2.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy .Minimum))
eq2.addWidget (SVG(” equation4 .svg”, scale_factor=1.))

eq2.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

equalities_-layout = QVBoxLayout ()
equalities_layout .addLayout (eql)

equalities_layout .addItem (QSpacerltem (0, 25, QSizePolicy.Minimum, QSizePolicy.Minimum

))

equalities_-layout .addLayout (eq2)

equalities_wrap = QHBoxLayout ()

equalities_wrap .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy .Minimum)

)

equalities_wrap .addLayout (equalities_layout)

equalities_wrap .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy .Minimum)

)

grid_-wrap = QHBoxLayout ()

grid-wrap .addItem (QSpacerItem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

grid_-wrap .addLayout (grid-layout)

grid_wrap .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

layout = QVBoxLayout ()

layout .addItem (QSpacerltem (0, 0, QSizePolicy .Minimum, QSizePolicy.Expanding))
layout .addLayout (equalities_wrap)

layout .addItem (QSpacerltem (0, 25, QSizePolicy .Minimum, QSizePolicy.Minimum))
layout .addLayout (header_layout)

layout .addItem (QSpacerltem (0, 5, QSizePolicy.Minimum, QSizePolicy.Minimum))
layout .addLayout (grid_wrap)

layout .addItem (QSpacerltem (0, 0, QSizePolicy.Minimum, QSizePolicy.Expanding))
layout .addItem (QSpacerltem (0, 25, QSizePolicy.Minimum, QSizePolicy.Minimum))
layout .addLayout (bottom_bar)

self.setLayout (layout)

self . lineedit_n .textChanged.connect(self.validate_n)
self.lineedit_m .textChanged.connect(self.validate_m)
self . lineedit_k .textChanged.connect(self.validate_k)

def validate_form (self):
if self.n_is_valid and self.m_is_valid and self.k_is_valid:
self .next_btn.setEnabled (True)
else:
self .next_btn.setEnabled (False)

def validate_n(self, value):

Electronic Journal. http://diffjournal.spbu.ru/ 263




Differential Equations and Control Processes, N. 1, 2021

127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150

152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175

1

try:
typed_value = int(value)
if typed_value <= 0:

raise ValueError ()

self . n_is_valid = True
self.n_valid.emit (typed-value)
self .msg_n.hide ()

except ValueError:
self.n_is_valid = False

self.msg_n.show ()

finally :

self.validate_form ()

def validate_m (self , value):
try:
typed_value = int(value)
if typed_value <= 0:

raise ValueError ()

self . m_is_valid = True
self . m_valid.emit(typed_value)

self .msg-m. hide ()

except ValueError:
self . m_is_valid = False

self .msg-m.show ()

finally :

self.validate_form ()

def validate_k(self , value):
try:
typed_-value = int(value)
if typed_value <= 0:

raise ValueError ()

self . k_is_valid = True
self.k_valid.emit (typed-value)
self.msg k. hide ()

except ValueError:
self.k_is_valid = False
self . msg_k.show ()

finally :

self.validate_form ()

Listing 36: Step 2 of data input for linear systems

from PyQt5.QtWidgets import QWidget,

QHBoxLayout, QLabel, QSpacerltem, QSizePolicy, \ ‘
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QVBoxLayout, QPushButton, QApplication, QStyle

from ui.main.error import ErrorWidget

from ui.main.info import Infolcon

from ui.main.modeling. matrix_widget import MatrixWidget

class Step2(QWidget) :

def __init__(self, parent=None):

super (QWidget, self).__init__(parent)

self.errors = 0

header = QLabel(” Setting of matrix
font = header. font ()
font .setPointSize (15)
header.setFont (font)

A” | parent=self)

info = Infolcon(”Elements of matrix A are\n”

”?expected to be real values\n”

”Size: n x n”

self .msg = ErrorWidget (”Wrong values in matrix!”)

self .msg. hide ()

self . matrix = MatrixWidget (self)

self.next_btn = QPushButton (” Next”

self.next_btn.setIcon (QApplication.

self.prev_btn = QPushButton (”Back”

self.prev_btn.setlIcon (QApplication.

header_layout = QHBoxLayout ()
header_layout .addWidget (info)
header_layout .addWidget (header)
header_layout.addWidget ( self .msg)

, self)
style () .standardIcon (QStyle.SP_ArrowForward) )

, self)
style () .standardIcon (QStyle.SP_ArrowBack))

header_layout .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

bottom_bar = QHBoxLayout ()

bottom_bar.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))
bottom_bar.addWidget(self.prev_btn)
bottom_bar.addWidget(self.next_btn)

layout = QVBoxLayout ()

layout .addLayout (header_layout)
layout .addWidget ( self . matrix)
layout .addLayout (bottom_bar)

self.setLayout (layout)

self . matrix .itemChanged. connect(self.validate_item)

def validate_item (self , item):
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value = item.text ()
try:
float (value)
if not item.valid:
item.valid = True
self.errors —= 1
except ValueError:
if item.valid:
item.valid = False

self.errors +=1

finally :

self.validate_form ()
def validate_form (self):
if = 0:
self .msg. hide ()
self .next_btn.setEnabled (True)

else:

self.errors

self.msg.show ()
self . next_btn.setEnabled (False)

Listing 37: Step 3 of data input for linear systems

from PyQt5.QtWidgets import QWidget,
QVBoxLayout, QPushButton,

QHBoxLayout ,
QStyle

QLabel, Q
QApplication ,

from ui.main.error import ErrorWidget
from ui.main.info import Infolcon
from ui.main.modeling. matrix_widget import MatrixWidget

class Step3 (QWidget) :

def __init__(self, parent=None):

super (QWidget, self).__init_-_(parent)
self.errors = 0
header = QLabel(” Setting of matrix B”, parent=self)

font = header. font ()
font.setPointSize (15)

header.setFont (font)

info = Infolcon (”Elements of matrix B are\n”
?expected to be real values\n”
”?Size: n x k7)

self .msg = ErrorWidget (”Wrong values in matrix!”)

self .msg. hide ()

Spacerltem , QSizePolicy, \
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self . matrix = MatrixWidget(self)

self.next_btn = QPushButton(”Next”, self)
self .next_btn.setIcon(QApplication.style ().standardIcon(QStyle.SP_ArrowForward))

self.prev_btn = QPushButton(”Back”, self)
self.prev_btn.setlcon(QApplication.style ().standardIcon (QStyle.SP_ArrowBack))

header_layout = QHBoxLayout ()

header_layout .addWidget (info)

header_layout.addWidget (header)

header_layout.addWidget ( self .msg)

header_layout .addItem (QSpacerItem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

bottom_bar = QHBoxLayout ()

bottom_bar.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy .Minimum))
bottom_bar.addWidget (self.prev_btn)

bottom_bar.addWidget(self.next_btn)

layout = QVBoxLayout ()

layout .addLayout (header_layout)
layout .addWidget (self . matrix)
layout .addLayout (bottom_bar)

self.setLayout (layout)
self .matrix.itemChanged.connect(self.validate_item)
def validate_item (self , item):

value = item.text ()
try:
float (value)
if not item.valid:
item.valid = True

self.errors —= 1

except ValueError:
if item.valid:
item . valid = False

self.errors +=1

finally :

self.validate_form ()
def validate_form (self):

if self.errors = 0:

self .msg. hide ()

self .next_btn.setEnabled (True)
else:

self.msg.show ()

self .next_btn.setEnabled (False)
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Listing 38: Step 4 of data input for linear systems

from PyQt5.QtWidgets import QWidget, QHBoxLayout, QVBoxLayout, QLabel, QSpacerltem, \
QSizePolicy , QPushButton, QApplication, QStyle

from ui.main.error import ErrorWidget

from ui.main.info import Infolcon

from ui.main.modeling. matrix_widget import MatrixWidget

class Step4 (QWidget) :

def __i

super (QWidget, self).__init__(parent)

self .

header = QLabel(” Setting of matrix F?, parent=self)
= header. font ()

font

font .

header.setFont (font)

info

self .
self.

self .

self.
self.

self .
self.

header_layout = QHBoxLayout ()

header_layout.addWidget (info)

header_layout .addWidget (header)

header_layout.addWidget ( self .msg)

header_layout .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

bottom_bar = QHBoxLayout ()

bottom_bar.addItem (QSpacerItem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))
bottom_bar.addWidget (self.prev_btn)

bottom_bar.addWidget(self.next_btn)

layout = QVBoxLayout ()

layout .addLayout (header_layout)
layout .addWidget (self . matrix)
layout .addLayout (bottom_bar)

self.

= Infolcon (”Elements of matrix F are\n”

nit__(self , parent=None):

errors = 0

setPointSize (15)

”?expected to be real values\n”

?Size: n x m’)

msg = ErrorWidget (”Wrong values in matrix!”)
msg . hide ()

matrix = MatrixWidget (self)

next_btn = QPushButton (”Next”, self)
next_btn.setIcon (QApplication.style().standardIcon (QStyle.SP_ArrowForward))

prev_btn = QPushButton(”Back”, self)
prev_btn.setlcon (QApplication.style ().standardIcon (QStyle.SP_ArrowBack))

setLayout (layout)
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self . matrix.itemChanged.connect(self.validate_item)

def validate_item (self , item):

value = item.text ()
try:
float (value)
if not item.valid:
item.valid = True

self.errors —= 1

except ValueError:
if item.valid:
item . valid = False

self.errors += 1

finally :

self.validate_form ()
def validate_form (self):

if self.errors = 0:

self .msg. hide ()

self .next_btn.setEnabled (True)
else:

self .msg.show ()

self .next_btn.setEnabled (False)

Listing 39: Step 5 of data input for linear systems

from PyQt5.QtWidgets import QWidget, QHBoxLayout, QVBoxLayout, QLabel,

QSizePolicy , QPushButton, QApplication, QStyle

from ui.main.error import ErrorWidget

from ui.main.info import Infolcon

from ui.main.modeling. matrix_-widget import MatrixWidget

class Step5(QWidget) :

def __init__(self, parent=None):
super (QWidget, self).__init__(parent)

self.errors = 0

header = QLabel(” Setting of vector function u(t)”
font = header. font ()
font .setPointSize (15)
header.setFont (font)

)

parent=self)

QSpacerltem, \

info = Infolcon (”Elements of vector u(t) are expected to be functions\n”

?Size: k x 1\n”

?Functions must be set in python and SymPy notation”)
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self .msg = ErrorWidget (”Wrong values in matrix!”)
self .msg. hide ()

self . matrix = MatrixWidget (self)

self.next_btn = QPushButton(”Next”, self)

self .next_btn.setIcon(QApplication.style ().standardIcon(QStyle.SP_ArrowForward))

self.prev_btn = QPushButton(”Back”, self)

self .prev_btn.setIcon(QApplication.style ().standardIcon (QStyle.SP_ArrowBack))

header_layout = QHBoxLayout ()
header_layout .addWidget (info)
header_layout.addWidget (header)
header_layout.addWidget ( self .msg)

header_layout .addItem (QSpacerItem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

bottom_bar = QHBoxLayout ()

bottom_bar.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy .Minimum))

bottom_bar.addWidget(self.prev_btn)
bottom_bar.addWidget (self.next_btn)

layout = QVBoxLayout ()

layout .addLayout (header_layout)
layout .addWidget ( self . matrix)
layout .addLayout (bottom_bar)

self.setLayout (layout)

Listing 40: Step 6 of data input for linear systems

from PyQt5.QtWidgets import QWidget, QHBoxLayout, QVBoxLayout, QLabel, QSpacerltem, \

QSizePolicy , QPushButton, QApplication, QStyle
from ui.main.error import ErrorWidget
from ui.main.info import Infolcon
from ui.main.modeling. matrix_widget import MatrixWidget

class Step6(QWidget) :

def __init__(self, parent=None):
super (QWidget, self).__init__(parent)

self.errors = 0

header = QLabel(” Setting of matrix H”, parent=self)
font = header. font ()

font.setPointSize (15)

header.setFont (font)

info = Infolcon(”Elements of matrix H are\n”
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?expected to be int values\n”

?Size: 1 x n”)

self .msg = ErrorWidget (”Wrong values in matrix!”)
self .msg. hide ()

self . matrix = MatrixWidget (self)

self . next_btn = QPushButton(”Next”, self)
self.next_btn.setlIcon(QApplication.style ().standardIcon(QStyle.SP_ArrowForward))

self.prev_btn = QPushButton(”Back”, self)
self .prev_btn.setlIcon(QApplication.style ().standardIcon (QStyle.SP_ArrowBack))

header_layout = QHBoxLayout ()

header_layout.addWidget (info)

header_layout .addWidget (header)

header_layout.addWidget ( self .msg)

header_layout .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

bottom_bar = QHBoxLayout ()

bottom_bar.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))
bottom_bar.addWidget(self.prev_btn)

bottom_bar.addWidget(self.next_btn)

layout = QVBoxLayout ()

layout .addLayout (header_layout)
layout .addWidget ( self . matrix)
layout .addLayout (bottom_bar)

self.setLayout (layout)
self . matrix.itemChanged.connect(self.validate_item)
def validate_item (self , item):

value = item.text ()
try:
float (value)
if not item.valid:
item.valid = True

self.errors —= 1

except ValueError:
if item.valid:
item.valid = False

self.errors +=1

finally :

self . validate_form ()

def validate_form (self):

if self.errors = 0:
self .msg. hide ()
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self.next_btn.setEnabled (True)
else:

self .msg.show ()

self .next_btn.setEnabled (False)

Listing 41: Step 7 of data input for linear systems

from PyQt5.QtWidgets import QWidget, QHBoxLayout, QVBoxLayout, QLabel, QSpacerltem, \
QSizePolicy , QPushButton, QApplication, QStyle

from ui.main.error import ErrorWidget
from ui.main.info import Infolcon

from ui.main.modeling. matrix_widget import MatrixWidget

class Step7(QWidget) :

def __init__(self, parent=None):
super (QWidget, self).__init__(parent)

self.errors = 0

header = QLabel(” Setting of column x0”, parent=self)
font = header. font ()
font.setPointSize (15)
header.setFont (font)

info = Infolcon (”Elements of column x0 are\n”
”?expected to be real values\n”

”?Size: n x 17)

self .msg = ErrorWidget (”Wrong values in matrix!”)
self .msg. hide ()

self . matrix = MatrixWidget(self)

self.next_btn = QPushButton(”Next”, self)
self .next_btn.setIcon(QApplication.style ().standardIcon(QStyle.SP_ArrowForward))

self.prev_btn = QPushButton(”Back”, self)
self.prev_btn.setlcon(QApplication.style ().standardIcon (QStyle.SP_ArrowBack))

header_layout = QHBoxLayout ()

header_layout.addWidget (info)

header_layout .addWidget (header)

header_layout.addWidget ( self .msg)

header_layout .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

bottom_bar = QHBoxLayout ()

bottom_bar.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy .Minimum))
bottom_bar.addWidget (self.prev_btn)

bottom_bar.addWidget(self.next_btn)
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layout = QVBoxLayout ()

layout .addLayout (header_layout)
layout .addWidget ( self . matrix)
layout .addLayout (bottom_bar)

self.setLayout (layout)

self . matrix.itemChanged. connect(self.validate_item)

def validate_item (self , item):

value = item.text ()
try:
float (value)
if not item.valid:
item.valid = True

self.errors ——= 1

except ValueError:
if item.valid:
item .valid = False

self.errors 4= 1

finally :

self.validate_form ()

def validate_form (self):

if self.errors = 0:
self .msg. hide ()
self.next_btn.setEnabled (True)
else:
self.msg.show ()
self.next_btn.setEnabled (False)

Listing 42: Step 8 of data input for linear systems

import sys

from PyQt5.QtWidgets import QWidget, QHBoxLayout, QLabel, QLineEdit, QGridLayout, \
QVBoxLayout, QSizePolicy, QSpacerltem, QPushButton, QApplication, QStyle

from ui.main.error import ErrorWidget

from ui.main.info import Infolcon

class Step8(QWidget) :

def __init__(self, parent=None):
super (QWidget, self).__init_-_(parent)

self . t0 = sys.float_info .min
self.dt = 0
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self . t1 = sys.float_info .max
self.s =0

self.t0_is_valid = False
self.dt_is_valid = False
self.tl_is_valid = False

self.s_is_valid = True

self .input_stack = self.parent()

info_.t0 = Infolcon (” Start point of integration interval\n”
"Must be in [0, tl) range”)

info_dt = Infolcon(”Integration step\n”
”Must be set in (0, 1) interval”)

info_tl = Infolcon(”Final point of integration interval\n”
”Must be more then t07)
info_s = Infolcon(”This is random generator seed\n”

"If You do not want to use specific\n”

”seed just leave this field empty”)

label_t0 = QLabel(”t0”)
label_dt = QLabel(”dt”)
label_t1 = QLabel(”t1”)
label_s = QLabel(”seed”)

self . lineedit_-t0 = QLineEdit ()
self.lineedit_-dt = QLineEdit ()
self.lineedit_-t1 = QLineEdit ()
self.lineedit-s = QLineEdit ()

self . msg_t0 = ErrorWidget (”Wrong value!”)
self . msg_t0. hide ()

self . msg_dt = ErrorWidget (”Wrong value!”)
self . msg_dt . hide ()

self.msg_tl = ErrorWidget (”Wrong value!”)
self.msg_t1.hide ()

self.msg.s = ErrorWidget (”Wrong value!”)
self.msg_s.hide ()

header = QLabel(” Accuracy settings”, parent=self)
font = header. font ()
font.setPointSize (15)
header.setFont (font)

self.prev_btn = QPushButton(”Back”, self)
self .prev_btn.setIcon(QApplication.style ().standardIcon(QStyle.SP_ArrowBack))

self .run_btn = QPushButton(” Perform modeling”, self)
self .run_btn.setIcon(QApplication.style ().standardIcon (QStyle.SP_ArrowForward))

self.run_btn.setEnabled (False)

header_layout = QHBoxLayout ()
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header_layout .addWidget (header)
header_layout .addItem (QSpacerItem (0, 0, QSizePolicy.Expanding, QSizePolicy.Minimum))

bottom_bar = QHBoxLayout ()

bottom_bar.addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy .Minimum))
bottom_bar.addWidget(self.prev_btn)

bottom_bar.addWidget (self.run_btn)

grid_layout = QGridLayout ()

grid_layout .addWidget (self.msg_t0, 0, 2)

grid_-layout .addWidget (info_t0 , 1, 0)
grid_-layout .addWidget (label_t0 , 1, 1)
grid_layout .addWidget (self.lineedit_t0 , 1, 2)

grid_-layout .addWidget (self .msg_dt, 0, 5)

grid_layout .addWidget (info_dt , 1, 3)
grid_layout.addWidget (label_dt , 1, 4)
grid_-layout .addWidget (self .lineedit_-dt , 1, 5)

grid_layout .addWidget (self.msg_t1, 0, 8)

grid_-layout .addWidget (info_-t1, 1, 6)
grid_layout .addWidget (label_t1 , 1, 7)
grid_layout .addWidget (self.lineedit_t1, 1, 8)

grid_-layout .addWidget (self.msg-s, 2, 2)

grid_layout .addWidget (info_-s , 3, 0)
grid_-layout .addWidget (label_s , 3, 1)
grid_-layout .addWidget (self.lineedit-s , 3, 2)

column_layout = QVBoxLayout ()

column_layout .addItem (QSpacerItem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding)
)

column_layout .addLayout (header_layout)

column_layout .addItem (QSpacerltem (0, 25, QSizePolicy .Minimum, QSizePolicy.Minimum))
column_layout .addLayout (grid-layout)

column_layout .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding)

)

control_-layout = QHBoxLayout ()

control_layout .addItem (QSpacerltem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding
))

control_layout .addLayout (column_layout)

control_layout .addItem (QSpacerItem (0, 0, QSizePolicy.Expanding, QSizePolicy.Expanding

))

layout = QVBoxLayout ()
layout .addLayout (control_-layout)
layout .addLayout (bottom_bar)

self.setLayout (layout)
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123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150

152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177

self .
self .
self .
self.
self.
self.
self .
self.

lineedit_t0
lineedit_-t0
lineedit_t0
lineedit_dt
lineedit_t1
lineedit_-t1

lineedit_t1l.textChanged

def count_c(self
if flag:
self.info_c.show ()
self.label_c.show ()
else:
self.info_c.hide ()
self.label_c.hide ()

flag: bool):

self.msg_c.hide ()

def validate_form (self):

if self.tO_is_valid \
self.dt_is_valid \
self.tl_is_valid \

self.s_is_valid:

and
and

and

.textChanged .
.textChanged .
.textChanged..
.textChanged .
.textChanged .
.textChanged .

connect (self.
connect (self.
connect (self .
connect (self .
connect (self .
connect (self.

.connect (self.

self .run_btn.setEnabled (True)

else:

self .run_btn.setEnabled (False)

def validate_t0(self):
try:

typed_value =

if typed_-value >= self.tl:

raise ValueError ()

self .
self .
self

t0_is_valid
t0 =
.msg_t0. hide ()

= True

typed_-value

ValueError:
tO_is_valid =
msg_t0.show ()

except
self.
self .

False

def validate_dt(self):
try:

typed_value =

if typed_-value <= 0 \

validate_t0)
validate_t1)
validate_dt)
validate_dt)
validate_t0)
validate_t1)
validate_dt)

lineedit.-s .textChanged.connect(self.validate_s)

float (self.lineedit_t0.text ())

float (self.lineedit_dt.text ())

or (self.tl — self.t0) / typed_-value < 1 \

or typed_value >= 1:

raise ValueError ()

self.dt_is_valid = True
self.dt = typed_value
self . msg_dt. hide ()

self.validate_form ()
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178

179 except ValueError:

180 self.dt_is_valid = False
181 self . msg_dt.show ()

182

183 def validate_tl(self):

184 try:

185 typed_value = float(self.lineedit_t1l.text())
186 if typed_value <= self.t0:
187 raise ValueError ()

188

189 self . tl_is_valid = True
190 self .t1 = typed_value

191 self . msg_t1.hide ()

192

193 except ValueError:

194 self.tl_is_valid = False
195 self . msg_t1.show ()

196

197 def validate_s(self):

198 try:

199 if self.lineedit_-s.text() = 77:
200 self.s_is_valid = True
201 self .s =0

202 else:

203 typed_value = int(self.lineedit_s.text())
204 if typed_value <= 0:

205 raise ValueError ()

206 self.s = typed_value

207

208 self.s_is_valid = True

209 self . msg_s.hide ()

210

211 except ValueError:

212 self.s_is_valid = False
213 self . msg_s.show ()

214

215 finally :

216 self . validate_form ()

6.2 Source Codes for Nonlinear Systems of It6 SDEs

6.2.1 Source Codes for Calculation of the Fourier—Legendre Coeffi-

cients

Listing 43: Symbolic function of the Legendre polinomial

1 |from sympy import Rational, factorial , diff
2
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3
4 | def polynomial(n: int):
5 999
6 Returns the Legendre polynomial in symbolic format
7 Parameters
8
9 n : int
10 degree of the Legendre polynomial
11 Returns
12
13 sympy . Expr
14 7nr
15 from sympy.abc import x
16 return Rational (1, 2) *x n / factorial(n) * diff((x *%x 2 — 1) %% n, x, n)
Listing 44: Symbolic function of the Fourier—Legendre coefficient calculation
1 |from sympy import S, integrate
2
3 |[from mathematics.sde.nonlinear.legendre_polynomial import polynomial
4
5
6 |def get_c(indices: tuple, weights: tuple):
7 99
8 Calculates the Fourier—Legendre coefficient depending on indices and weights
9 Parameters
10
11 indices : tuple
12 indices of the Fourier—Legendre coefficient
13 weights : tuple
14 weights of the Fourier—Legendre coefficient
15 Returns
16
17 sympy . Rational
18 nrr
19 from sympy.abc import x, y
20 # multiplicity of iterated integral which is the Fourier—Legendre coefficient
21 n = len(indices)
22 w = list (reversed(weights))
23 ¢ = S.One
24
25 for i in reversed(range(l, n)):
26 ¢ = integrate (polynomial (indices[i]) * (x + 1) ** w[i] * ¢, (x, —1, y)).subs(y, x)
27 ¢ = integrate (polynomial(indices [0]) * (x + 1) *% w[0] * ¢, (x, —1, 1))
28
29 if sum(w) % 2 = 0:
30 return c
31 else:
32 return —c
Listing 45: Symbolic function of the Fourier—Legendre coefficient
1 |import logging
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33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55

from sympy import sympify, Function

import tools.database as db

from mathematics.sde.nonlinear.c import get_c

class C(Function):

999 9

Gives the Fourier—Legendre coefficient with requested indices and weights

2929

_preloaded = dict ()

def __new__(cls, indices: tuple, weights: tuple, to_float=True, *xkwargs):
Creates the Fourier—Legendre coefficient object with needed indices and weights

Parameters

indices: tuple
requested indices

weights: tuple
requested weights

Returns

symbolic. Rational or C

calculated wvalue or symbolic expression

999

if not len(indices) == len(weights):

return super(C, cls).__new__(cls, indices, weights, *xkwargs)
index = f”{’:’.join ([str(i) for i in indices])}_{’:’.join ([str(i) for i in weights])}
try:

return cls. _value(index, to_float)

except KeyError:

respond = cls._download_one (index)

if len(respond) != O0:
cls. _preloaded [respond [0][0]] = respond [0][1]
return cls._value(index, to_float)

else:
new_c = cls._calculate (index, indices, weights)

cls._upload_one(new_c)
cls._preloaded [new_c [0]] = new_c[1]

return cls._value(index, to_float)

@classmethod
def _calculate(cls, index, indices, weights):
new_c = get_c(indices, weights)

return index, (new.c, sympify(new.c).evalf())

Qclassmethod
def _upload_one(cls, c¢):
logging .info (£”C: ADDING NEW C_{c[0]} = {c[1][0]}”)
db.execute (f”INSERT INTO ‘C¢ (‘index ‘, ‘value‘, ‘value_f‘) VALUES (’{c[0]}’, ’{c
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(17001}, {c[1][1]})")
56
57 @classmethod
58 def _unpack(cls, rows):
59 return [(rows[i][0], (rows[i][l], rows[i][2])) for i in range(len(rows))]
60
61 @classmethod
62 def _value(cls, index, to_float):
63 ¢ = cls._preloaded [index]
64 if to_float:
65 return c[1]
66 else:
67 return sympify (c[0])
68
69 @classmethod
70 def _download_one(cls, index):
71 logging . info (£7C: MISSING PRELOADED VERSION OF C_{index}”)
72 respond = db.execute(
73 f?”SELECT ‘index ¢, ‘value‘, ‘value_f‘ FROM ‘C‘”
74 f”WHERE REGEXP( ‘index ¢, ’"{index}$’)”
75 )
76 return cls._unpack(respond)
"
78 @classmethod
79 def preload(cls, *args):
80 7y
81 Updates dictionary of the preloaded Fourier—Legendre coefficients
82 Note: weights are not accepted, such coefficients are loaded
83 with all available weights
84 Parameters
85
86 args
87 Indices for the Fourier—Legendre coefficients
88 to download them from database
89 77y
90 logging .info (f”C: PRELOADING COEFFICIENTS {args}”)
91
92 query = |[]
93 for q in range(len(args)):
94 numbers = [int(char) for char in str(args[q] + 1)]
95 pattern = []
96
97 for i in range(l, len(numbers)):
98 pattern.append(”[0—9]” * 1)
99
100 for i in range(len(numbers)):
101 p =]
102 for j in range(len(numbers)):
103 if j< i:
104 p.append (str (numbers[j]))
105 elif i — j:
106 p.append (7 [0—{numbers[j] — 1}]”)
107 elif j > i:
108 p.append (7 [0—9]”)
109 pattern.append(””.join(p))
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regex = f?°{’:’ join ([’| . join(pattern) for _ in range(q + 2)])}-.*$”
query . append (

f?”SELECT ‘index ¢, ‘value‘, ‘value_f‘ FROM ‘C‘”

f”WHERE REGEXP( ‘index ‘, ’{regex}’)”

result = db.execute (" \nUNION\n” . join (query))
cls . _preloaded .update(cls._unpack(result))

def doit(self, xxhints):

9929

Tries to expand or calculate function

Returns

C

999 9

return C(xself.args, **hints)

Listing 46: Calculation of the Fourier-Legendre coefficients C77)

from math import sqrt

from sympy import sympify , Number, Function

from mathematics.sde.nonlinear.symbolic. coefficients.c import C

class C000(Function):

99 9

Gives the Fourier—Legendre coefficient with requested indices and weights

2999

nargs = 4

def __new__(cls, xargs, sxkwargs):
”
Creates the Fourier—Legendre coefficient object with needed
indices and weights and calculates it

Parameters

indices: tuple
requested indices

weights: tuple
requested weights

Returns

symbolic. Rational or C000

calculated wvalue or symbolic expression

9999

j3, j2, jl, dt = sympify(args)

if not (isinstance(jl, Number) and

isinstance (j2, Number) and
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isinstance (j3, Number) and
isinstance (dt, Number)):

return super(C000, cls).__new__(cls, *args, xxkwargs)

return sqrt (
(31 % 2 + 1) =
(j2 = 2 + 1) %
(3 + 24+ 1)) + \
dt *x 1.5 = \
Cc((j3, j2, j1), (0, 0, 0)) / 8

def doit(self, xxhints):

999 9

Tries to expand or calculate function

Returns

c000

299

return C000(*self.args, #xhints)

Listing 47: Calculation of the Fourier—Legendre coefficients C’jlfjl

from math import sqrt

from sympy import sympify , Function, Number

from mathematics.sde.nonlinear.symbolic. coefficients.c import C

class C10(Function):

999 9

Gives the Fourier—Legendre coefficient with requested indices and weights

2999

nargs = 3

def __new__(cls, *args, sxkwargs):
” N
Creates the Fourier—Legendre coefficient object with needed
indices and weights and calculates it

Parameters

indices: tuple
requested indices

weights: tuple
requested weights

Returns

symbolic. Rational or C10

calculated wvalue or symbolic expression

2”99

j2, j1, dt = sympify(args)

if not (isinstance(jl, Number) and
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isinstance (j2, Number) and
isinstance (dt, Number)):

return super(C10, cls).__new__(cls, xargs, *xkwargs)

return sqrt (
(31 % 2 + 1) =
(j2 * 2 + 1)) =\
dt xx 2 %\
c((jz, j1), (1, 0)) / 8

def doit(self, xxhints):

9929

Tries to expand or calculate function

Returns

C10

999 9

return Cl0(xself.args, *xhints)

Listing 48: Calculation of the Fourier—Legendre coefficients C’j‘-]glj1

from math import sqrt
from sympy import sympify , Function, Number

from mathematics.sde.nonlinear.symbolic. coefficients.c import C

class CO1(Function):

99 9

Gives the Fourier—Legendre coefficient with requested indices and weights

2999

nargs = 3

def __new__(cls, xargs, sxkwargs):
”
Creates the Fourier—Legendre coefficient object with needed
indices and weights and calculates it

Parameters

indices: tuple
requested indices

weights: tuple
requested weights

Returns

symbolic. Rational or CO1

calculated wvalue or symbolic expression

9999

j2, jl1, dt = sympify(args)

if not (isinstance(jl, Number) and

isinstance (j2, Number) and
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isinstance (dt, Number)):

return super(CO0l, cls).__new__(cls, =xargs, skxkwargs)

return sqrt (
(i1 % 2+ 1) *
(j2 = 2 4+ 1)) =\
dt % 2 %\
c((j2, j1), (0, 1)) / 8

def doit(self, xxhints):

299

Tries to expand or calculate function

Returns

co1

999

return COl(xself.args, xxhints)

Listing 49: Calculation of the Fourier-Legendre coefficients CJ

from math import sqrt

from sympy import sympify , Number, Function

from mathematics.sde.nonlinear.symbolic. coefficients.c import C

class C0000(Function):

2999

Gives the Fourier—Legendre coefficient with requested indices and weights

999 9

nargs = 5

def __new__(cls, *args, sxkwargs):
» oy
Creates the Fourier—Legendre coefficient object with needed
indices and weights and calculates it

Parameters

indices: tuple
requested indices

weights: tuple
requested weights

Returns

symbolic. Rational or C0000

calculated value or symbolic expression

99

j4, j3, j2, j1, dt = sympify(args)

if not (isinstance(jl, Number) and

isinstance (j2, Number) and

isinstance (j3, Number) and
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isinstance (j4, Number) and
isinstance (dt, Number)):

return super (C0000, cls).__new__(cls, *args, sxkwargs)

return sqrt (
(j1 * 2 + 1
(j2 * 2 + 1
(j3 * 2 + 1
(34 % 2 + 1)) * \
dt % 2 %\
C((j4, j3, j2, j1), (0, 0, 0, 0)) / 16

def doit(self, xxhints):
5
Tries to expand or calculate function

Returns

C0000

999

return CO0000(*self.args, #+hints)

Listing 50: Calculation of the Fourier-Legendre coefficients C}”)

from math import sqrt

from sympy import sympify , Function, Number

from mathematics.sde.nonlinear.symbolic.coefficients.c import C

class C100(Function):

2929

Gives the Fourier—Legendre coefficient with requested indices and weights

999 9

nargs = 4

def __new__(cls, *args, xxkwargs):
» N0
Creates the Fourier—Legendre coefficient object with needed
indices and weights and calculates it

Parameters

indices: tuple
requested indices

weights: tuple
requested weights

Returns

symbolic. Rational or C100

calculated wvalue or symbolic expression

299

3, j2, jl, dt = sympify (args)
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if not (isinstance(jl, Number) and
isinstance (j2, Number) and
(j3, Number) and
isinstance (dt, Number)):
(

return super(C100, cls).__new__(cls, *args, =xxkwargs)

isinstance

return sqrt (
(j1 = 2 + 1) =
(j2 * 2 + 1) *
(j3 % 2 4+ 1)) =\
dt **x 2.5 % \
c((j3, j2, j1), (1, 0, 0)) / 16

def doit(self, *xhints):
Tries to expand or calculate function
Returns

c100

9999

return C100(*self.args, *+hints)

Listing 51: Calculation of the Fourier—Legendre coefficients C’]Q;]gjl

from math import sqrt
from sympy import sympify, Function, Number

from mathematics.sde.nonlinear.symbolic. coefficients.c import C

class C010(Function):

999

Gives the Fourier—Legendre coefficient with requested indices and weights

799

nargs = 4

def __new__(cls, *args, sxkwargs):
290
Creates the Fourier—Legendre coefficient object with needed
indices and weights and calculates it

Parameters

indices: tuple
requested indices

weights: tuple
requested weights

Returns

symbolic. Rational or CO010

calculated wvalue or symbolic expression

99

J37 .]27 J17 dt = Symplfy(args)
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if not (isinstance(jl, Number) and
isinstance (j2, Number) and

Number) and

Number) ) :

cls).

isinstance (j3
isinstance (dt,
(

return super (CO010,

return sqrt (
(j1 * 2 + 1) *
(j2 * 2 + 1) *
(3 * 2+ 1)) *\
dt **x 2.5 * \
c((j3, i2, i1), (0,

def doit (self,

999

xxhints):

Tries to expand or calculate function

Returns

co10

299

return C010(*self.args, #xhints)

__new-__(cls,

1, 0)) / 16

xargs , #xkwargs)

Listing 52: Calculation of the Fourier—Legendre coefficients

(001

J3J3271

from math import sqrt

from sympy import sympify, Function,

from mathematics.sde.nonlinear.symbolic. coefficients.c import C

class C001(Function):

999 9

Gives the Fourier—Legendre

2929

nargs = 4

def __new__(cls,

299

xargs , *xkwargs):

Creates the Fourier—Legendre coefficient object with needed

indices and weights and calculates
Parameters

indices: tuple
requested indices
weights: tuple
requested weights

Returns

symbolic. Rational or C001

calculated wvalue or symbolic expression

999

Number

coefficient with requested

indices and weights

(A
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i3, j2, jl1, dt = sympify(args)

if not (isinstance(jl, Number) and

isinstance (j2, Number) and

isinstance (j3, Number) and
isinstance (dt, Number)):
return super(C001, cls).__new__(cls, xargs, sxkwargs)

return sqrt (
(j1 * 2 + 1) =*
(j2 % 2 + 1) *
(3 « 2+ 1)) * \
dt #% 2.5 % \
C((§3, j2, j1), (0, 0, 1)) / 16

def doit(self, *xhints):

999 9

Tries to expand or calculate function

Returns

Cc001

299

return C001(*self.args, #+xhints)

Listing 53: Calculation of the Fourier—Legendre coefficients C’%Ojg(}g o

from math import sqrt

from sympy import sympify , Number, Function

from mathematics.sde.nonlinear.symbolic. coefficients.c import C

class C00000(Function):

799

Gives the Fourier—Legendre coefficient with requested indices and weights

999

nargs = 6

def __new__(cls, *args, xxkwargs):
” N
Creates the Fourier—Legendre coefficient object with needed
indices and weights and calculates it

Parameters

indices: tuple
requested indices
weights: tuple
requested weights
Returns
symbolic. Rational or C00000

calculated wvalue or symbolic expression
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999

j5, j4, j3, j2, jl, dt = sympify(args)

if not (isinstance(jl, Number) and
isinstance (j2, Number) and
Number) and
Number) and
)

isinstance (j3
(j4
isinstance (j5, Number
(dt
(

isinstance
and
isinstance Number) ) :

return super (C00000, cls).__new__(cls, *xargs, sxkwargs)

return sqrt (

(j1 = 2 + 1) =

(j2 = 2 4+ 1) =

(j3 % 2 + 1) =

(j4 = 2 + 1) =

(35 * 2 4+ 1)) * \

dt **x 2.5 % \

C((j5, j4, j3, j2, j1), (0, 0, O, 0, 0)) / 32

def doit(self, xxhints):

299

Tries to expand or calculate function

Returns

00000

999

return C00000(*self.args, *xhints)

Listing 54: Calculation of the Fourier—Legendre coefficients C’;fjl

from math import sqrt

from sympy import sympify, Function, Number

from mathematics.sde.nonlinear.symbolic.coefficients.c import C

class C20(Function):

2929

Gives the Fourier—Legendre coefficient with requested indices and weights

999 9

nargs = 3

def __new__(cls, *args, xxkwargs):
» 0
Creates the Fourier—Legendre coefficient object with needed
indices and weights and calculates it

Parameters

indices: tuple
requested indices

weights: tuple
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requested weights
Returns

symbolic. Rational or C20
calculated wvalue or symbolic expression

299

j2, jl1, dt = sympify(args)

if not (isinstance(jl, Number) and
isinstance (j2, Number) and
isinstance (dt, Number)):

return super(C20, cls).__new__(cls, xargs, sxkwargs)

return sqrt (
(1 * 2 + 1) *
(2 %2+ 1) *\
dt sk 3 %\
Cc((j2, j1), (2, 0)) / 16

def doit(self , xxhints):

299

Tries to expand or calculate function

Returns

C20

299

return C20(xself.args, xxhints)

Listing 55: Calculation of the Fourier—Legendre coefficients C};jl

from math import sqrt

from sympy import sympify , Function, Number

from mathematics.sde.nonlinear.symbolic. coefficients.c import C

class Cl1(Function):

299

Gives the Fourier—Legendre coefficient with requested indices and weights

99 9

nargs = 3

def __new__(cls, *args, xxkwargs):
” N
Creates the Fourier—Legendre coefficient object with needed
indices and weights and calculates it

Parameters

indices: tuple
requested indices

weights: tuple

requested weights
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Returns

symbolic. Rational or C11
calculated wvalue or symbolic expression

9999

j2, jl, dt = sympify(args)

if not (isinstance(jl, Number) and
isinstance (j2, Number) and
isinstance (dt, Number)):

return super(Cll, cls).__new__(cls, xargs, sxkwargs)

return sqrt (
(1 = 2 + 1) =*
(32 * 2 4 1)) * \
dt *% 3 x \
ez, j1), (1, 1)) / 16

def doit(self, xxhints):

9999

Tries to expand or calculate function

Returns

C11

299

return Cll(xself.args, **xhints)

Listing 56: Calculation of the Fourier-Legendre coefficients C7

from math import sqrt
from sympy import sympify , Function, Number

from mathematics.sde.nonlinear.symbolic.coefficients.c import C

class CO02(Function):

999 9

Gives the Fourier—Legendre coefficient with requested indices and weights

2929

nargs = 3

def __new__(cls, *args, sxkwargs):
Creates the Fourier—Legendre coefficient object with needed
indices and weights and calculates it

Parameters

indices: tuple
requested indices

weights: tuple
requested weights

Returns
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symbolic. Rational or C02
calculated wvalue or symbolic expression

99

j2, j1, dt = sympify(args)

if not (isinstance(jl, Number) and
isinstance (j2, Number) and
isinstance (dt, Number)):

return super(C02, cls).__new__(cls, xargs, skxkwargs)

return sqrt (
(1 % 2 4+ 1) «
(j2 = 2 4+ 1)) =\
dt % 3 % \
Cc((j2, j1), (0, 2)) / 16

def doit(self, xxhints):

999

Tries to expand or calculate function

Returns

coz2

9999

return C02(xself.args, xxhints)

Listing 57: Calculation of the Fourier-Legendre coefficients C;

from math import sqrt

from sympy import sympify , Number, Function

from mathematics.sde.nonlinear.symbolic. coefficients.c import C

class C1000(Function):

999

Gives the Fourier—Legendre coefficient with requested indices and weights

299

nargs = 5

def __new__(cls, =*args, sxxkwargs):
Creates the Fourier—Legendre coefficient object with needed
indices and weights and calculates it

Parameters

indices: tuple
requested indices

weights: tuple
requested weights

Returns
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symbolic. Rational or C1000
calculated wvalue or symbolic expression

299

j4, j3, j2, j1, dt = sympify(args)

if not (isinstance(jl, Number) and
isinstance (j2, Number) and
and

isinstance Number

isinstance Number) ) :

(i3 )
isinstance (j4 , Number) and
(dt )
return super(C1000, cls)

._-new__(cls, *args, xxkwargs)

return sqrt (
(j1 = 2 +
(j2 * 2 +
(j3 = 2 +
(4 * 24+ 1)) = \

dt % 3 %\

C((j4, j3, j2, j1), (1, 0, 0, 0)) / 32

1) *
1) %
1)

*

def doit(self, xxhints):

299

Tries to expand or calculate function

Returns

1000

999

return C1000(*self.args, #xhints)

Listing 58: Calculation of the Fourier-Legendre coefficients C7"%

from math import sqrt

from sympy import sympify, Function, Number

from mathematics.sde.nonlinear.symbolic.coefficients.c import C

class C0100(Function):

2929

Gives the Fourier—Legendre coefficient with requested indices and weights

999 9

nargs = 5

def __new__(cls, *args, xxkwargs):
» 0
Creates the Fourier—Legendre coefficient object with needed
indices and weights and calculates it

Parameters

indices: tuple
requested indices

weights: tuple
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requested weights
Returns

symbolic. Rational or C0100

calculated wvalue or symbolic expression

299

j4, j3, j2, j1, dt = sympify(args)

if not (isinstance(jl, Number) and
isinstance (j2, Number) and

j3, Number

j4 , Number

dt, Number

C0100, cls

isinstance and

and
):

.--new__(cls, *args, xkxkwargs)

isinstance

isinstance

)
)
)
)

Pt

return super

return sqrt(
(GGl % 2 + 1
(j2 * 2 + 1
(j3 * 2 + 1
(j4 * 2 + 1)) * \
dt % 3 %\
C((j4, §3, j2, j1), (0, 1, 0, 0)) / 32

def doit(self, *xhints):

299

Tries to expand or calculate function

Returns

Cc0100

299

return C0100(*self.args, *xhints)

(10010

Listing 59: Calculation of the Fourier-Legendre coefficients C7 %% -

from math import sqrt
from sympy import sympify , Function, Number

from mathematics.sde.nonlinear.symbolic. coefficients.c import C

class C0010(Function):

2999

Gives the Fourier—Legendre coefficient with requested indices and weights

999 9

nargs = 5

def __new__(cls, *args, xxkwargs):
” 0
Creates the Fourier—Legendre coefficient object with needed
indices and weights and calculates it

Parameters
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indices: tuple
requested indices

weights: tuple
requested weights

Returns

symbolic. Rational or C0010
calculated wvalue or symbolic expression

9999

j4, j3, j2, jl, dt = sympify(args)

if not (isinstance(jl, Number) and
isinstance (j2, Number) and

j3 , Number

j4 , Number

dt , Number

C0010, cls

isinstance and

and
E

..-new__(cls, *args, sxxkwargs)

isinstance
isinstance

return super

Pt

)
)
)
)

return sqrt (
(j1 = 2 +
(12 = 2 +
%7

4_

1) =*
1) *
(j3 * 2 1) =
(j4 = 2 1)) =\
dt *% 3 x \

C((j4, j3, j2, j1), (0, 0, 1, 0)) / 32

def doit(self, xxhints):

999 9

Tries to expand or calculate function

Returns

Cc0010

299

return C0010(*self.args, #+xhints)

Listing 60: Calculation of the Fourier-Legendre coefficients C))% -

from math import sqrt

from sympy import sympify , Function, Number

from mathematics.sde.nonlinear.symbolic. coefficients.c import C

class C0001(Function):

999 9

Gives the Fourier—Legendre coefficient with requested indices and weights

»»»

nargs = 5

def __new__(cls, *args, xxkwargs):
” N

Creates the Fourier—Legendre coefficient object with needed
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indices and weights and calculates it

Parameters

indices: tuple
requested indices

weights: tuple
requested weights

Returns

symbolic. Rational or C0001

calculated wvalue or symbolic expression

9929

j4, i3, j2, j1, dt = sympify(args)

if not (isinstance(jl, Number) and

isinstance (j2, Number) and

isinstance (j3, Number) and
isinstance (j4, Number) and
isinstance (dt, Number)):
return super(C0001, cls).__new__(cls, *xargs, xxkwargs)

return sqrt (
(j1 * 2 + 1
(52 * 2 + 1
(i3 * 2 + 1
(j4 * 2 4+ 1)) =\
dt s% 3 x \
C((j4, j3, j2, j1), (0, 0, 0, 1)) / 32

def doit(self, xxhints):

999

Tries to expand or calculate function

Returns

C0001

299

return C0001(*self.args, *xhints)

Listing 61: Calculation of the Fourier-Legendre coefficients CJ0%0 . -

from math import sqrt

from sympy import sympify , Number, Function

from mathematics.sde.nonlinear.symbolic. coefficients.c import C

class C000000 (Function):

999 9

Gives the Fourier—Legendre coefficient with requested indices and weights

2929

nargs = 7

Electronic Journal. http://diffjournal.spbu.ru/ 296



Differential Equations and Control Processes, N. 1, 2021

14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56

N O O W N

def __new__(cls, *args, xxkwargs):
» 0
Creates the Fourier—Legendre coefficient object with needed
indices and weights and calculates it

Parameters

indices: tuple

requested indices

weights: tuple
requested weights
Returns
symbolic. Rational or C000000
calculated wvalue or symbolic expression
j6, j5, j4, j3, j2, jl, dt = sympify(args)
if not (isinstance(jl, Number) and
isinstance (j2, Number) and
isinstance (j3, Number) and
isinstance (j4, Number) and
isinstance (j5, Number) and
isinstance (dt, Number)):
return super (C000000, cls).__new__(cls, xargs, *xkwargs)
return sqrt (
(J1 % 2 + 1) =
(j2 % 2+ 1) %
(i3 * 2+ 1) *
(j4 * 2 + 1)
(j5 * 2 + 1) =
(16 » 24+ 1)) = \
dt % 3 %\
c((j6, j5, j4, j3, j2, j1), (0, 0, 0, 0, 0, 0)) / 64
def doit(self, *xhints):
Tries to expand or calculate function
Returns
000000

9999

return CO000000(xself.args, *xhints)

Listing 62: Program entry for generation of new Fourier—Legendre coefficients

#!/usr/bin/env python

import logging

import os

from datetime import datetime

from multiprocessing import cpu-count, Pool

from pprint import pprint
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from config import csv, new_c_portion_size

from mathematics.sde.nonlinear.new_c import thread_c, split_task

def main():
logging . basicConfig (
level=logging .INFO,

format="%(asctime)s — %(levelname)s — %(message)s”,
datefmt="%:%M:%S”
)
logger = logging.getLogger(__name__)
filename = os.path.join (csv, f”c_{datetime.now().strftime (’%d%m%Y YH-%M-%S ) }.csv”)

logging .info (f” Writing to file {filename}”)

tasks = |
(((57, 58), (57, 58), (57, 58)), (0, 0, 0)),
# (((0, 56), (0, 56), (0, 56)), (0, 0, 0)),
#
# (((0, 15), (0, 15)), (0, 1)),
# (((0, 15), (0, 15)), (1, 0)),
# (((0, 15), (0, 15), (0, 15)), (0, 0, 0, 0)),
#
# (((0, 6), (0, 6), (0, 6)), (0, 0, 1)),
# (((0, 6), (0, 6), (0, 6)), (0, 1, 0)),
# (((0, 6), (0, 6), (0, 6)), (1, 0, 0)),
# (((0, 6), (0, 6), (0, 6), (0, 6), (0, 6)), (0, 0, 0, 0, 0)),
#
# (((0, 2), (0, 2)), (0, 2)),
# (((0, 2), (0, 2)), (1, 1)),
# (((0, 2), (0, 2)), (2, 0)),
# (((0, 2), (0, 2), (0, 2), (0, 2)), (0, 0, 0, 1)),
# (((0, 2), (0, 2), (0, 2), (0, 2)), (0, 0, 1, 0)),
# (((0, 2), (0, 2), (0, 2), (0, 2)), (0, 1, 0, 0)),
# (((0, 2), (0, 2), (0, 2), (0, 2)), (1, 0, 0, 0)),
# (((0, 2), (0, 2), (0, 2), (0, 2), (0, 2)), (0, 0, 0, 0, 0)),
# (((0, 2), (0, 2), (0, 2), (0, 2), (0, 2), (0, 2)), (0, 0, 0, 0, 0, 0)),
]
with Pool(cpu-count()) as p:

for t in tasks:

logger.info (f” Running task {t}”)

for chunk in chunks(split_-task(t),
¢ = p.map(thread-c, chunk)

new._c_portion_size):
c.append(”7)
with open(filename ,

f.write(”\n”.join(c))
f.close ()

7a”) as f:

logger.info (f”The portion of C has been written {chunk[0]} —{chunk[—1]}")
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logger.info (” Generation has been done”)

def chunks(lst, n):
for i in range(0, len(lst), n):
yield lst[i:i + n]

if __name__ — ” __main__":

main ()

Listing 63: Module for the Fourier—-Legendre coefficients generation

from mathematics.sde.nonlinear.c import get_c

def split_task (tasks):
¢ = len(tasks[1])

if ¢ = 2:
return split_2 (tasks)

if ¢ = 3:
return split_3 (tasks)

if ¢ = 4:
return split_4 (tasks)

if ¢ = 5:
return split_5 (tasks)

if ¢ = 6:
return split_6 (tasks)

def split_2 (ranges):
return [((i, j), ranges[1l])
for j in range(ranges [0][1][1])
for i in range(ranges[0][0][1])
if i >= ranges[0][1][0]
or j >= ranges [0][0][1]]

def split_3 (ranges):
return [((i, j, k), ranges|[1l])
for k in range(ranges [0][2][1])
for j in range(ranges [0][1][1])
for i in range(ranges [0][0][1])
if k >= ranges [0][2][0]
or j >= ranges [0][1][0]
or i >= ranges[0][0][0]]

Electronic Journal. http://diffjournal.spbu.ru/ 299



Differential Equations and Control Processes, N. 1, 2021

41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95

def split_4 (ranges):
return [((i, j, k, 1), ranges[1])
for j in range(xranges[0][3])

for i in range(xranges[0][2])

for 1 in range(xranges[0][0])
if 1 >= ranges

0]3][0

(
( [
for k in range(xranges [0][1])
( [
[ ]
[o][2][0]
]
]

or k >= ranges
or j >= ranges[0][1][0
or i >= ranges[0][0][0

]

def split_5(ranges):
return [((i, j, k, 1, m), ranges[1])
for j in range(xranges[0][4])
for i in range(xranges[0][3])
xranges [0][2])
[
[

(
(
for k in range(
for 1 in range(xranges[0][1])
(
[
[
[0

for m in range(xranges [0][0])
if m >= ranges [0][4][0]
if 1 >= ranges [0][3][0]
or k >= ranges [0][2][0]
or j >= ranges [0][1][0]
or i >= ranges[0][0][0]]

def split_6(ranges):
return [((i, j, k, n), ranges/[1])
for j in range *ranges[O][E)])
for i in range(xranges[0][4])
for k in range(xranges[0][3])
for 1 in range(xranges[0][2])
[
for n in range(xranges[0][0])
if n >= ranges [0][5][0
if m >= ranges [0][4][0
if 1 >= ranges[0][3][0
J

or k >= ranges [2]]0
or j >= ranges[0][1][0

(
(
(
(

for m in range(xranges[0][1])
(%
[0
[0
[0
[0

]
]
]
]
]
]

or i >= ranges[0][0][0

]

def thread_c(ranges):

¢ = len(ranges[1])

if ¢ = 2:

return gen_2(*xranges[0], ranges[1l])

if ¢ = 3:

return gen_3 (xranges[0], ranges|[1])

if ¢ = 4:

return gen_4 (xranges[0], ranges|[1])

if ¢ = 5:
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return gen_5(*xranges[0], ranges[1l])
if ¢ = 6:
return gen_6(*xranges[0], ranges[1l])

def gen_2(i, j, w):
return £7\"{i}:{j} {w[0]}:{w[1]}\";\"{getc((i, j), w)}\"”

def gen 3(i, j, k, w):
return £7\"{i}:{j}:{k}_{w[0]}:{w[L]}:{w[2]}\";\"{get-c((i, j, k), w)}\"”

def gen_4(i, j, k, 1, w):
return £7\"{i}:{j}:{k}: {1} {w[O]}:{w[1]}:{w[2]}:{w[3]}\";\"{getc((i, j, k, 1), w)}\"”

def gen 5(i, j, k, 1, m, w):
return 7\ {i}:{j}:{k}:{1}:{m} {w[O]}:{w([1]}:{w[2]}:{w[3]}:{w[4]}\";\"{getc((i, j, k,
I, m), w)}\””

def gen 6(i, j, k, 1, m, n, w):
return £\ {i}:{j}:{k}:{1}: {mb{w[0]}: {wl1]}: {wl2]}: {w[3]}: {wl4]}: {wI5]}\":\" { getc ((i,
i, k, 1, my n), w)}\"”

6.2.2 Source Codes for Supplementary Differential Operators and

© 00 N O Ut s W N =

e e e e o
0 N O Utk W N RO

Functions

Listing 64: Implementation of the differential operator L

from sympy import Add, sympify, Number, diff

from mathematics.sde.nonlinear.symbolic.operator import Operator

class L(Operator):

nargs = 4

def __new__(cls, *args, sxxkwargs):
”»»
Creates mnew L object with given args

Parameters

args
bunch of mecessary arguments

Returns

sympy . Expr
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formula to simplify and substitute

299 9

a, b, f, dxs = sympify(args)

if not ((isinstance(f, Number) or f.has(xdxs)) and
not f.has(Operator) and a.is_Matrix):

return super(L, cls).__new__(cls, *xargs, sxkwargs)

n = b.shape[0]
b.shape [1]

from sympy.abc import t

m

return Add(
diff (f, t),
x[a[i, 0] = diff(f, dxs[i]) for i in range(n)],
x[0.5 % b[i, j] = b[k, j] = diff(f, dxs[i], dxs[k])
for j in range(m)
for i in range(n)

for k in range(n)]

def doit(self, sxhints):
” N
Tries to expand or calculate function
Returns

L

999 9

return L(xself.args, **hints)

Listing 65: Implementation of the differential operator G(()i)

from sympy import Add, sympify, Number, diff

from mathematics.sde.nonlinear.symbolic.operator import Operator

class G(Operator):

nargs = 3
_dict = dict ()

def __new__(cls, *args, sxkwargs):
” N
Creates new G object with given args

Parameters

args
bunch of mecessary arguments
Returns

sympy . Expr

formula to simplify and substitute
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1

999

¢, f, dxs = sympify(args)

if not ((isinstance(f, Number) or f.has(xdxs)) and
not f.has(Operator)):

return super (G, cls).__new__(cls, *xargs, sxkwargs)

return Add(*[c[i, 0] % diff(f, dxs[i])

for i in range(len(dxs))])

def doit(self, xxhints):

9929

Tries to expand or calculate function

Returns

G

999 9

return G(xself.args, **xhints)

Listing 66: Implementation of the function a(x,t)

from sympy import sympify, Matrix, Add

from mathematics.sde.nonlinear.symbolic.g import G

from mathematics.sde.nonlinear.symbolic.operator import Operator

class Aj(Operator):

nargs = 4

def __new__(cls, *args, xxkwargs):
” 0
Creates new Aj object with given args

Parameters

args
bunch of mecessary arguments

Returns

sympy . Expr

formula to simplify and substitute
” N
i, a, b, dxs = sympify(args)
b.shape [0]

m = b.shape[1]

n

return Matrix ([a[i, 0] —
(Add (*[0.5 % G(b[:, j], b[i, j], dxs)
for j in range(m)]))

for i in range(n)])

Listing 67: Implementation of the differential operator L

from sympy import sympify , Number, diff, Add ‘
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from mathematics.sde.nonlinear.symbolic.operator import Operator

class Lj(Operator):

nargs = 3

def __new__(cls, *args, xxkwargs):

def doit(self, *xhints):

9999

Creates new Lj object with given args

Parameters

args
bunch of mecessary arguments

Returns

sympy . Expr
formula to simplify and substitute

999

a, f, dxs = sympify(args)

if not (isinstance(f, Number) or (f.has(xdxs)) and
not f.has(Operator)):

return super(Lj, cls).__new__(cls, xargs, xxkwargs)

n = a.shape [0]

from sympy.abc import t

return Add(diff(f, t), =[a[i, 0] x diff(f, dxs[i])
]

for i in range(n)])

999 9

Tries to expand or calculate function

Returns

Lj

299

return Lj(xself.args, *xhints)

Listing 68: Implementation of the indicator function 1 _;,,

from sympy import sympify , Number, Function

class Ind(Function):

999 9

Indicator function

2999

nargs = 2

def __new__(cls, *args, sxkwargs):

99

Creates new Ind object with given args
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6.2.3 Source Codes for Iterated It6 Stochastic Integrals

© 00 N O Utk W N

e e e
S UL s W N = O

Parameters

args
bunch of mecessary arguments

Returns

sympy . Expr

formula to simplify and substitute
»»y
il

i2 = sympify(args)

if not (isinstance(il, Number) and
isinstance (i2, Number)):
cls).__new__(cls, xxkwargs)

return super (Ind, *args ,

if il i2:

return 1

else:

return 0

def doit (self,

299

sk hints):

Tries to expand or calculate function

Returns

Ind

999

return Ind(*self.args, *xhints)

mations Subprograms

Listing 69: Approximation of Ito stochastic integral / (

Approxi-

(i1)

O)TP+177—P

from math import sqrt

from sympy import Function, sympify, Number

class I0(Function):

999 9

Ito

2999

stochastic integral

nargs = 3

def __new__(cls, xkkwargs) :

99

*args ,

Creates new I0 object with given args

Parameters
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i1 : int
integral index
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random variables

Returns

sympy . Expr

formula to simplify and substitute

299

il, dt, ksi = sympify(args)

if not isinstance(il, Number):

return super(I0, cls).__new__(cls, *args, sxkwargs)
return ksi[0, il] % sqrt(dt)

def doit(self, xxhints):

9999

Tries to expand or calculate function

Returns

10

299

return I0(*xself.args, **xhints)

Listing 70: Approximation of iterated It6 stochastic integral ((ég;'l-&-l -

from math import sqrt

from sympy import sympify , Number, Function, Add

from mathematics.sde.nonlinear.symbolic.ind import Ind

class 100 (Function):

999 9

Iterated Ito stochastic integral

2929

nargs = 5

def __new__(cls, *args, sxkwargs):
Creates new I00 object with given args

Parameters

11 : int
integral index

12 : oant
integral indezx

q : int

amount of terms in approximation of
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© 00 N O Ut ks W N

e e e e
S T W N = O

dt

iterated Ito stochastic integral
float

delta time

ksi : numpy.ndarray

matriz of Gaussian random variables

Returns

sympy . Expr

formula to simplify and substitute

299

il, i2, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and

isinstance (i2, Number) and

isinstance(q, Number)):

return super(I00, cls).__new__(cls, xargs,

return \

(ksi[0, i1] = ksi[0, i2] +
Add (]
(ksi[jl1 — 1, il1] = ksi[jl, i2] —
ksi[jl, il1] * ksi[j1 — 1, i2]) /
sqrt (j1 *x 2 x 4 — 1)
for jl1 in range(l, q + 1)]) —
Ind(il, i2)) * dt / 2

def doit(self, xxhints):

999 9

Tries to expand or calculate function

Returns

100

299

return 100 (xself.args, xxhints)

xxkwargs)

Listing 71: Approximation of Ito stochastic integral /

(i1)

(D) 7p+1,7p

from math import sqrt

from sympy import Function, sympify, Number

class

2999

Ito

999 9

I1 (Function):

stochastic integral

nargs = 3

def __new__(cls, *args, sxkwargs):

2”99

Creates new I1 object with given args

Parameters
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i1 : int
integral index
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random variables

Returns

sympy . Expr

formula to simplify and substitute

299

il, dt, ksi = sympify(args)

if not isinstance(il, Number):

return super(I1, cls).__new__(cls, xargs, *kxkwargs)
return —(ksi[0, il] + ksi[l, i1] / sqrt(3)) * dt *x 1.5 / 2

def doit(self, xxhints):

9999

Tries to expand or calculate function

Returns

11

299

return I1(*xself.args, **xhints)

Listing 72: Approximation of iterated It6 stochastic integral I((&gi;)ﬂ -

from sympy import Function, Number, sympify, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c000 import C000

from mathematics.sde.nonlinear.symbolic.ind import Ind

class 1000 (Function):

999

Iterated Ito stochastic integral

299

nargs = 6

def __new__(cls, =*args, sxxkwargs):
Creates new 1000 object with given args

Parameters

11 : int
integral index

12 : oant
integral index

13 ¢ int
integral indezx

q : int
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amount of terms in approximation of
iterated Ito stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random variables

Returns

sympy . Expr
formula to simplify and substitute

299

il, i2, i3, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and
isinstance (i2, Number) and
isinstance (i3, Number) and

isinstance(q, Number)):

(

return super (1000, cls).__new__(cls, *args, xxkwargs)

return Add (x|
C000(j3, j2, j1, dt) =

(ksi[jl, i1] = ksi[j2, i2] * ksi[j3, i3] —
Ind (i1, i2) = Ind(j1, j2) = ksi[j3, i3] —
Ind(il, i3) = Ind(j1, j3) = ksi[j2, i2] —
Ind(i2, i3) % Ind(j2, j3) = ksi[jl, il1])

for j3 in range(q + 1)
for j2 in range(q + 1)
for jl1 in range(q + 1)])

def doit(self, xxhints):

999

Tries to expand or calculate function

Returns

1000

299

return 1000 (xself.args, #xhints)

i1i2)
10)7p41,7p

Listing 73: Approximation of iterated 1t6 stochastic integral [ ((

from sympy import Function, sympify, Number, Add

from mathematics.sde.nonlinear.symbolic.coefficients.cl0 import C10

from mathematics.sde.nonlinear.symbolic.ind import Ind

class 110 (Function):

2999

Iterated Ito stochastic integral

299

nargs = 5

def __new__(cls, *args, sxkwargs):
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999

Creates new I10 object with given args

Parameters

i1 ¢ ant
integral index
12 : int
integral indezx
q : int
amount of terms in approximation of
iterated Ito stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random variables

Returns

sympy . Expr
formula to simplify and substitute

9999

il, i2, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and
isinstance (i2 , Number) and
isinstance(q, Number)):

return super(I10, cls).__new__(cls, xargs, sxkwargs)

return Add (x|
C10(j2, jl, dt) =
(ksi[jl, i1] = ksi[j2, i2] —
Ind(il, i2) * Ind(jl, j2))
for j2 in range(q + 1)
for jl1 in range(q + 1)])

def doit(self , xxhints):

299

Tries to expand or calculate function

Returns

110

299

return 110 (xself.args, xxhints)

(i192)
(01)7p+1 Tp

Listing 74: Approximation of iterated 1t6 stochastic integral [

from sympy import Function, Number, sympify, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c0l import CO1

from mathematics.sde.nonlinear.symbolic.ind import Ind

class 101 (Function):

999 9
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1
2
3

Iterated Ito stochastic integral

999 9

nargs = 5

def __new__(cls, *args, sxkwargs):
» oy
Creates new 101 object with given args

Parameters

11 @ int
integral indezx
12 : int
integral index
q : int
amount of terms in approzimation of
iterated Ito stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random variables
Returns
sympy . Expr
formula to simplify and substitute

299

il, i2, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and
isinstance (i2, Number) and
isinstance(q, Number)):

return super(I01, cls).__new__(cls, xargs, xxkwargs)

return Add (]
Co1(j2, j1, dt) =
(ksi[jl, il] * ksi[j2, i2] —
Ind (i1, i2) * Ind(j1, j2))
for j2 in range(q + 1)
for jl1 in range(q + 1)])

def doit(self, xxhints):

299

Tries to expand or calculate function

Returns

101

999

return I01(*self.args, *shints)

Listing 75: Approximation of iterated Ito stochastic integral [

(i1izizis)
(0000)7p41,7p

from sympy import Function, sympify, Number, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c0000 import C0000
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from mathematics.sde.nonlinear.symbolic.ind import Ind

class 10000 (Function):

999 9

Iterated Ito stochastic integral

2929

nargs = 7

def __new__(cls, xkkwargs) :

299

*args ,

Creates mew 10000 object with given args

Parameters
11 int
integral index
12 int
integral indez
13 int
integral index
i4 int
integral indez
q : int

amount of terms in approximation of
iterated Ito

float
delta time
kst

matriz of Gaussian random variables

stochastic integral

dt
numpy . ndarray
Returns

sympy . Expr

formula to simplify and substitute
” N
i2, i3, i4, q, dt, ksi =

if not (isinstance(il, Number) and
isinstance (i2, Number) and
i3, Number

i4

( ) and

( )
isinstance (q, Number)):

( ) -

isinstance

isinstance Number) and

return super (10000, cls).__new__(cls
return Add (x|

C0000(j4, j3, j2, j1, dt) =

(ksi[j1, il] * ksi[j2, i2] * ksi[j3,
Ind(il, i2) * Ind(jl, j2) * ksi[j3,
Ind (i1, i3) % Ind(jl, j3) = ksi[j2,
Ind (il, i4) % Ind(jl, j4) = ksi[j2,
Ind(i2, i3) * Ind(j2, j3) = ksi[jl,
Ind (i2, i4) % Ind(j2, j4) = ksi[jl,
Ind (i3, i4) * Ind(j3, j4) * ksi[jl,
Ind (il, i2) % Ind(jl, j2) = Ind(i3,
Ind(il, i3) % Ind(jl, j3) * Ind(i2,
Ind (il, i4) % Ind(jl, j4) = Ind(i2,

sympify (args)

, *args, *kxkwargs)

i3] * ksi[j4, i4] —
i3] * ksi[j4, i4] —
2] * ksi[j4, i4] —
i2] * ksi[j3, i3] —
i1] * ksi[j4, i4] —
i1] * ksi[j3, i3] —
i1] * ksi[j2, i2] +
i4) = Ind(j3, j4) +
i4) = Ind(j2, j4) +
i3) * Ind(j2, j3))
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70
71

© 00 N O Uk W N
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for j4 in
for j3 in
for j2 in

for jl1 in

def doit (self,

299

Tries to expand or calculate function

Returns

10000

9929

return 10000 (*xself.args,

—~ o~~~

*xhints)

Listing 76: Approximation of Ito stochastic integral / (

(i1)

2)TP+177—P

from math import sqrt

from sympy import sympify ,

class 12 (Function):

999 9

Ito stochastic

2929

nargs = 3

def __new__(cls,

299

Creates new I2 object with given args

Parameters

i1 ¢ int

integral index

dt : float

delta time
ksi : numpy.ndarray

matriz of Gaussian random variables

Returns

sympy . Expr

formula to simplify and substitute

299

i1, dt, ksi

if not isinstance(il, Number):

return super (12,

return (ksi[O0,
ksi[2, il]

def doit (self,

999

Number, Function

xkkwargs) :

sympify (args)

._-new__(cls, *args, xxkwargs)

il] + ksi[l, (3) / 2
/ sqrt(5) / 2) % dt *x 2.5 / 3

3

il] * sqrt +
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Tries to expand or calculate function
Returns

12

9999

return I2(xself.args, *xhints)

(117213)

Listing 77: Approximation of iterated It6 stochastic integral ](100)%+1 .

from sympy import Function, sympify, Number, Add

from mathematics.sde.nonlinear.symbolic. coefficients.cl00 import C100

from mathematics.sde.nonlinear.symbolic.ind import Ind

class 1100 (Function):

2999

Iterated Ito stochastic integral

999 9

nargs = 6

def __new__(cls, *args, xxkwargs):

9999

Creates new I100 object with given args

Parameters

i1 : int

integral index

12 : int
integral index
13 : int

integral indezx
q : int
amount of terms in approximation of
iterated Ito stochastic integral
dt : float
delta time
ksi : nmumpy.ndarray
matriz of Gaussian random variables

Returns

sympy . Expr
formula to simplify and substitute

299

il, i2, i3, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and
isinstance (i2, Number) and
isinstance (i3, Number) and

isinstance(q, Number)):

(

return super (1100, cls).__new__(cls, *args, =xxkwargs)

return Add (x|
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C100(j3, j2, jl, dt) =

(ksi[jl, i1] = ksi[j2, i2] =* ksi[j3,
Ind(il, i2) * Ind(jl, j2) * ksi[j3,
Ind (i1, i3) % Ind(jl, j3) = ksi[j2,
Ind(i2, i3) * Ind(j2, j3) * ksi[jl,

for j3 in range(q + 1)
for j2 in range(q + 1)
for jl1 in range(q + 1)])

def doit(self, xxhints):

299

Tries to expand or calculate function

Returns

1100

999

return 1100 (*self.args, #xhints)

i3] —
i3] —
i2] —
i1])

Listing 78: Approximation of iterated 1t6 stochastic integral [

(i1igis)
(010)7p+1,7p

from sympy import Function, sympify, Number

, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c010 import C010

from mathematics.sde.nonlinear.symbolic.ind

class 1010 (Function):

2999

Iterated Ito stochastic integral

99 9

nargs = 6

def __new__(cls, *args, xxkwargs):

9999

Creates new I010 object with given args

Parameters

i1 : int

integral index

12 : int
integral index
13 oant

integral index
q : int
amount of terms in approximation of
iterated Ito stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random variables

Returns

sympy . Expr

import Ind
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formula to simplify and substitute

299 9

il, i2, i3, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and
isinstance (i2, Number) and
isinstance (i3, Number) and

isinstance (q, Number)):

(

return super (1010, cls).__new__(cls, xargs, sxkwargs)

return Add (x|

C010(j3, j2, jl, dt) =

(ksi[jl, il] = ksi[j2, i2] * ksi[j3, i3] —
Ind (i1, i2) % Ind(jl, j2) = ksi[j3, i3] —
Ind(il, i3) * Ind(jl, j3) * ksi[j2, i2] —
Ind(i2, i3) * Ind(j2, j3) * ksi[jl, il])

for j3 in range(q + 1)
for j2 in range(q + 1)
for jl1 in range(q + 1)])

def doit(self, xxhints):

299

Tries to expand or calculate function

Returns

1010

999

return 1010 (*self.args, *xhints)

(ivigis)

Listing 79: Approximation of iterated Ito stochastic integral /"

from sympy import Function, sympify, Number, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c001 import C001

from mathematics.sde.nonlinear.symbolic.ind import Ind

class 1001 (Function):

299

Iterated Ito stochastic integral

99 9

nargs = 6

def __new__(cls, *args, xxkwargs):
” N
Creates new I001 object with given args

Parameters

i1 @ ant
integral index
12 : int
integral indezx
13 oant
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integral index
q : int
amount of terms in approzimation of
iterated Ito stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random wvariables

Returns

sympy . Expr
formula to simplify and substitute

999 9

il, i2, i3, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and
isinstance (i2, Number) and
isinstance (i3, Number) and

isinstance(q, Number)):

(

return super (1001, cls).__new__(cls, *xargs, =xxkwargs)

return Add (x|

C001(j3, j2, jl, dt) =

(ksi[jl, i1] = ksi[j2, i2] = ksi] ]
Ind (i1, i2) * Ind(jl, j2) =% ksi[j3, i3] —
Ind (i1, i3) * Ind(jl, j3) = ksi] ]
Ind(i2, i3) * Ind(j2, j3) * ksi[jl, il])
for j3 in range(q + 1)

for j2 in range(q + 1)

for jl1 in range(q + 1)])

def doit(self, #*xhints):

299

Tries to expand or calculate function

Returns

1001

99

return 1001 (*xself.args, *xhints)

Listing 80: Approximation of iterated Ito stochastic integral [ (00000)7, 41,75

from sympy import Function, Number, sympify, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c00000 import CO00000

from mathematics.sde.nonlinear.symbolic.ind import Ind

class 100000 (Function):

299

Iterated Ito stochastic integral

999

nargs = 8
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def __new__(cls, =*args, sxxkwargs):

299

Creates mew 100000 object with given args

Parameters

i1 : int

integral indezx

12 oant
integral index
13 oint
integral index
4 : int
integral index
15 oant

integral index
q : int
amount of terms in approzimation of
iterated Ito stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random wvariables

Returns

sympy . Expr

formula to simplify and substitute

999 9

il, i2, i3, i4, i5, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and

isinstance (i2, Number) and

isinstance (i3, Number) and
isinstance (i4, Number) and
isinstance (i5, Number) and
isinstance(q, Number) and
isinstance (dt, Number)):
return super (100000, cls).__new__(cls, *args,

return Add (x|

xxkwargs)

C00000(j5, j4, j3, j2, jl, dt) =

(ksi[jl, i1] = ksi[j2, i2] % ksi[j3, i3] * ksi[j4,
Ind(il, i2) * Ind(jl, j2) * ksi[j3, i3] * ksi[j4,
Ind (i1, i3) % Ind(jl, j3) = ksi[j2, i2] * ksi[j4,
Ind (i1, i4) * Ind(jl, j4) = ksi[j2, i2] * ksi[j3,
Ind (i1, i5) % Ind(jl, j5) = ksi[j2, i2] * ksi[j3,
Ind(i2, i3) % Ind(j2, j3) = ksi[jl, il] % ksi[j4,
Ind(i2, i4) * Ind(j2, j4) * ksi[jl, il] * ksi[j3,
Ind(i2, i5) * Ind(j2, j5) * ksi[jl, i1] * ksi[j3,
Ind (i3, i4) * Ind(j3, j4) = ksi[jl, il] * ksi[j2,
Ind (i3, i5) * Ind(j3, j5) = ksi[jl, il] * ksi[j2,
Ind(i4, i5) * Ind(j4, j5) = ksi[jl, il] * ksi[j2,
Ind (i1, i2) * Ind(jl, j2) = Ind(i3, i4) * Ind(j3,
Ind(il, i2) * Ind(jl, j2) * Ind(i3, i5) * Ind(j3,
Ind (i1, i2) % Ind(jl, j2) = Ind(i4, i5) * Ind(j4,

i4]
i4]
i4]
i3]
i3]
i4]
i3]
i3]
i2]
i2]
i2]
i4)
i5)
i5)

« ksi[j5
« ksi[j5
« ksi[j5
* ksi[jb
« ksi[j4
x ksi[jb
* ksi[jb
x ksi[j4
* ksi[j5
« ksi[j4
* ksi[j3
« ksi[j5
« ksi[j4
« ksi[j3

)

)

)

)

)

)

)

)

+ + + +
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67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
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Ind (i1, i3) * Ind(jl, j3) = Ind(i2, i4) * Ind(j2, j4) * ksi[j5, i5] +
Ind(il, i3) % Ind(jl, j3) * Ind(i2, i5) * Ind(j2, j5) =* ksi[j4, i4d] +
Ind(il, i3) * Ind(jl, j3) * Ind(i4, i5) * Ind(j4, j5) * ksi[j2, i2] +
Ind(il, i4) * Ind(jl, j4) % Ind(i2, i3) * Ind(j2, j3) =* ksi[j5, i5] +
Ind(il, i4) * Ind(jl, j4) = Ind(i2, i5) = Ind(j2, j5) = ksi[j3, i3] +
Ind(il, i4) * Ind(jl, j4) * Ind(i3, i5) * Ind(j3, j5) * ksi[j2, i2] +
Ind(il, i5) * Ind(j1, j5) * Ind(i2, i3) = Ind(j2, j3) * ksi[j4, i4] +
Ind (i1, i5) * Ind(jl, j5) = Ind(i2, i4) * Ind(j2, j4) = ksi[j3, i3] +
Ind(il, i5) * Ind(jl, j5) = Ind(i3, i4) = Ind(j3, j4) = ksi[j2, i2] +
Ind(i2, i3) * Ind(j2, j3) * Ind(i4, i5) * Ind(j4, j5) * ksi[jl, il] +
Ind(i2, i4) * Ind(j2, j4) % Ind(i3, i5) * Ind(j3, j5) * ksi[jl, il] +
Ind(i2, i5) * Ind(j2, j5) % Ind(i3, i4) * Ind(j3, j4) = ksi[jl, il])
for j5 in range(q + 1)
for j4 in range(q + 1)
for j3 in range(q + 1)
for j2 in range(q + 1)
for j1 in range(q + 1)])
def doit(self, #+xhints):

Tries to expand or calculate function

Returns

100000

Y

return 100000 (*self.args, *xhints)

Listing 81: Approximation of iterated Ito stochastic integral | ((;BZ)QTLH,T,,

from sympy import Function,

Number ,

sympify , Add

from mathematics.sde.nonlinear.symbolic. coefficients.c20 import C20

from mathematics.sde.nonlinear.symbolic.ind import Ind

class 120 (Function):

999

Iterated Ito

299

nargs =

def __new__(cls,

299

5

stochastic

*args ,

integral

xkkwargs) :

Creates new 120 object with given args

Parameters

i1

int

integral

12

int

integral

q : int

amount of terms
iterated Ito

index

index

stochastic

in approzxzimation of

integral
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25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
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dt float
delta time
ksi numpy . ndarray

matriz of Gaussian random wvariables

Returns

sympy . Expr

formula to simplify and substitute

9999

il, i2, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and

isinstance (i2, Number)):

return super (120, cls).__new__(cls,
return Add (x|

C20(j2, j1, dt) =

(ksi[jl, il] * ksi[j2, i2] — Ind(il,

for j2 in range(q + 1)
for jl1 in range(q + 1)])

def doit (self,

99

xkhints):

Tries to expand or calculate function
Returns

120

999 9

return 120 (xself.args, xxhints)

xargs , *xkwargs)

i2) % Ind(jl, j2))

Listing 82: Approximation of iterated 1t6 stochastic integral [ (

(i1i2)
02)Tp+1,7p

from sympy import Function, sympify,

from mathematics.sde.nonlinear.symbolic. coefficients.c02 import C02

from mathematics.sde.nonlinear.symbolic.ind import Ind

class 102 (Function):

2929

Iterated Ito

999 9

stochastic integral

nargs = 5

def __new__(cls, xargs,

999 9

xkkwargs) :

Creates mew 102 object with given args
Parameters

i1 int
integral indezx
12 int

integral index

Number ,

Add
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23
24
25
26
27
28
29
30
31
32
33
34
35
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q : int
amount of terms in approximation of
iterated Ito stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random variables

Returns

sympy . Expr
formula to simplify and substitute

9929

il, i2, q, dt, ksi = sympify(args)
if not (isinstance(il, Number) and
isinstance (i2, Number)):

return super(I02, cls).__new__(cls, =xargs, skxkwargs)

return Add (x|
Co2(j2, j1, dt) =
(ksi[jl, il] = ksi[j2, i2] — Ind(il, i2) * Ind(jl, j2))
for j2 in range(q + 1)
for jl1 in range(q + 1)])

def doit(self, xxhints):

299

Tries to expand or calculate function

Returns

102

999

return 102 (xself.args, xxhints)

(i142)

Listing 83: Approximation of iterated Itd stochastic integral I(H)Tp+1 -

from sympy import Function, sympify, Number, Add

from mathematics.sde.nonlinear.symbolic. coefficients.cll import C11

from mathematics.sde.nonlinear.symbolic.ind import Ind

class I11(Function):

2999

Iterated Ito stochastic integral

» 0

nargs = 5

def __new__(cls, *args, xxkwargs):
»»y

Creates new I11 object with given args

Parameters

i1 : int
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19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
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integral index
12 @ oant
integral indez
q : int
amount of terms in approximation of
iterated Ito stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random variables

Returns

sympy . Expr
formula to simplify and substitute

il, i2, q, dt, ksi = sympify(args)
if not (isinstance(il, Number) and
isinstance (i2, Number)):

return super(I11, cls).__new__(cls,

return Add (x|
C11(j2, jl, dt) =
(ksi[jl, il] = ksi[j2, i2] — Ind(il,
for j2 in range(q + 1)
for jl in range(q + 1)])

def doit(self, xxhints):

299

Tries to expand or calculate function

Returns

111

299

return 111 (xself.args, xxhints)

xargs , *xkwargs)

i2) * Ind(jl, j2))

Listing 84: Approximation of iterated Ito stochastic integral

(i1121314)
(1000)Tp41,7p

from sympy import Function, Number, sympify, Add

from mathematics.sde.nonlinear.symbolic. coefficients.cl000 import C1000

from mathematics.sde.nonlinear.symbolic.ind import Ind

class 11000 (Function):

999 9

Iterated Ito stochastic integral

2999

nargs = 7

def __new__(cls, *args, sxkwargs):

99

Creates new I1000 object with given args
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16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70

def doit(self, *xhints):

Parameters

11 : int
integral indezx
12 @ oant
integral index
13 : int
integral indezx
14 : int
integral index
q : int
amount of terms in approximation of
iterated Ito stochastic integral
dt : float
delta time
ksi : nmumpy.ndarray
matriz of Gaussian random variables

Returns

sympy . Expr
formula to simplify and substitute

299

il, i2, i3, i4, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and
isinstance (i2, Number) and

i3, Number)

i4 , Number)

q, Number)):

11000, cls).

isinstance and

isinstance and

isinstance

PN

return super __new__(cls, xargs, s*xkwargs)

return Add (x|
C1000(j4, j3, j2, j1, dt) =

(ksi[jl, i1] = ksi[j2, i2] #* ksi[j3, i3] * ksi[j4, i4] —
Ind(il, i2) * Ind(j1, j2) = ksi[j3, i3] * ksi[jd, i4] —
Ind (i1, i3) % Ind(jl, j3) = ksi[j2, i2] * ksi[j4, i4] —
Ind(il, i4) * Ind(jl, j4) * ksi[j2, i2] * ksi[j3, i3] —
Ind(i2, i3) * Ind(j2, j3) = ksi[jl, il] * ksi[j4, i4] —
Ind(i2, i4) * Ind(j2, j4) * ksi[jl, i1] * ksi[j3, i3] —
Ind (i3, i4) * Ind(j3, j4) * ksi[jl, il1] * ksi[j2, i2] +
Ind(il, i2) * Ind(jl, j2) * Ind(i3, i4) * Ind(j3, j4) +
Ind (i1, i3) * Ind(jl, j3) = Ind(i2, i4) * Ind(j2, j4) +
Ind(il, i4) * Ind(jl, j4) * Ind(i2, i3) * Ind(j2, j3))

for j4 in range(q + 1)
for j3 in range )
)
)

(
for j2 in range(q + 1
for j1 in range(q + 1)])

999

Tries to expand or calculate function

Returns

11000

299
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return 11000 (*self.args, *xhints)

(i1921314)

Listing 85: Approximation of iterated It stochastic integral [, "'

from sympy import Function, Number, sympify, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c0100 import C0100

from mathematics.sde.nonlinear.symbolic.ind import Ind

class 10100 (Function):

999 9

Iterated Ito stochastic integral

2999

nargs = 7

def __new__(cls, *args, sxkwargs):
Creates new 10100 object with given args

Parameters

i1 : int
integral index
12 @ oant
integral indezx
13 : int
integral index
4 oint
integral indezx
q : int
amount of terms in approximation of
iterated Ito stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random variables

Returns

sympy . Expr
formula to simplify and substitute

999

i2, i3, i4, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and

isinstance (i2, Number) and

isinstance (i3, Number) and
isinstance (i4, Number) and
isinstance(q, Number)):
return super (10100, cls).__new__(cls, *xargs, xxkwargs)

return Add (x|
C0100(j4, j3, j2, jl, dt) *
(ksi[jl, il] = ksi[j2, i2] * ksi[j3, i3] * ksi[j4, i4] —
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Ind (i1, i2) * Ind(jl, j2) =* ksi[j3, i3] = ksi[j4,
Ind(il, i3) % Ind(jl, j3) = ksi[j2, i2] % ksi[j4,
Ind(il, i4) * Ind(j1, j4) * ksi[j2, i2] * ksi[j3,
Ind(i2, i3) % Ind(j2, j3) = ksi[jl, il] * ksi[j4,
Ind(i2, i4) * Ind(j2, j4) * ksi[jl, i1] * ksi[j3,
Ind (i3, i4) % Ind(j3, j4) = ksi[jl, il] * ksi[j2,
Ind (il, i2) % Ind(jl, j2) = Ind(i3, i4) * Ind(j3,
Ind (i1, i3) % Ind(jl, j3) = Ind(i2, i4) * Ind(j2,
Ind(il, i4) * Ind(jl, j4) * Ind(i2, i3) * Ind(j2,

for j4 in range(q + 1)
for j3 in range( )
for j2 in range(q + 1)
for j1 in range(q + 1)])

def doit(self, xxhints):

999

Tries to expand or calculate function

Returns

10100

299

return 10100 (*self.args, *xhints)

i4] —
i4] —
i3] —
i4] —
i3] —
i2]
j4)
j4)
i3))

+ o+ +

Listing 86: Approximation of iterated Ito stochastic integral /

(i1121314)
(0010)Tp41,7p

from sympy import Function, sympify, Number, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c0010 import CO0010

from mathematics.sde.nonlinear.symbolic.ind import Ind

class 10010 (Function):

999

Iterated Ito stochastic integral

799

nargs = 7

def __new__(cls, *args, sxkwargs):
Creates new 10010 object with given args

Parameters

11 : int
integral indezx
12 : int
integral index
13 ¢ int
integral index
13 oant
integral index
q : int
amount of terms in approximation of

iterated Ito stochastic integral
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30
31
32
33
34
35
36
37
38
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41
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43
44
45
46
47
48
49
50
51
52
53
54
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56
57
58
59
60
61
62
63
64
65
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71
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dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random wvariables

Returns

sympy . Expr

formula to simplify and substitute

9999

il, i2, i3, i4, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and

isinstance (i2, Number) and

isinstance (i3, Number) and
isinstance (i4, Number) and
isinstance (g, Number)):
return super (10010, cls).__new__(cls, *args, sxkwargs)

return Add (x|
C0010(j4, j3, j2, jl, dt) *

(ksi[jl, i1] = ksi[j2, i2] =* ksi[j3, i3] = ksi[j4d, i4] —
Ind (i1, i2) % Ind(jl, j2) = k81[J37 i3] % ksi[j4, i4] —
Ind (i1, i3) * Ind(jl, j3) = ksi[j2, i2] *x ksi[j4, i4] —
Ind(il, i4) * Ind(j1, j4) * ksi[j2, i2] = ksi[j3, i3] —
Ind(i2, ) * Ind(j2, j3) * ksi[jl, i1] * ksi[j4, i4] —
Ind (i2, i4) * Ind(j2, j4) = ksi[jl, il] % ksi[j3, i3] —
Ind (i3, i4) * Ind(j3, j4) = ksi[jl, il1] * ksi[j2, i2] +
Ind(il, i2) * Ind(jl, j2) * Ind(i3, i4) * Ind(j3, j4) +
Ind(il, i3) * Ind(jl, j3) * Ind(i2, i4) * Ind(j2, j4) +
Ind (i1, i4) * Ind(jl, j4) = Ind(i2, i3) * Ind(j2, j3))

for j4 in range(q + 1)
for j3 in range(q + 1)
for j2 in range(q + 1)
for jl1 in range(q + 1)])

def doit(self, *xhints):

299

Tries to expand or calculate function

Returns

10010

9999

return 10010 (*self.args, #xhints)

7411213744

Listing 87: Approximation of iterated It6 stochastic integral 1(0001 Vo1,

from sympy import Function, Number, sympify, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c0001 import C0001

from mathematics.sde.nonlinear.symbolic.ind import Ind

class 10001 (Function):
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10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62

999 9

Iterated Ito stochastic integral

2999

nargs = 7

def __new__(cls, xargs, sxkwargs):

299

Creates mew 10001 object with given args

Parameters

i1 : int
integral index
12 @ oant
integral index
13 int
integral index
4 : oint
integral indez
q : int
amount of terms in approximation of
iterated Ito stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random variables

Returns

sympy . Expr
formula to simplify and substitute

299

, 12, i3, i4, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and
isinstance (i2, Number) and

i3, Number)

i4 , Number)

q, Number)):

10001, cls).

isinstance and

isinstance and

isinstance

P

return super

return Add (x|
C0001(j4, j3, j2, jl, dt) =

(ksi[jl, i1] = ksi[j2, i2] #* ksi[j3, i3]
Ind(il, i2) * Ind(jl, j2) * ksi[j3, i3]
Ind (i1, i3) * Ind(jl, j3) =* ksi[j2, i2]
Ind(il, i4) * Ind(j1, j4) * ksi[j2, i2]
Ind(i2, i3) * Ind(j2, j3) = ksi[jl, il]
Ind(i2, i4) * Ind(j2, j4) * ksi[jl, il]
Ind (i3, i4) * Ind(j3, j4) % ksi[jl, il]
Ind (il, i2) * Ind(jl, j2) * Ind(i3, i4)
Ind(il, i3) * Ind(jl, j3) = Ind(i2, i4)
Ind(il, i4) * Ind(jl, j4) * Ind(i2, i3)

for j4 in range(q + 1)
for j3 in range(q + 1)
for j2 in range(q + 1)
for jl1 in range(q + 1)])

__new__(cls, xargs,

ksi[j4,
ksi[j4,
ksi[j4,
ksi[j3,
ksi[j4,
ksi [j3
ksi[j2
Ind (j3
Ind (j2
Ind(j2,

xxkwargs)

i4] —
i4] —
4] —
i3] —

i2]
j4)
j4)
i3))

+ + +
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63
64
65
66
67
68
69
70
71

def doit(self, #xhints):

299

Tries to expand or calculate function

Returns

10001

9999

return 10001 (*self.args, #xhints)

Listing 88: Approximation of iterated 1to stochastic integral / (000000)7, 41,75

© 00 N O Uk W N

from sympy import Function, Number, sympify, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c000000 import C000000

from mathematics.sde.nonlinear.symbolic.ind import Ind

class 1000000 (Function):

299

Iterated Ito stochastic integral

999
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nargs = 9

def __new__(cls, *args, xxkwargs):

9999

Creates new 1000000 object with given args

Parameters

i1 : int

integral index

12 : int
integral indezx
13 ¢ oant
integral index
i4 : oint
integral indezx
15 1 oant

integral index
16 : int
integral index
q : int
amount of terms in approximation of
iterated Ito stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random wvariables

Returns

sympy . Expr

formula to simplify and substitute

999
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42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96

i1, i2, i3, i4, i5, i6, q, dt, ksi = sympify (args)
if not (isinstance(il, Number) and
isinstance (i2, Number) and
isinstance (i3, Number) and
isinstance(14, Number) and
isinstance (i5, Number) and
isinstance (i6 , Number) and
isinstance (g, Number) and
isinstance (dt, Number)):
return super (1000000, cls).__new__(cls, =xargs, s*xkwargs)
return Add (|
C000000(j6, j5, j4, j3, j2, jl, dt) =
(ksi[jl,i1] * ksi[j2,i2] % ksi[j3,i3] =
ksi[j4,i4] % ksi[j5,i5] = ksi[j6,i6] —
Ind (j1,j6) = Ind(il, 16) x ksi[j2,12] * ksi[j3,i3] x ksi[j4,i4] * ksi[j5,i5] —
Ind (j2,j6) = Ind(i2,i6) * ksi[jl,il] =% ksi[j3,i3] * ksi[j4,i4] % ksi[j5,i5] —
Ind (j3,j6) = Ind(i3,i6) * ksi[jl,il] = ksi[j2,i2] * ksi[j4,i4] % ksi[j5,i5] —
Ind(j4,j6) * Ind(i4,i6) = ksi[jl,il] = ksi[j2,i2] * ksi[j3,i3] * ksi[j5,i5] —
Ind (j5,j6) = Ind(i5,i6) * ksi[jl,il] = ksi[j2,i2] * ksi[j3,i3] =% ksi[j4,id] —
Ind(j1,j2) * Ind(il,i2) = ksi[j3,i3] * ksi[j4,i4] = ksi[j5,i5] = ksi[j6,i6] —
Ind (j1,j3) = Ind(il,i3) * ksi[j2,i2] = ksi[j4,i4] * ksi[j5,i5] * ksi[j6,i6] —
Ind(j1,j4) * Ind(il, ) « ksi[j2,i2] * ksi[j3,i3] * ksi[j5,i5] * ksi[j6,i6] —
Ind (j1,j5) = Ind(il,i5) * ksi[j2,i2] = ksi[j4,i4] * ksi[j3,i3] % ksi[j6,i6] —
Ind(j2,j3) * Ind(i2,i3) * ksi[jl,il] =% ksi[j4,i4] * ksi[j5,i5] * ksi[j6,i6] —
Ind (j2,j4) * Ind(i2,i4) = ksi[jl,il] * ksi[j3,i3] * ksi[j5,i5] = ksi[j6,i6] —
Ind(j2,j5) * Ind(i2,i5) = ksi[jl,il] * ksi[j3,i3] =% ksi[j4,i4] = ksi[j6,i6] —
Ind (j3,j4) = Ind(i3,i4) * ksi[jl,il] = ksi[j2,i2] * ksi[j5,i5] * ksi[j6,i6] —
Ind (j3,j5) = Ind(i3,i5) * ksi[jl,il] = ksi[j2,i2] * ksi[j4,i4] * ksi[j6,i6] —
Ind (j4,j5) = Ind(i4,15) * ksi[jl,i1] * ksi[j2,i2] % ksi[j3,i3] * ksi[j6,i6] +
Ind(j1,j2) * Ind(il,i2) = Ind(j3,j4) * Ind(i3,id4) * ksi[j5,i5] * ksi[j6,i6] +
Ind(j1,j2) * Ind(il,i2) * Ind(j3,j5) * Ind(i3,i5) * ksi[j4,i4] * ksi[j6,i6] +
Ind (j1,j2) % Ind(il,i2) * Ind(j4,j5) * Ind(i4,i5) * ksi[j3,i3] =* ksi[j6,i6] +
Ind(j1,j3) * Ind(il,i3) = Ind(j2,j4) * Ind(i2,i4) * ksi[j5,i5] * ksi[j6,i6] +
Ind(j1,j3) * Ind(il,i3) * Ind(j2,j5) * Ind(i2,i5) = ksi[j4,i4] * ksi[j6,i6] +
Ind(j1,j3) * Ind(il,i3) * Ind(j4,j5) * Ind(i4,i5) * ksi[j2,i2] * ksi[j6,i6] +
Ind(j1,j4) * Ind(il,i4) x Ind(j2,j3) * Ind(i2,i3) % ksi[j5,i5] * ksi[j6,i6] +
Ind(j1,j4) * Ind(il, ) « Ind(j2,j5) * Ind(i2,i5) * ksi[j3,i3] * ksi[j6,i6] +
Ind (j1,j4) = Ind(il,i4) * Ind(j3,j5) * Ind(i3,i5) * ksi[j2,i2] % ksi[j6,i6] +
Ind(j1,j5) * Ind(il,i5) * Ind(j2,j3) * Ind(i2,i3) % ksi[j4d,i4] * ksi[j6,i6] +
Ind (j1,j5) = Ind(il,i5) * Ind(j2,j4) * Ind(i2,i4) * ksi[j3,i3] =* ksi[j6,i6] +
Ind(j1,j5) * Ind(il, ) x Ind(j3,j4) * Ind(i3,i4) = ksi[j2,i2] * ksi[j6,i6] +
Ind (j2,j3) * Ind(i2,i3) * Ind(j4,j5) * Ind(i4,i5) * ksi[jl,il] = ksi[j6,i6] +
Ind(j2,j4) * Ind(i2,i4) = Ind(j3,j5) * Ind(i3,i5) % ksi[jl,il] * ksi[j6,i6] +
Ind(j2,j5) = Ind(i2,i5) * Ind(j3,j4) * Ind(i3,i4) * ksi[jl,il] = ksi[j6,i6] +
Ind(j6,j1) * Ind(i6,il) = Ind(j3,j4) * Ind(i3,id) * ksi[j2,i2] = ksi[j5,i5] +
Ind(j6,jl1) % Ind(i6,il) * Ind(j3,j5) * Ind(i3,i5) * ksi[j2,i2] = ksi[j4,id4] +
Ind(j6,j1) * Ind(i6,il) * Ind(j2,j5) * Ind(i2,i5) * ksi[j3,i3] =* ksi[j4,id4] +
Ind(j6,jl) = Ind(i6,il) * Ind(j2,j4) * Ind(i2,i4) * ksi[j3,i3] = ksi[jb,i5] +
Ind (j6,j1) * Ind(i6,il) = Ind(j4,j5) * Ind(i4,i5) = ksi[j2,i2] * ksi[j3,i3] +
Ind(j6,j1) * Ind(i6,il) * Ind(j2,j3) % Ind(i2,i3) * ksi[j4,i4] * ksi[j5,i5] +
Ind(j6,j2) * Ind(i6,i2) = Ind(j3,j5) * Ind(i3,i5) % ksi[jl,il] * ksi[j4,id4] +
Ind(j6,j2) * Ind(i6, ) « Ind(j4,j5) * Ind(i4,i5) * ksi[jl,i1] * ksi[j3,i3] +
Ind (j6,j2) = Ind(i6,i2) * Ind(j3,j4) * Ind(i3,i4) * ksi[jl,il] = ksi[j5,i5] +
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97 Ind(j6,j2) = Ind(i6,i2) * Ind(jl1,j5) * Ind(il,i5) = ksi[j3,i3] * ksi[j4,id] +
98 Ind(j6,j2) * Ind(i6,i2) * Ind(jl,j4) * Ind(il,i4) = ksi[j3,i3] * ksi[j5,i5] +
99 Ind(j6,j2) * Ind(i6,i2) * Ind(jl,j3) % Ind(il,i3) * ksi[j4,i4] * ksi[j5,i5] +
100 Ind(j6,j3) * Ind(i6,i3) * Ind(j2,j5) * Ind(i2,i5) * ksi[jl,il] = ksi[j4,id4] +
101 Ind(j6,j3) = Ind(i6,i3) * Ind(j4,j5) * Ind(id,i5) = ksi[jl,il] * ksi[j2,i2] +
102 Ind(j6,j3) * Ind(i6,i3) = Ind(j2,j4) * Ind(i2,i4) * ksi[jl,il] * ksi[j5,i5] +
103 Ind(j6,j3) * Ind(i6,i3) * Ind(jl,j5) % Ind(il,i5) * ksi[j2,i2] * ksi[j4,i4] +
104 Ind(j6,j3) * Ind(i6,i3) * Ind(jl,j4) * Ind(il,i4) = ksi[j2,i2] * ksi[j5,i5] +
105 Ind(j6,j3) * Ind(i6,i3) * Ind(jl1,j2) * Ind(il,i2) = ksi[jd,id4] * ksi[j5,i5] +
106 Ind(j6,j4) * Ind(i6,i4) * Ind(j3,j5) * Ind(i3,i5) * ksi[jl,il] * ksi[j2,i2] +
107 Ind(j6,j4) * Ind(i6,i4) = Ind(j2,j5) * Ind(i2,i5) * ksi[jl,il] * ksi[j3,i3] +
108 Ind(j6,j4) = Ind(i6,i4) * Ind(j2,j3) * Ind(i2,i3) * ksi[jl,il] = ksi[j5,i5] +
109 Ind(j6,j4) = Ind(i6,i4) * Ind(jl1,j5) * Ind(il,i5) = ksi[j2,i2] * ksi[j3,i3] +
110 Ind (j6,j4) = Ind(i6,i4) * Ind(jl,j3) % Ind(il,i3) * ksi[j2,i2] = ksi[j5,i5] +
111 Ind(j6,j4) = Ind(i6,i4) * Ind(jl,j2) % Ind(il,i2) * ksi[j3,i3] =* ksi[j5,i5] +
112 Ind(j6,j5) * Ind(i6,i5) = Ind(j3,j4) * Ind(i3,i4) = ksi[jl,il] * ksi[j2,i2] +
113 Ind(j6,j5) * Ind(i6,i5) * Ind(j2,j4) * Ind(i2,i4) = ksi[jl,il] * ksi[j3,i3] +
114 Ind(j6,j5) * Ind(i6,i5) * Ind(j2,j3) * Ind(i2,i3) * ksi[jl,i4] * ksi[jl,i4] +
115 Ind(j6,j5) * Ind(i6,i5) * Ind(jl,j4) % Ind(il,id4) * ksi[j2,i2] = ksi[j3,i3] +
116 Ind(j6,j5) * Ind(i6,i5) * Ind(jl,j3) * Ind(il,i3) = ksi[j2,i2] * ksi[j4,id] +
117 Ind(j6,j5) * Ind(i6,i5) * Ind(jl1,j2) * Ind(il,i2) * ksi[j3,i3] * ksi[j4,i4] —
118 Ind(j6,j1) * Ind(i6,il) * Ind(j2,j5) * Ind(i2,i5) * Ind(j3,j4) * Ind(i3,i4) —
119 Ind(j6,jl1) = Ind(i6,il) * Ind(j2,j4) * Ind(i2,i4) * Ind(j3,j5) * Ind(i3,i5)
120 Ind(j6,j1) = Ind(i6,il) % Ind(j2,j3) * Ind(i2,i3) = Ind(j4,j5) % Ind(id,i5) —
121 Ind(j6,j2) * Ind(i6,i2) * Ind(jl1,j5) * Ind(il,i5) * Ind(j3,j4) * Ind(i3,i4) —
122 Ind(j6,j2) * Ind(i6,i2) * Ind(jl,j4) % Ind(il,i4) * Ind(j3,j5) * Ind(i3,i5) —
123 Ind (j6,j2) * Ind(i6,i2) * Ind(j1,j3) % Ind(il,i3) * Ind(j4,j5) * Ind(i4,i5) —
124 Ind(j6,j3) * Ind(i6,i3) * Ind(j1,j5) * Ind(il,i5) = Ind(j2,j4) * Ind(i2,id) —
125 Ind (j6,j3) * Ind(i6,i3) * Ind(jl,j4) = Ind(il,i4) * Ind(j2,j5) * Ind(i2,i5) —
126 Ind(j3,j6) = Ind(i3,i6) * Ind(jl,j2) % Ind(il,i2) * Ind(j4,j5) * Ind(i4,i5) —
127 Ind(j6,j4) = Ind(i6,i4) * Ind(jl,j5) * Ind(il,i5) * Ind(j2,j3) * Ind(i2,i3) —
128 Ind (j6,j4) = Ind(i6,i4) * Ind(j1,j3) * Ind(il,i3) = Ind(j2,j5) * Ind(i2,i5) —
129 Ind(j6,j4) * Ind(i6,i4) * Ind(jl1,j2) % Ind(il,i2) * Ind(j3,j5) * Ind(i3,i5) —
130 Ind (j6,j5) * Ind(i6,i5) * Ind(jl,j4) % Ind(il,i4) * Ind(j2,j3) * Ind(i2,i3) —
131 Ind(j6,j5) * Ind(i6,i5) % Ind(j1,j2) * Ind(il,i2) = Ind(j3,j4) = Ind(i3,id) —
132 Ind (j6,j5) * Ind(i6,i5) * Ind(jl,j3) * Ind(il,i3) % Ind(j2,j4) * Ind(i2,i4))
133 for j6 in range(q + 1)

134 for j5 in range(q + 1)

135 for j4 in range(q + 1)

136 for j3 in range(q + 1)

137 for j2 in range(q + 1)

138 for jl1 in range(q + 1)])

139

140 def doit(self, *xhints):

141 e

142 Tries to expand or calculate function

143 Returns

144

145 1000000

146 7

147 return 1000000 (*self.args, *xhints)
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6.2.4 Source Codes for Iterated Stratonovich Stochastic Integrals

Approximations Subprograms

Listing 89: Approximation of Stratonovich stochastic integral )

1,7p

(0)7p+
1 |[from math import sqrt
2
3 |from sympy import Function, sympify, Number
4
5
6 | class JO(Function):
7 e
8 Stratonovich stochastic integral
9 »n
10 nargs = 3
11
12 def __new__(cls, *args, xxkwargs):
13 e
14 Creates new JO object with given args
15 Parameters
16
17 i1 : int
18 integral index
19 dt : float
20 delta time
21 ksi : numpy.ndarray
22 matriz of Gaussian random variables
23 Returns
24
25 sympy . Expr
26 formula to simplify and substitute
27 7z
28 il, dt, ksi = sympify(args)
29
30 if not isinstance(il, Number):
31 return super(J0, cls).__new__(cls, xargs, *kxkwargs)
32
33 return ksi[0, il] x sqrt(dt)
34
35 def doit(self, xxhints):
36 ad
37 Tries to expand or calculate function
38 Returns
39
40 JO
41 ad
42 return JO(xself.args, #xhints)

1

Listing 90: Approximation of iterated Stratonovich stochastic integral [/

*(iliz)
(00)Tp+1,7p

from math import sqrt
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from sympy import sympify , Number, Function, Add

class JOO(Function):

299

Iterated Stratonovich stochastic integral

999

nargs = 5

def __new__(cls, *args, sxkwargs):
” N
Creates new J0OO object with given args

Parameters

i1 ¢ int
integral index
12 : int
integral indezx
q : int
amount of terms in approximation of
tterated Stratonovich stochastic integral
dt : float
delta time
kst : numpy.ndarray
matriz of Gaussian random wvariables

Returns

sympy . Expr
formula to simplify and substitute

999

il, i2, q, dt, ksi = sympify(args)
if not (isinstance(il, Number) and
isinstance (i2, Number) and

isinstance (g, Number)):

return super(J00, cls).__new__(cls, xargs, sxkwargs)
return \

(ksi[0, il] % ksi[0, i2] +

Add (]

(ksi[jl — 1, il] * ksi[jl, i2] —
ksi[j1, il] * ksi[jl — 1, i2]) /
sqri (jl =x 2 x 4 — 1)

for jl in range(l, q + 1)])) = dt / 2

def doit(self, #*xhints):

299

Tries to expand or calculate function

Returns

JOO

99

return JOO(*self.args, *xhints)
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Listing 92: Approximation of iterated Stratonovich stochastic integral [/

N O Ot R W N

Listing 91: Approximation of Stratonovich stochastic integral Ia()i}),t

from math import sqrt

from sympy import Function, sympify, Number

class J1(Function):

Stratonovich stochastic integral

nargs = 3

def __new__(cls, *args, sxkwargs):

def doit(self, *xhints):

2999

999 9

PERY

Creates new J1 object with given args

Parameters

11 @ int
integral indezx
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random wvariables

Returns

sympy . Expr

formula to simplify and substitute

999

il, dt, ksi = sympify(args)

if not isinstance(il, Number):

return super(Jl, cls).__new__(cls, =xargs, sxkwargs)

return —(ksi[0, i1] + ksi[l, il] / sqrt(3)) = dt *x 1.5 / 2

299

Tries to expand or calculate function

Returns

J1

299

return J1(xself.args, *xhints)

*(i1i2i3)
(000)7p41,7p

from sympy import Function, Number, sympify, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c000 import C000

class J00O (Function):

2929
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10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57

Listing 93: Approximation of iterated Stratonovich stochastic integral

1

Iterated Stratonowvich stochastic integral

999 9

nargs = 6

def __new__(cls, *args, sxkwargs):

299

Creates new J000 object with given args

Parameters

i1 : int

integral indezx

12 : int
integral index
13 ¢ int

integral indezx
q : int

amount of terms in approximation of

iterated Stratonovich stochastic integral

dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random variables

Returns

sympy . Expr
formula to simplify and substitute

il, i2, i3, q, dt, ksi = sympify(args)
if not (isinstance(il, Number) and
isinstance (i2, Number) and
isinstance (i3, Number) and
isinstance(q, Number)):
(

return super(J000, cls).__new__(cls,

return Add (x|
C000(j3, j2, j1, dt) =
ksi[jl, i1] * ksi[j2, i2] * ksi[j3,
for j3 in range(q + 1)
for j2 in range(q + 1)
for jl1 in range(q + 1)])

def doit(self, *xhints):

299

Tries to expand or calculate function

Returns

J000

99

return J000(*self.args, #xhints)

xargs , *kxkwargs)

i3]

*(i142)
(10)7p+1,7p

from sympy import Function, sympify, Number, Add ‘
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from mathematics.sde.nonlinear.symbolic. coefficients.cl0 import C10

class J10(Function):

299

Iterated Stratonovich stochastic integral
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999

nargs = 5

def __new__(cls, *args, sxkwargs):

9929

Creates new J10 object with given args

Parameters

i1 ¢ int
integral index
12 : int
integral indezx
q : int
amount of terms in approximation of
tterated Stratonovich stochastic integral
dt : float
delta time
kst : numpy.ndarray
matriz of Gaussian random wvariables

Returns

sympy . Expr
formula to simplify and substitute

999

il, i2, q, dt, ksi = sympify(args)
if not (isinstance(il, Number) and
isinstance (i2, Number) and

isinstance(q, Number)):

return super(J10, cls).__new__(cls, xargs, sxkwargs)

return Add (]
C10(j2, j1, dt) =
ksi[jl, il1] * ksi[j2, i2]
for j2 in range(q + 1)
for j1 in range(q + 1)])

def doit(self, *xhints):

999

Tries to expand or calculate function

Returns

J10

2”99

return J10(*xself.args, *xhints)
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Listing 94: Approximation of iterated Stratonovich stochastic integral [/

© 00 N O Utk W N =

T Ot Ot U R R R R R R R R e W W W W W W W W W WNNN DN DN DD NN NN ==
W N = O © 0 1 O O i W N FHFOO©OW-NNO Ut b WKN RO O© WO Ok W O O w1 O Ok W = O

*(ilig)
(01)7p41,7p

from sympy import Function, Number, sympify, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c0l import CO1

class JO1(Function):

2999

Iterated Stratonowvich stochastic integral

999 9

nargs = 5

def __new__(cls, *args, sxkwargs):
Creates new J01 object with given args

Parameters

i1 : int
integral index
12 @ oant
integral index
q : int
amount of terms in approximation of
iterated Stratomovich stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random variables

Returns

sympy . Expr
formula to simplify and substitute

299

il, i2, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and
isinstance (i2, Number) and
isinstance (g, Number)):

return super(J0l, cls).__new__(cls, =xargs, skxkwargs)

return Add (x|
Co1(j2, jl, dt) =
ksi[jl, il] * ksi[j2, i2]
for j2 in range(q + 1)
for jl1 in range(q + 1)])

def doit(self, xxhints):

299

Tries to expand or calculate function

Returns

Jo1

999

Electronic Journal. http://diffjournal.spbu.ru/ 336




Differential Equations and Control Processes, N. 1, 2021

54 return JO1(xself.args, *xhints)

*(119203%4)

Listing 95: Approximation of iterated Stratonovich stochastic integral [ (0000)7 41,75

1 |from sympy import Function, sympify, Number, Add
2

3 |from mathematics.sde.nonlinear.symbolic. coefficients.c0000 import C0000
4

5

6 | class J000O (Function):

e 99

8 Iterated Stratomovich stochastic integral

9 999

10 nargs = 7

11

12 def __new__(cls, *args, sxkwargs):

13 7z

14 Creates mew J0000 object with given args

15 Parameters

16

17 i1 @ int

18 integral index

19 12 : oant

20 integral index

21 13 ¢ int

22 integral index

23 4 oint

24 integral index

25 q : int

26 amount of terms in approximation of

27 iterated Stratomovich stochastic integral
28 dt : float

29 delta time

30 ksi : numpy.ndarray

31 matriz of Gaussian random variables

32 Returns

33

34 sympy . Expr

35 formula to simplify and substitute

36 7y

37 il, i2, i3, i4, q, dt, ksi = sympify(args)
38

39 if not (isinstance(il, Number) and

40 isinstance (i2, Number) and

41 isinstance (i3, Number) and

42 isinstance (i4, Number) and

43 isinstance (q, Number)):

44 return super(J0000, cls).__new__(cls, xargs, sxkwargs)
45

46 return Add (*]

47 C0000(j4, j3, j2, j1, dt) =

48 ksi[jl, il] * ksi[j2, i2] * ksi[j3, i3] = ksi[j4, i4]
49 for j4 in range(q + 1)
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50
51
52
53
54
55
56
57
58
59
60
61
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for j3 in range(q + 1)
for j2 in range(q + 1)
for jl1 in range(q + 1)])

def doit(self , xxhints):

299

Tries to expand or calculate function

Returns

J0000

299

return J0000(*self.args, #+hints)

*(i1)

Listing 96: Approximation of Stratonovich stochastic integral 1'(2)%+1 -

from math import sqrt

from sympy import sympify , Number, Function

class J2(Function):

999

Stratonovich stochastic integral

299

nargs = 3

def __new__(cls, =*args, sxkwargs):
Creates new J2 object with given args

Parameters

i1 oant
integral indezx
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random wvariables

Returns

sympy . Expr
formula to simplify and substitute

299 9

il, dt, ksi = sympify(args)

if not isinstance(il, Number):

return super(J2, cls).__new__(cls, =xargs, sxkwargs)

return (ksi[0, il] + ksi[l, il] % sqrt(3) / 2 +
ksi[2, i1] / sqrt(5) / 2) = dt =x 2.5 / 3

def doit(self, xxhints):

99

Tries to expand or calculate function
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39
40
41
42
43

Listing 97: Approximation of iterated Stratonovich stochastic integral |
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Returns

J2

99

return J2(xself.args, *xhints)

*(i11213)
(100)7p+1,7p

from sympy import Function, sympify,

from mathematics.sde.nonlinear.symbolic. coefficients.cl00 import C100

class J100(Function):

99 9

Iterated Stratonovich stochastic

2999

nargs = 6

def __new__(cls, xkkwargs) :

299

*args ,

Creates mew J100 object with given

Parameters

11 : int
integral index
12 ¢ int
integral indezx
18 int
integral index
q : int
amount of terms in approxzimation
iterated Stratonovich stochastic
dt : float
delta time

ksi numpy . ndarray

matriz of Gaussian random variables

Returns

sympy . Expr

formula to simplify and substitute

299

i1, i2, i3, q, dt, ksi =

if not (isinstance(il, Number) and

isinstance (i2, Number) and
isinstance (i3, Number) and
q7

(
isinstance ( Number) ) :
(

return super(J100, cls).__new__(cls,
return Add (x|
C100(j3, j2, j1, dt) =

Number,

integral

sympify (args)

Add

args

of

integral

xargs, #xkwargs)
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46
47
48
49
50
51
52
53
54
55
56
57
58

Listing 98: Approximation of iterated Stratonovich stochastic integral /
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ksi[jl, il] = ksi[j2, i2] = ksi[j3, i3]
for j3 in range(q + 1)

for j2 in range(q + 1)

for jl1 in range(q + 1)])

def doit(self, xxhints):

299

Tries to expand or calculate function

Returns

J100

9929

return J100(*self.args, *xhints)

*(i11213)
(010)7p+1,7p

from sympy import Function, sympify, Number, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c010 import C010

class J010(Function):

999 9

Iterated Stratomovich stochastic integral

2929

nargs = 6

def __new__(cls, *args, sxkwargs):

299

Creates new J010 object with given args

Parameters

i1 : int
integral index
12 @ oant
integral indezx
13 ¢ int
integral index
q : int
amount of terms in approzimation of
iterated Stratonovich stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random variables

Returns

sympy . Expr

formula to simplify and substitute

2”99

il, i2, i3, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and
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38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57

Listing 99: Approximation of iterated Stratonovich stochastic integral I

© 00 N O Ut W N
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i2 , Number) and
i3, Number) and
q, Number)):

J010, cls).__new__(cls, *xargs, xxkwargs)

isinstance
isinstance

isinstance

P

return super

return Add (x|
C010(j3, j2, jl, dt) =
ksi[jl, il1] * ksi[j2, i2] = ksi[j3, i3]
for j3 in range(q + 1)
for j2 in range(q + 1)
for jl1 in range(q + 1)])

def doit(self, xxhints):

299

Tries to expand or calculate function

Returns

JO10

999

return J010(*self.args, #xhints)

from sympy import Function, sympify, Number, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c001 import C001

class J001(Function):

99 9

Iterated Stratomnovich stochastic integral

2929

nargs = 6

def __new__(cls, xargs, sxkwargs):
Creates mew J001 object with given args

Parameters

i1 : int
integral index
12 oant
integral index
13 : int
integral index
q : int
amount of terms in approzimation of
iterated Stratonovich stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random wvariables

Returns
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31

32 sympy . Expr

33 formula to simplify and substitute
34 e

35 il, i2, i3, q, dt, ksi = sympify(args)
36

37 if not (isinstance(il, Number) and

38 isinstance (i2, Number) and

39 isinstance (i3, Number) and

40 isinstance(q, Number)):

41 return super(J001, cls).__new__(cls, xargs, sxkwargs)
42

43 return Add (|

44 Co01(j3, j2, j1, dt) =

45 ksi[jl, il] * ksi[j2, i2] = ksi[j3, i3]
46 for j3 in range(q + 1)

47 for j2 in range(q + 1)

48 for jl1 in range(q + 1)])

49

50 def doit(self, *xhints):

51 ad

52 Tries to expand or calculate function
53 Returns

54

55 J001

56 7y

57 return JOO01l(*self.args, *xhints)

Listing 100: Approximation of iterated Stratonovich stochastic integral [ (00000) 71 1.7

1 |from sympy import Function, Number, sympify, Add
2

3 |from mathematics.sde.nonlinear.symbolic. coefficients.c00000 import C00000
4

5

6 | class J00000 (Function):

7 99

8 Iterated Stratomovich stochastic integral
9 ey

10 nargs = 8

11

12 def __new__(cls, =*args, sxxkwargs):

13 ad

14 Creates new J00000 object with given args
15 Parameters

16

17 i1 @ int

18 integral index

19 12 : oant

20 integral index

21 13 ¢ int

22 integral indezx

23 14 : int
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24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66

Listing 101: Approximation of iterated Stratonovich stochastic integral |

N O O W N

integral index
15 ¢ oint
integral indez
q : int
amount of terms in approximation of
iterated Stratonovich stochastic
dt : float
delta time
ksi numpy . ndarray
matriz of Gaussian random variables
Returns
sympy . Expr

formula to simplify and substitute

299

, i2, i3, i4, i5, q, dt, ksi =

if not (isinstance(il, Number) and

isinstance (i2, Number) and

isinstance (i3, Number) and
isinstance (i4, Number) and
isinstance (i5, Number) and

q, Number) and
dt, Number)):
J00000 ,

(
(
(
isinstance (
isinstance (

(

return super

return Add (x|
C00000(j5, j4, j3, j2, jl, dt) =
ksi[jl, i1] * ksi[j2, i2] =% ksi[j3,
for j5 in range(q +
for j4
for j3
for j2

1)
in range(q + 1)
in range(q + 1)
in range(q + 1)

(a + 1)

for j1 in range

def doit (self,

299

sk hints):

Tries to expand or calculate function

Returns

J00000

9999

return J00000(*xself.args, **hints)

integral

sympify (args)

cls).__new__(cls, *args,

xxkwargs)

i3] * ksi[j4, i4] = ksi[j5, i5]

*(i142)
(2O)TP+1 ’Tp

from sympy import Function, Number,

from mathematics.sde.nonlinear.symbolic. coefficients.c20 import C20

class J20(Function):

999 9

sympify , Add
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10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52

Listing 102: Approximation of iterated Stratonovich stochastic integral [

T W N =

Iterated Stratonovich stochastic

999 9

nargs = 5

def __new__(cls, *args, sxkwargs):

» oy

Creates new J20 object with given args
Parameters

i1 int
integral indezx
12 int
integral index

q : int

of

int

amount of terms in approzimation

iterated Stratonovich stochastic
float

delta time

ksi

matriz of Gaussian random variables

dt

numpy . ndarray

Returns

sympy . Expr

formula to simplify and substitute

299

il, i2, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and

isinstance (i2, Number)):

return super(J20, cls).__new__(cls,
return Add (x|

C20(j2, jl, dt) =

ksi[jl, il1] * ksi[j2, i2]

for j2 in range(q + 1)
for jl1 in range(q + 1)])

def doit (self,

999 9

xxhints):

Tries to expand or calculate function

Returns

J20

299

return J20(xself.args, **xhints)

integral

egral

xargs , *kxkwargs)

*(i1’i2)
(02)7p41,7p

from sympy import Function, sympify,

Number, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c02 import C02
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6 | class JO2(Function):
7 »
8 Iterated Stratonovich stochastic integral
9 » 9
10 nargs = 5
11
12 def __new__(cls, *args, xxkwargs):
13 77y
14 Creates new J02 object with given args
15 Parameters
16
17 i1 : int
18 integral index
19 12 ¢ oant
20 integral index
21 q : int
22 amount of terms in approximation of
23 iterated Stratonovich stochastic integral
24 dt : float
25 delta time
26 ksi : numpy.ndarray
27 matriz of Gaussian random variables
28 Returns
29
30 sympy . Expr
31 formula to simplify and substitute
32 oy
33 il, i2, q, dt, ksi = sympify(args)
34
35 if not (isinstance(il, Number) and
36 isinstance (i2, Number)):
37 return super(J02, cls).__new__(cls, =xargs, skxkwargs)
38
39 return Add (x|
40 Cco2(j2, jl, dt) =*
41 ksi[jl, i1] = ksi[j2, i2]
42 for j2 in range(q + 1)
43 for jl1 in range(q + 1)])
44
45 def doit(self, xxhints):
46 77y
47 Tries to expand or calculate function
48 Returns
49
50 Jo2
51 oy
52 return J02(*self.args, *xhints)

*(i142)

Listing 103: Approximation of iterated Stratonovich stochastic integral |

(ll)Terl?Tp

1 |from sympy import Function, sympify, Number, Add
2

3 |from mathematics.sde.nonlinear.symbolic. coefficients.cll import Cl11
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© 0 N O Ut

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52

Listing 104: Approximation of iterated Stratonovich stochastic integral [

1

class J11(Function):

999

Iterated Stratonowvich stochastic integral

299

nargs = 5

def __new__(cls, *args, sxkwargs):
Creates new J11 object with given args

Parameters

11 : int
integral indezx
12 : int
integral index
q : int
amount of terms in approximation of
iterated Stratonovich stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random variables
Returns
sympy . Expr
formula to simplify and substitute

299

il, i2, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and
isinstance (i2, Number)):

return super(J1l, cls).__new__(cls, xargs, sxkwargs)

return Add (x|
C11(j2, jl, dt) =*
ksi[jl, il] * ksi[j2, i2]
for j2 in range(q + 1)
for jl1 in range(q + 1)])

def doit(self, xxhints):

999 9

Tries to expand or calculate function

Returns

J11

299

return J11(xself.args, xxhints)

*(11921314)
(1000)Tp+1,7p

from sympy import Function, Number, sympify, Add ‘
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from mathematics.sde.nonlinear.symbolic. coefficients.cl000 import C1000

class J1000(Function):

299

Iterated Stratonovich stochastic

999

integral

nargs = 7

def __new__(cls, *args, sxkwargs):

9929

Creates new J1000 object with given args

Parameters

i1 ¢ int
integral index
12 : int
integral indezx
13 oant
integral index
4 : oint
integral indezx
q : int
amount of terms in approximation of
tterated Stratonovich stochastic integral
dt : float
delta time
kst : numpy.ndarray
matriz of Gaussian random variables

Returns

sympy . Expr

formula to simplify and substitute

9999

il, i2, i3, i4, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and

isinstance (i2 , Number) and

isinstance (i3, Number) and
isinstance (i4, Number) and
isinstance(q, Number)):
return super(J1000, cls).__new__(cls, *args, sxkwargs)

return Add (x|
C1000(j4, j3, j2, jl, dt) *
ksi[jl, il] = ksi[j2, i2] = ksi[j3, i3] = ksi[j4, i4]
for j4 in range(q + 1)
for j3 in range(q + 1)
)
)

(
for j2 in range(q + 1
for jl1 in range(q + 1)])

def doit(self, #+hints):

9999

Tries to expand or calculate function
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57 Returns

58

59 J1000

60 7

61 return J1000(*self.args, #xhints)

*(114921314)

Listing 105: Approximation of iterated Stratonovich stochastic integral [(0100)Terl -

1 |from sympy import Function, Number, sympify, Add
2

3 |from mathematics.sde.nonlinear.symbolic. coefficients.c0100 import C0100
4

5

6 | class J0100(Function):

” D)

8 Iterated Stratomnovich stochastic integral

9 9

10 nargs = 7

11

12 def __new__(cls, *args, sxkwargs):

13 7y

14 Creates mew J0100 object with given args
15 Parameters

16

17 i1 : int

18 integral index

19 12 @ oant

20 integral index

21 13 : int

22 integral index

23 4 : int

24 integral indezx

25 q : int

26 amount of terms in approximation of

27 iterated Stratomovich stochastic integral
28 dt : float

29 delta time

30 ksi : nmumpy.ndarray

31 matriz of Gaussian random variables

32 Returns

33

34 sympy . Expr

35 formula to simplify and substitute

36 7

37 il, i2, i3, i4, q, dt, ksi = sympify(args)
38

39 if not (isinstance(il, Number) and

40 isinstance (i2, Number) and

41 isinstance (i3, Number) and

42 isinstance (i4, Number) and

43 isinstance(q, Number)):

44 return super(J0100, cls).__new__(cls, xargs, sxkwargs)
45
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46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61

Listing 106: Approximation of iterated Stratonovich stochastic integral [
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return Add (*]
C0100(j4, j3, j2, jl, dt) =
ksi[jl, il] % ksi[j2, i2] = ksi[j3, i3] = ksi[j4, i4]
for j4 in range(q + 1)
for j3 in range(q + 1)
for j2 in range(q + 1)
)

for jl1 in range(q + 1)])

def doit(self, *xhints):

299

Tries to expand or calculate function

Returns

J0100

299

return J0100(*self.args, *xhints)

w(i1iizis)
(0010)7p41,7p

from sympy import Function, sympify, Number, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c0010 import CO0010

class J0010 (Function):

99 9

Iterated Stratomovich stochastic integral

2999

nargs = 7

def __new__(cls, =*args, sxxkwargs):
Creates mew J0010 object with given args

Parameters

i1 @ int
integral indezx
12 oant
integral index
13 : int
integral index
13 oant
integral index
q : int
amount of terms in approximation of
iterated Stratomovich stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random variables

Returns

sympy . Expr
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35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61

Listing 107: Approximation of iterated Stratonovich stochastic integral [

© 00 N O Ut W N

NN N N = e e e e e e e e
W N = O © 0 O U i W N = O

formula to simplify and substitute

299 9

il, i2, i3, i4, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and
isinstance (i2, Number) and
isinstance (i3, Number) and

i4 , Number

( )

( ) and
isinstance (g, Number)):

( ) -

isinstance

return super(J0010, cls).__new__(cls, *args, sxkwargs)
return Add (x|
C0010(j4, j3, j2, jl, dt) =
ksi[jl, i1] = ksi[j2, i2] =* ksi[j3, i3] % ksi[j4d, i4]
for j4 in range(q + 1)
for j3 in range(q + 1)
for j2 in range(q + 1)
for jl1 in range(q + 1)])

def doit(self , xxhints):

299

Tries to expand or calculate function

Returns

J0010

299

return J0010(*self.args, #+hints)

w(i1iizis)
(0001)Tp41,7p

from sympy import Function, Number, sympify, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c0001 import C0001

class J0001(Function):

999

Iterated Stratomovich stochastic integral

299

nargs = 7

def __new__(cls, =*args, sxxkwargs):
Creates new J0001 object with given args

Parameters

11 : int
integral index
12 : oant
integral index
13 ¢ int
integral indezx
14 : int
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24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61

Listing 108: Approximation of iterated Stratonovich stochastic integral [
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integral index
q : int
amount of terms in approzimation of
iterated Stratonovich stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random wvariables

Returns

sympy . Expr

formula to simplify and substitute

999 9

il, i2, i3, i4, q, dt, ksi = sympify(args)

if not (isinstance(il, Number) and

isinstance (i2, Number) and

isinstance (i3, Number) and
isinstance (i4, Number) and
isinstance(q, Number)):
return super(J0001, cls).__new__(cls, *args, sxkwargs)

return Add (x|
C0001(j4, j3, j2, jl, dt) *
ksi[jl, il] = ksi[j2, i2] * ksi[j3, i3] * ksi[j4, i4]
for j4 in range(q + 1)
for j3 in range(q + 1)
for j2 in range(q + 1)
)

for jl1 in range(q + 1)])

def doit(self, *xhints):

999 9

Tries to expand or calculate function

Returns

J0001

299

return J0001(*self.args, #+xhints)

(000000)7p 11,7

from sympy import Function, Number, sympify, Add

from mathematics.sde.nonlinear.symbolic. coefficients.c000000 import C000000

class J000000 (Function):

2999

Iterated Stratonowvich stochastic integral

299

nargs = 9

def __new__(cls, *args, sxkwargs):
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13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67

999

Creates new J000000 object with given args

Parameters

i1 : int

integral index

12 ¢ oant
integral indezx
13 oant
integral index
14 : int
integral index
15 oant

integral index
16 : int
integral index
q : int
amount of terms in approzimation of
iterated Stratonovich stochastic integral
dt : float
delta time
ksi : numpy.ndarray
matriz of Gaussian random wvariables

Returns

sympy . Expr

formula to simplify and substitute

999 9

il, i2, i3, i4, i5, i6, q, dt, ksi = sympify (args)

if not (isinstance(il, Number) and

isinstance (i2, Number) and

isinstance (i3, Number) and
isinstance (i4, Number) and
isinstance (i5, Number) and

) and

isinstance(q, Number) and
dt, Number)) :
J

000000, cls).__new__(cls, *xargs, xxkwargs)

(
(
(
isinstance (i6 , Number
(
isinstance (
(

return super

return Add (x|
C000000(j6, j5, j4, j3, j2, jl, dt) =
ksi[j1, il] * ksi[j2, i2] * ksi[j3, i3] =*
ksi[j4, i4] = ksi[j5, i5] = ksi[j6, i6]
for j6 in range(q +
for j5 in range

for j4 in range

for j2 in range

+ 4+ + o+

(
(
for j3 in range(
(
(

for jl1 in range

def doit(self, *xhints):

99

Tries to expand or calculate function

Returns
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68
69
70
71

J000000

299

return J000000 (xself.args, *xhints)

6.2.5 Source Codes for Calculation of the Numbers ¢, ¢,..., ¢i5

© 00 N O Ut ks W N
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Listing 109: Calculation of the numbers ¢, q1,..., ¢35

from mathematics.sde.nonlinear.symbolic. coefficients.c import C

def solve_q(i):
Calculates wvalue for iteration of loop

Parameters

1 :oant
amount of members

Returns

values : float

value for iteration of loop that calculates amount of q
return 1 / 4 — 1 / 2 % sum(]

1/ (4 = j %x 2 — 1)

for j in range(l, i + 1)

1)

def solve_ql(i):
Calculates wvalue for iteration of loop

Parameters

i oant
amount of members

Returns

values : float

value for iteration of loop that calculates amount of q
return 1 / 6 — 1 / 64 % sum(]

(2 % j1 + 1) =

(2 % j2 + 1) =

(2 * j3 + 1) «

C((jl, j2, j3), (0, 0, 0)) #x 2
for jl1 in range(i + 1)
for j2 in range(i + 1)
for j3 in range(i + 1)
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43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
"
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97

def solve_q2(i):

999

Calculates wvalue for iteration of loop

Parameters

i oant
amount of members
Returns

values float

value for
return 1 / 4 — 1 / 64 % sum(]

(2 * j1 + 1) =

(2 % j2 + 1) =

(C((T, j2), (0, 1)) * 2)

for jl1 in range(i + 1)

for j2 in range(i + 1)

1)

def solve_q2_optional (i):

299

Calculates wvalue for iteration of loop

Parameters

1 oant

amount of members
Returns
values float

value for
return 1 / 12 — 1 / 64 % sum(|

(2 *x j1 + 1) =

(2 x j2 + 1) =

(C((L, j2), (1, 0)) * 2)

for jl1 in range(i + 1)

for j2 in range(i + 1)

1)

def solve_qg3(i):

99 9

Calculates wvalue for iteration of loop

Parameters

v oint
amount of members

Returns

float

value for

values

iteration of loop that

iteration of loop that calculates amount of q

iteration of loop that calculates amount of q

calculates amount of q
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98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120

122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150

152

99 9

return

(2
(2
(2
(2

*

*

*

*

1/ 24 —1/ 256 % sum(|
jl1 + 1
j2 + 1
j3 + 1
j4 + 1
(C((j1, j2, j3, j4),

for j1

for j2
for j3
for j4

in
in
in

in

) *
) *
) *
)

*

(0, 0, 0, 0)) *x 2)

range(i + 1)

range

i+

1)

range(i + 1)

(
(
(
(

range(i + 1)

def solve_q4(i):

99 9

Calculates wvalue for

Parameters

%

int

amount of members

Returns

values

return

(2
(2
(2
(2
(2
(C
for
for
for

for

for

*

*

*

*

*

float

value for

2929

iteration of loop that calculates amount of q

1/ 120 —

jl
j2
j3
j4
j5

jl
j2
i3
j4
jd

++ + +

_l’_

in
in
in
in

in

*

def solve_g5(i):

999 9

1/ (32 #x 2) * sum(|

+ 4+ + 4+ +

Calculates wvalue for

Parameters

7

int

amount of members

Returns

values

return 1 / 60 — 1 / 256 * sum(|

float

value for

999

iteration of loop that calculates amount of q

(2 % j1 + 1) =

iteration of loop

i5),

1)
1)
1)
1)
1)

iteration of loop

(0, 0, 0, 0, 0)) =x 2)
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153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207

(2 * j2 + 1) =

(C((J1, j2), (2, 0)) =*x 2)
for jl1 in range(i + 1)

for j2 in range(i + 1)

def solve_q6(i):

999 9

Calculates wvalue for iteration of loop

Parameters

1 oant
amount of members

Returns

float

value for

999

values

iteration of loop that

return 1 / 18 — 1 / 256 * sum(|
(2 % j1 + 1) =
(2 % j2 + 1) =
(C(GT, j2), (1, 1)) * 2)
for jl1 in range(i + 1)
for j2 in range(i + 1)

1)

def solve_q7(i):

2999

Calculates wvalue for iteration of loop

Parameters

i oant
amount of members
Returns

values float

value for
» 0
return 1 / 6 — 1 / 256 % sum(|
(2 * j1 + 1) =
(2 % j2 + 1) *
(C((31, j2), (0, 2)) *x 2)
for jl1 in range(i + 1)
for j2 in range(i + 1)

1)

def solve_q8(i):

999 9

Calculates wvalue for iteration of loop

Parameters

i oant

calculates amount of q

iteration of loop that calculates amount of q
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208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262

amount of members
Returns
values float

value for
99
return 1 / 10 — 1 / 256 * sum(|

(2 * j1 + 1) =

(2 * j2 + 1) «

(2 * j3 + 1) =

(C((j1, j2, j3), (0, o,

for jl1 in range(i + 1)

1)) =% 2)
(

for j2 in range(i + 1)
for j3 in range(i + 1)

def solve_q9(i):

999

Calculates wvalue for iteration of loop

Parameters

i oant
amount of members
Returns

values float

value for

2999

return 1 / 20 — 1 / 256 * sum(|
(2 * j1 + 1) =
(2 % j2 + 1) *
(2 * j3 + 1) =
(e, j2, j3),
for j1

(0, 1, 0)) *x 2)
in range(i + 1)
for j2 in range(i + 1)
(

for j3 in range(i + 1)

def solve_ql0(i):

99 9

Calculates wvalue for iteration of loop

Parameters

i oint
amount of members

Returns

float

value for

2929

values

return 1 / 60 — 1 / 256 * sum(|
(2 % j1 + 1) «
(2 % j2 + 1) =

iteration of loop that calculates amount of q

iteration of loop that calculates amount of q

iteration of loop that calculates amount of q
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263
264
265
266
267
268
269
270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317

(2 % j3 + 1) =
(C((31, j2, j3), (L, 0, 0)) =*x 2)
for jl1 in range(i + 1)

for j2 in range(i + 1)

for j3 in range(i + 1)

def solve_qll(i):
Calculates wvalue for

Parameters

1 :oant

amount of members
Returns
values float
value for

99 9

return 1 / 36 — 1 / (32 *x 2) * sum(|

(2 = j1 + 1) =

(2 x j2 + 1) =

(2 % j3 + 1) «

(2 = j4 + 1) =

(C((jt, j2, i3, ja), (0, 0, 0,
for jl1 in range(i + 1)

for j2 in range(i + 1)

for j3 in range(i + 1)

for j4 in range(i + 1)

def solve_ql2(i):
Calculates wvalue for

Parameters

v o oint
amount of members

Returns

float

value for

2999

values

return 1 / 60 — 1 / (32 *x 2) * sum(|

(2 % j1 + 1
2 % j2 + 1
2 x j3 +1
2 % j4 4+ 1
C((j1, j2, i3, j4),

(
(
( *
( (0, o,
for jl in range(i + 1)
for j2 in range(i + 1)
for j3 in range(i + 1)
for j4 in range(i + 1)

iteration of loop

iteration of loop that calculates amount of q

1)) *x 2)

iteration of loop

iteration of loop that calculates amount of q

1, 0)) *x 2)
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318
319
320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362
363
364
365
366
367
368
369
370
371
372

def solve_ql3(i):

999 9

Calculates wal

Parameters

v oint

ue for iteration of loop

amount of members

Returns

float
it

values

value for

2999

return 1 / 120

(2 = j1 + 1)
(2 % j2 + 1)
(2 = j3 + 1)
(2 = j4 + 1)
(©((j1, j2,
for jl in
for j2 in
for j3 in
for j4 in
1)

range (i
range (i
range(i + 1)
range(i + 1)

eration of loop that calculates amount of q

— 1 / (32 *x 2) * sum(|
i3, i4), (0,
i+ 1)
i+ 1)

1, 0, 0)) *x 2)

def solve_ql4(i):

2999

Calculates wval

Parameters

i oant

ue for iteration of loop

amount of members

Returns

values float

value for it

299

return 1 / 360

eration of loop that calculates amount of q

— 1 / (32 %% 2) x sum(|

(2 * j1 + 1) =

(2 % j2 + 1) *

(2 * j3 + 1) =

(2 % j4 + 1) =

(C((31, j2, i3, j4), (1, 0, 0, 0)) * 2)
for jl1 in range(i + 1)

for j2 in range(i + 1)

for j3 in range(i + 1)

for j4 in range(i + 1)

1)

def solve_ql15(i):

299
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373
374
375
376
377
378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427

Calculates wvalue for iteration of loop

Parameters

i oant
amount of members
Returns

values float

value for

299

iteration of loop that calculates

amount of q

return 1 / 720 — 1 / (64 #x 2) % sum(]
(2 * j1 + 1) =
(2 % j2 + 1) =
(2 * j3 + 1) =
(2 x j4 + 1) =
(2 * j5 + 1) =
(2 = j6 + 1) =
(C((j1, j2, j3, j4, j5, j6), (0, 0, 0, 0, O, 0)) **x 2)
for jl1 in range(i + 1)
for j2 in range(i + 1)
for j3 in range(i + 1)
for j4 in range(i + 1)
for j5 in range(i + 1)
for j6 in range(i + 1)
)
solvers = |
solve_q, solve_ql, solve_q2, solve_q3, solve_q8,
solve_q9, solve_ql0, solve_q4, solve_q7, solve_q6 ,
solve_q5, solve_qll, solve_ql2, solve_ql3,
solve_ql4 , solve_ql5,
]
dt_degrees = |
(1],
2, 1],
3, 2, 1, 1],
(4, 3, 2, 2,1, 1, 1, 1],
[5, 4, 3, 3,2,2,2, 2,1, 1, 1,1, 1, 1, 1, 1],
]
g-ranges = |
1, 2, 4, 8, 16
]
def loop(dt: float, k: float, degree: int, solver):

999

Loop that chooses amount of q that provides mnecessary accuracy

Parameters

dt : float
delta time
k : float
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428
429
430
431
432
433
434
435
436
437
438
439
440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469
470
471

user chosen coefficient of accuracy
degree : int
degree of dt depending on q
solver : function
function that
Returns
i oant
amount of q
92
i=0
while True:
if solver (i) <= k * dt *x degree:
break
i4=1

return i

def get_q(dt: float, k: float, r: float):

99 9

Iterates solvers and get q values necessary to
achieve given accuracy

Parameters

dt: float

integration step
k: float

user chosen coefficient of accuracy
r: float

strong numerical scheme order

Returns

gs-result: tuple

q values

99 9

gs-result = []

degree = int(r * 2)

range_id = degree — 2

for q-id in range(q-ranges|[range_id]):

gs-result .append (loop (dt, k, dt_degrees|[range_id][q-id],

return tuple(qgs-result)

solvers [q-id]))

6.2.6 Source Codes for Strong Taylor—It6 Numerical Schemes with
Convergence Orders 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 for It6 SDEs

1

Listing 110: Euler scheme modeling subprogram

import logging
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from time import time

import numpy as np

from sympy import lambdify , Matrix, symbols, MatrixSymbol, Symbol

from mathematics.sde.nonlinear.symbolic.schemes.euler import Euler

def euler(y0: np.array, a: Matrix, b: Matrix, times: tuple):
Performs modeling of Euler scheme

Parameters

y0 : numpy.ndarray
initial conditions
a : numpy.ndarray
vector fumction a
b : numpy.ndarray
matriz function b
times : tuple
integration limits and step

Returns

y : numpy.ndarray
vector of solution

t o list
list of time moments

999 9

start_time = time ()

logger = logging.getLogger(_-_name__)

logger.info (f” [{(time() — start_-time):.3f} seconds]| Euler start”)

# Ranges

n = b.shape[0]
m = b.shape [1]
tl = times [0]
dt = times [1]
t2 times [2]

# Defining context
args = symbols(f"x1:{n + 1}”)
ticks = int ((t2 — t1) / dt)

# Symbols

sym_i, sym_t = Symbol(”i”), Symbol(”t”)

sym_ksi = MatrixSymbol(” ksi”, 1, m)

sym_.y = Euler(sym_i, Matrix(args), a, b, dt, sym_ksi)

args_extended = list ()
args_extended . extend (args)

args_extended .extend ([sym_t, sym_ksi])

# Compilation of formulas
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57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
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y-compiled = list ()

for tr in range(n):

y-compiled .append (lambdify (args-extended , sym-y.subs(sym-i, tr), ”numpy”))

logger.info (f” [{(time() — start_time):.3f} seconds] Euler subs are finished”)

# Substitution wvalues

t = [tl + i * dt for i in range(ticks)]
y = np.zeros ((n, ticks))

v[:, 0] = y0[:, 0]

# Dynamic substitutions with integration

for p in range(ticks — 1):
values = [*xy[:, p], t[p], np.random.randn (1, m)]
for tr in range(n):

y[tr, p + 1] = y_compiled[tr](*values)

logger.info (f” [{(time() — start_-time):.3f} seconds]| Euler calculations are finished”)

return y, t

Listing 111: Euler scheme

from sympy import Function, sympify, Add

from mathematics.sde.nonlinear.symbolic.ito.i0 import I0

class Euler (Function):

99 9

Euler scheme

2929

nargs = 6

def __new__(cls, xargs, sxkwargs):
”
Creates mew FEuler object with given args

Parameters

v oant

component of stochastic process
yp @ numpy.ndarray

initial conditions
a : numpy.ndarray

algebraic, given in the wvariables = and t
b : numpy.ndarray

algebraic, given in the variables z and t
dt : float

integration step
ksi : numpy.ndarray

matriz of Gaussian random variables

Returns
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32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
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sympy . BExpr

formula to simplify and substitute

299

i, yp, a, b, dt, ksi = sympify(args)
n, m = b.shape[0], b.shape[1]

return Add(

yp[iv 0}7 a[i7 0} * dt,

#[b[i, il] * I0(il, dt, ksi)

for il in range(m) |

def doit(self, *xhints):

999 9

Tries to expand or calculate function

Returns

sympy . Expr

299

return Euler(xself.args, #xhints)

Listing 112: Milstein scheme modeling subprogram

import logging

from time import time

import numpy as np

from sympy import symbols, MatrixSymbol, Matrix, lambdify

from mathematics.sde.nonlinear.q import get_q

from mathematics.sde.nonlinear.symbolic.schemes. milstein import Milstein

def milstein(y0: np.array, a: Matrix, b: Matrix, k: float, times: tuple):
Performs modeling of Milstein scheme

Parameters

y0 : numpy.ndarray
initial conditions
a : numpy.ndarray
vector fumction a
b : numpy.ndarray
matriz function b
q : tuple
amount of independent random wvariables
times : tuple
integration limits and step

Returns
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28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
"
78
79
80
81

Yy : numpy.ndarray
vector of solution

t : list
list of time moments

999 9

start_time = time ()

logger = logging.getLogger(__name__)

logger.info (f” [{(time() — start_-time):.3f} seconds]| Milstein start”)

# Ranges

n = b.shape[0]
m = b.shape[1]
t1 times [0]
dt times [1]
t2 = times [2]

# Defining context

args = symbols(f’x1:{n + 1}”)

ticks = int ((t2 — t1) / dt)

q = get_q(dt, k, 1)

logger.info (f” [{(time() — start_time):.3f} seconds] Using C = {k}”)
logger.info (f” [{(time() — start_time):.3f} seconds] Using dt = {dt}”)
logger.info (f” [{(time() — start_-time):.3f} seconds]| Using q = {q}”)

# Symbols

sym_i, sym_t = symbols(”i t”)

sym_ksi = MatrixSymbol(” ksi”, q[0] + 2, m)

sym.y = Milstein (sym_i, Matrix(args), a, b, dt, sym_ksi, args, q)

args_extended = list ()
args_extended . extend (args)

args_extended . extend ([sym_t, sym_ksi])
# Compilation of formulas
y-compiled = list ()
for tr in range(n):
y-compiled .append (lambdify (args_extended , sym_y.subs(sym-i, tr), ”"numpy”))

logger .info (f” [{(time() — start_time):.3f} seconds] Milstein subs are finished”)

# Substitution values

t = [tl + i * dt for i in range(ticks)]
y = np.zeros ((n, ticks))
y[:, 0] = y0[:, 0]

# Dynamic substitutions with integration

for p in range(ticks — 1):

values = [*y[:, p], t[p], np.random.randn(q[0] + 2, m)]
for tr in range(n):
y[tr, p + 1] = y-compiled[tr](*values)
logger.info (f” [{(time() — start_time):.3f} seconds] Milstein calculations are finished”

)
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return y, t
Listing 113: Milstein scheme
from sympy import Function, sympify, Add
from mathematics.sde.nonlinear.symbolic.g import G
from mathematics.sde.nonlinear.symbolic.ito.i0 import I0
from mathematics.sde.nonlinear.symbolic.ito.i00 import I00
class Milstein (Function):

Milstein scheme

999 9

nargs = 8

def __new__(cls, *args, sxkwargs):

» oy
Creates new Milstein object with given args

Parameters

v oant
component of stochastic process
yp numpy . ndarray
initial conditions
a : numpy.ndarray
algebraic, given in the variables z and t
b : numpy.ndarray
algebraic , in the variables x and t
float
integration step
kst

matriz of Gaussian random variables

given
dt

numpy . ndarray

q : tuple

amounts of q for integrals approzxzimations

Returns

sympy . Expr

formula to simplify and substitute

299 9

yp, b, dt, ksi, dxs, q = sympify (args)

n, m = b.shape[0], b.shape[1]

i: a,

return Add(
0] = dt,

«[b[i, i1] * I0(il, dt,

for il in range(m)],

ksi)

*[G(b[:, il], b[i, i2], dxs) =
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49
50
51
52
53
54
55
56
57
58
59
60
61
62

100(il, i2, q[0], dt, ksi)
for i2 in range(m)

for il in range(m) |

def doit(self, xxhints):

9999

Tries to expand or calculate function
Returns

sympy . Expr

999 9

return Milstein (xself.args, *xhints)

Listing 114: Strong Taylor—It6 scheme with convergence order 1.5 modeling subpro-

gram
1 |import logging
2 |from time import time
3
4 |import numpy as np
5 |from sympy import Matrix, symbols, MatrixSymbol, lambdify
6
7 |from mathematics.sde.nonlinear.q import get_q
8 |[from mathematics.sde.nonlinear.symbolic.schemes.strong_taylor_ito_-1p5 import
StrongTaylorItolp5
9
10
11 | def strong_taylor_ito_1p5(y0: np.array, a: Matrix, b: Matrix, k: float, times: tuple):
12 o
13 Performs modeling of Strong Taylor—Ito scheme with convergence order 1.5
14 Parameters
15
16 y0 : numpy.ndarray
17 initial conditions
18 a : numpy.ndarray
19 vector fumction a
20 b : numpy.ndarray
21 matriz function b
22 k : float
23 precision constant
24 times : tuple
25 integration limits and step
26 Returns
27 =
28 y : numpy.ndarray
29 vector of solution
30 t o list
31 list of time moments
32 rr
33 start_time = time ()
34
35 logger = logging.getLogger(_-_name__)
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37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

69
70
71
72
73
74
75
76
7
78
79
80
81

82
83

1

logger .info (f” [{(time() — start_time):.3f} seconds] Strong Taylor—Ito 1.5 start”)

# Ranges

n = b.shape[0]
m = b.shape[1]
tl = times [0]
dt = times[1]
t2 = times [2]

# Defining context

args = symbols({”x1:{n + 1}”)

ticks = int ((t2 — t1) / dt)

q = get_q(dt, k, 1.5)

logger .info (f” [{(time() — start_time):.3f} seconds] Using C = {k}”)
logger.info (f” [{(time() — start_time):.3f} seconds] Using dt = {dt}”)
logger.info (f” [{(time() — start_time):.3f} seconds] Using q = {q}”)

# Symbols

sym_i, sym_t = symbols(”i t”)

sym_ksi = MatrixSymbol(” ksi”, q[0] + 2, m)

sym.y = StrongTaylorItolp5 (sym-i, Matrix(args), a, b, dt, sym_ksi, args, q)

args_extended = list ()
args_extended . extend (args)

args_extended . extend ([sym_t, sym_ksi])

# Compilation of formulas
y-compiled = list ()
for tr in range(n):

y-compiled .append (lambdify (args_extended , sym_y.subs(sym_i, tr), ”numpy”))

logger.info (f” [{(time() — start_-time):.3f} seconds]| Strong Taylor—Ito 1.5 subs are
finished”)

# Substitution wvalues

t = [tl + i * dt for i in range(ticks)]
y = np.zeros ((n, ticks))
y[:, 0] =y0[:, 0]

# Dynamic substitutions with integration

for p in range(ticks — 1):
values = [*y[:, p], t[p], np.random.randn(q[0] + 2, m)]
for tr in range(n):

y[tr, p + 1] = y_compiled[tr](*values)

logger.info (f” [{(time() — start_time):.3f} seconds] Strong Taylor—Ito 1.5 calculations

are finished”)

return y, t

Listing 115: Strong Taylor—It6 scheme with convergence order 1.5

from sympy import Function, sympify, Add ‘
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from mathematics.sde.nonlinear.symbolic.g import G

from mathematics.sde.nonlinear.symbolic.ito.i0 import I0
from mathematics.sde.nonlinear.symbolic.ito.i00 import I00
from mathematics.sde.nonlinear.symbolic.ito.i000 import I000
from mathematics.sde.nonlinear.symbolic.ito.il import I1

from mathematics.sde.nonlinear.symbolic.]l import L

class StrongTaylorItolp5 (Function):

2929

Strong Taylor—Ito scheme with convergence order 1.5

999 9

nargs = 8

def __new__(cls, *args, xxkwargs):
Creates mew StrongTaylorItolp5 object with given args

Parameters

v oant
component of stochastic process
yp : numpy.ndarray
initial conditions
a : numpy.ndarray
algebraic, given in the variables z and t
b : numpy.ndarray
algebraic , given in the wvariables = and t
dt : float
integration step
ksi : numpy.ndarray
matriz of Gaussian random variables
q : tuple
amounts of q for stochastic integrals approximations

Returns

sympy . Expr

formula to simplify and substitute

999 9

i, yp, a, b, dt, ksi, dxs, q = sympify(args)
n, m = b.shape[0], b.shape[1]

return Add(

yp[i, 0], a[i, O] * dt,

#[b[i, i1] * I0(il, dt, ksi)

for il in range(m)],

*[G(b[:, il], b[i, i2], dxs) =
100 (i1, i2, q[0], dt, ksi)
for i2 in range(m)

for il in range(m)],

«[G(b[:, il], a[i, 0], dxs) =
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(dt = I0(il, dt, ksi) + I1(il, dt, ksi)) —
L(a, b, b[i, il], dxs) x
11(il, dt, ksi)

for il in range(m)],

*[G(b[:, 11], G(b[:, i2], b[i, i3], dxs), dxs) =
1000 (i1, i2, i3, q[1], dt, ksi)

for i3 in range(m)

for i2 in range(m)

for il in range(m)],

dt *x 2 / 2 % L(a, b, a[i, 0], dxs)

def doit (self,

999 9

xkhints):

Tries to expand or calculate function

Returns

sympy . Expr

299

return StrongTaylorItolp5 (xself.args, *xhints)

Listing 116: Strong Taylor—1t6 scheme with convergence order 2.0 modeling subpro-

gram
1 [import logging
2 |[from time import time
3
4 |import numpy as np
5 |[from sympy import symbols, Matrix, MatrixSymbol, lambdify
6
7 |from mathematics.sde.nonlinear.q import get_q
8 |from mathematics.sde.nonlinear.symbolic.schemes.strong_taylor_ito_2p0 import
StrongTaylorIto2p0
9
10
11 |def strong_-taylor_ito_2p0(y0: np.array, a: Matrix, b: Matrix, k: float, times: tuple):
12 nrr
13 Performs modeling of Strong Taylor—Ito scheme with convergence order 2.0
14 Parameters
15
16 y0 : numpy.ndarray
17 initial conditions
18 a : numpy.ndarray
19 vector fumction a
20 b : numpy.ndarray
21 matriz function b
22 k : float
23 precision constant
24 times tuple
25 integration limits and step
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46
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62
63
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69
70
71
72
73
74
75
76
T
78
79

Returns

y : numpy.ndarray
vector of solution

t : list
list of time moments

» N
start_time = time ()

logger = logging.getLogger(-_name__)

logger .info (f” [{(time() — start_time):.3f} seconds] Strong Taylor—Ito 2.0 start”)

# Ranges

n = b.shape [0]
m = b.shape [1]
t1 = times[0]
dt = times[1]
t2 = times [2]

# Defining context

args = symbols(f”x1:{n + 1}”)

ticks = int ((t2 — t1) / dt)

q = get_q(dt, k, 2)

logger.info (f” [{(time() — start_-time):.3f} seconds]| Using C = {k}”)
logger.info (f” [{(time() — start_time):.3f} seconds] Using dt = {dt}”)
logger.info (f” [{(time() — start_time):.3f} seconds] Using q = {q}”)

# Symbols

sym_i, sym_t = symbols(”i t”)

sym_ksi = MatrixSymbol(”ksi”, q[0] + 2, m)

sym.y = StrongTaylorIto2p0(sym-i, Matrix(args), a, b, dt, sym_ksi, args, q)

args_extended = list ()
args_extended . extend (args)

args_extended .extend ([sym-t, sym_ksi])

# Compilation of formulas
y-compiled = list ()
for tr in range(n):

y-compiled .append (lambdify (args-extended , sym-y.subs(sym-i, tr), ”numpy”))

logger.info (f” [{(time() — start_time):.3f} seconds] Strong Taylor—Ito 2.0 subs are
finished”)

# Substitution values

t = [tl + i * dt for i in range(ticks)]
y = np.zeros ((n, ticks))

y[:, 0] = yo[:, 0]

# Dynamic substitutions with integration
for p in range(ticks — 1):
values = [xy[:, p|], t[p], np.random.randn(q[0] + 2, m)]

for tr in range(n):

y[tr, p + 1] = y-compiled[tr](*values)
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logger.info (f” [{(time() — start_time):.3f} seconds]

are finished”)

return y, t

Listing 117: Strong Taylor—It6 scheme with convergence order 2.0

from sympy import Function ,

from mathematics.
from mathematics.
from mathematics.
from mathematics.
from mathematics.
from mathematics.
from mathematics.
from mathematics.

from mathematics.

sde .
sde .
sde .
sde .
sde.
sde .
sde .
sde .
sde.

nonlinear .
nonlinear .
nonlinear.
nonlinear .
nonlinear .

nonlinear .

nonlinear

nonlinear

nonlinear .

sympify ,

symbolic

symbolic .
symbolic .
symbolic .
symbolic .
symbolic .
.symbolic.
.symbolic.

symbolic .

class StrongTaylorIto2p0 (Function):

999 9

Add

.g import G

ito

ito

ito.
ito.
ito.
ito.

ito.

i0 import I0

i00 import 100
i000 import 1000
i0000 import 10000
i01 import 101

.il import I1

.i10 import I10

1 import L

Strong Taylor—Ito scheme with convergence order 2.0

2929

nargs = 8

def __new__(cls,

299

*args ,

xkkwargs) :

Creates new StrongTaylorlito2p0 object with given args

Parameters

i oant

component of stochastic process

yp : numpy.ndarray

initial conditions

a : numpy.ndarray

algebraic ,

b : numpy.ndarray

algebraic ,
dt : float

given in the

given in the

integration step

kst : numpy.ndarray

matriz of Gaussian random variables

q : tuple

amounts of q for stochastic

Returns

sympy . Expr

integrals

formula to simplify and substitute

299

i7 yp7 a" b7

dt ,

variables x and t

variables x and t

approximations

ksi, dxs, q = sympify(args)

n, m = b.shape[0], b.shape[1]
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return Add(

yp[i, O], a[i, O] % dt,

«[b[i, i1] % 10(il, dt, ksi)
for il in range(m)],

*[G(b[:, il1], b[i, i2], dxs) =
100 (il, i2, q[0], dt, ksi)
for i2 in range(m)

for il in range(m)],

*[G(b[:, 11], a[i, 0], dxs) =x
(dt = T0(il, dt, ksi) + I1(il, dt, ksi)) —
L(a, b, b[i, il], dxs) =
I1(il1, dt, ksi)

for il in range(m)],

*[G(b[:, i1], G(b[:, i2],
1000 (il, i2, i3, q[1], dt
for i3 in range(m)
for i2 in range(m)

for il in range(m)],

dt *x 2 / 2 % L(a, b, a[i,

*[G(b[:, il1], L(a, b, b[i,
(110(il, i2, q[2], dt,

L(a, b, G(b[:, il], bJ[i,
G(b[:, i1], G(b[:, i2], a

(101 (i1, i2, q[2], dt,
for i2 in range(m)

for il in range(m)],

*[G(b[:, il], G(b[:,
10000 (i1, i2, i3,

for i4 in range(m)

12]7

for i3 in range(m)

for i2 in range(m)

for il in range(m) |

def doit (self

999

xxhints):

Tries to expand or calculate function

Returns

sympy . Expr

2”99

return StrongTaylorIto2p0 (xself.args,

b[i, i3], dxs), dxs) =
, ksi)
0], dxs),

ksi) — 101 (il,

ksi) + dt = 100(il,

G(b[:,
i4, q[3],

i2], dxs), dxs) =

i2, q[2], dt,
i2], dxs), dxs) * I10(il,
[i, 0], dxs), dxs) =

i2, q[0], dt,

ksi)) —

i2, q[2], dt, ksi) +

ksi))

i3 ] ’ b [ 1 ’
ksi)

i4], dxs), dxs), dxs) =*

dt,

#xhints)
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Listing 118: Strong Taylor—It6 scheme with convergence order 2.5 modeling subpro-

grarmm
1 |import logging
2 |from time import time
3
4 |import numpy as np
5 |[from sympy import symbols, Matrix, MatrixSymbol, lambdify
6
7 |from mathematics.sde.nonlinear.q import get_q
8 |[from mathematics.sde.nonlinear.symbolic.schemes.strong_taylor_ito_-2p5 import
StrongTaylorIto2p5
9
10
11 | def strong_taylor_ito_-2p5(y0: np.array, a: Matrix, b: Matrix, k: float, times: tuple):
12 7nr
13 Performs modeling of Strong Taylor—Ito scheme with convergence order 2.5
14 Parameters
15
16 y0 : numpy.ndarray
17 initial conditions
18 a : numpy.ndarray
19 vector fumction a
20 b : numpy.ndarray
21 matriz function b
22 k : float
23 precision constant
24 times : tuple
25 integration limits and step
26 Returns
27 —
28 Yy : numpy.ndarray
29 vector of solution
30 t : list
31 list of time moments
32 77y
33 start_time = time ()
34
35 logger = logging.getLogger(__name__)
36
37 logger.info (f” [{(time() — start_time):.3f} seconds] Strong Taylor—Ito 2.5 start”)
38
39 # Ranges
40 n = b.shape[0]
41 m = b.shape[1]
42 tl = times [0]
43 dt = times[1]
44 t2 = times [2]
45
46 # Defining context
47 args = symbols(f"x1:{n + 1}”)
48 ticks = int ((t2 — t1) / dt)
49 q = get_q(dt, k, 2.5)
50 logger .info (f” [{(time() — start_time):.3f} seconds] Using C = {k}”)
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logger.info (f” [{(time() — start_time):.3f} seconds] Using dt = {dt}”)
logger.info (f” [{(time() — start_time):.3f} seconds] Using q = {q}”)
# Symbols
sym_i, sym_t = symbols(”i t”)
sym_ksi = MatrixSymbol(” ksi”, q[0] + 3, m)
sym.y = StrongTaylorIto2p5 (sym-i, Matrix(args), a, b, dt, sym_ksi, args, q)
args_extended = list ()
args_extended .extend (args)
args_extended . extend ([sym_t, sym_ksi])
# Compilation of formulas
y-compiled = list ()
for tr in range(n):
y-compiled .append (lambdify (args_extended , sym_y.subs(sym_i, tr), ”numpy”))
logger.info (f” [{(time() — start_-time):.3f} seconds]| Strong Taylor—Ito 2.5 subs are
finished”)
# Substitution wvalues
t = [tl + i * dt for i in range(ticks)]
y = np.zeros ((n, ticks))
yl:, 0] =y0[:, 0]
# Dynamic substitutions with integration
for p in range(ticks — 1):
values = [*#y[:, p], t[p], np.random.randn(q[0] + 3, m)]
for tr in range(n):
y[tr, p + 1] = y_compiled[tr](*values)
logger.info (f” [{(time() — start_time):.3f} seconds] Strong Taylor—Ito 2.5 calculations
are finished”)
return y, t
Listing 119: Strong Taylor—It6 scheme with convergence order 2.5
from sympy import Function, sympify, Add
from mathematics.sde.nonlinear.symbolic.g import G
from mathematics.sde.nonlinear.symbolic.ito.i0 import I0
from mathematics.sde.nonlinear.symbolic.ito.i00 import 100
from mathematics.sde.nonlinear.symbolic.ito.i000 import 1000
from mathematics.sde.nonlinear.symbolic.ito.i0000 import 10000
from mathematics.sde.nonlinear.symbolic.ito.i00000 import 100000
from mathematics.sde.nonlinear.symbolic.ito.i001 import 1001
from mathematics.sde.nonlinear.symbolic.ito.i01 import I01
from mathematics.sde.nonlinear.symbolic.ito.i010 import 1010
from mathematics.sde.nonlinear.symbolic.ito.il import I1
from mathematics.sde.nonlinear.symbolic.ito.il0 import I10
from mathematics.sde.nonlinear.symbolic.ito.i100 import 1100
from mathematics.sde.nonlinear.symbolic.ito.i2 import I2
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from mathematics.sde.nonlinear.symbolic.]l import L

class StrongTaylorIto2p5 (Function):

999 9

Strong Taylor—Ito scheme with convergence order 2.5

2929

nargs = 8

def __new__(cls,

299

xargs , *xkwargs):
Creates mew StrongTaylorIto2pb object with given args

Parameters

i oant
component of stochastic process
yp numpy. ndarray

initial conditions
a : numpy.ndarray
algebraic , given in the wvariables = and t
b : numpy.ndarray
algebraic , in the variables x and t
float
integration step
ksi

matriz of Gaussian random wvariables

given
dt

numpy . ndarray

q : tuple

amounts of q for stochastic integrals approximations

Returns

sympy . BExpr

formula to simplify and substitute

299

iv yp, a, b, dt, kSi, dXS7 q =

n, m = b.shape[0], b.shape[1]

sympify (args)

return Add(

ypl[i, 0], a[i, 0] % dt,

«[b[i, i1] % 10(il, dt, ksi)

for il in range(m)],

«[G(b[:, il], b[i, i2], dxs) =

100(il, i2, q[0], dt, ksi)

for i2 in range(m)

for il in range(m)],

*[G(b[:, il], a[i, 0], dxs) =

(dt = 10(il, dt, ksi) + I1(il, dt, ksi)) —
L(a, b, b[i, il], dxs) =

11(il, dt, ksi)

for il in range(m)],

*[G(b[:, 11], G(b[:, i2], b[i, i3], dxs), dxs) =
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73
74
75
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80
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90
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92
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95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120

122
123
124
125

def doit(self, #+hints):

9999

Tries to expand or calculate function

1000 (il, i2, i3, q[1], dt, ksi)
for i3 in range(m)
for i2 in range(m)

for il in range(m)],

dt *x 2 / 2 % L(a, b, a[i, 0], dxs),

*[G(b[:, il1], L(a, b, b[i, i2], dxs), dxs) =

(110 (i1, i2, q[2], dt, ksi) — I01(il, i2, q[2], dt, ksi)) —

L(a, b, G(b[:, il], b[i, i2], dxs), dxs) * I10(il, i2, q[2], dt, ksi) +
G(b[:, il], G(b[:, i2], a[i, 0], dxs), dxs) =*

(101 (il, i2, q[2], dt, ksi) + dt = 100(il, i2, q[0], dt, ksi))

for i2 in range(m)

for il in range(m)],

*[G(b[:, il1], G(b[:, i2], G(b[:, i3], b[i, i4], dxs), dxs), dxs) =
10000 (il, i2, i3, i4, q[3], dt, ksi)

for i4 in range(m)

for i3 in range(m)

for i2 in range(m)

for il in range(m)],

*[G(b[:, il1], L(a, b, a[i, 0], dxs), dxs) =

(I2(i1, dt, ksi) / 2 + dt = I1(il, dt, ksi) + dt ** 2 / 2 % I0(il, dt, ksi)) +
L(a, b, L(a, b, b[i, il], dxs), dxs) = I2(il, dt, ksi) / 2 —

L(a, b, G(b[:, il1], a[i, 0], dxs), dxs) * (I2(il, dt, ksi) + dt =+ I1(il, dt, ksi))

for il in range(m)],

x[G(b[:, il1], L(a, b, G(b[:, i2], b[i, i3], dxs), dxs), dxs) =x

(1100 (il, i2, i3, q[6], dt, ksi) — I010(il, i2, i3, q[5], dt, ksi)) +
G(b[:, i1], G(b[:, i2], L(a, b, b[i, i3], dxs), dxs), dxs) =x*

(1010 (i1, i2, i3, q[5], dt, ksi) — 1001(il, i2, i3, q[4], dt, ksi)) +
G(b[:, il], G(b[:, i2], G(b[:, i3], a[i, 0], dxs), dxs), dxs) =

(dt * 1000(il, i2, i3, q[1], dt, ksi) + 1001(il, i2, i3, q[4], dt, ksi)) —
L(a, b, G(b[:, il1], G(b[:, i2], b[i, i3], dxs), dxs), dxs) =x*

1100 (i1, i2, i3, q[6], dt, ksi)

for i3 in range(m)

for i2 in range(m)

for il in range(m)],

*[G(b[:, i1], G(b[:, i2], G(b[:, i3], G(

b[:, i4], b[i, i5], dxs), dxs), dxs), dxs) =x
100000 (il, i2, i3, i4, i5, q[7], dt, ksi)
for i5 in range(m)

for i4 in range(m)

for i3 in range(m)

for i2 in range(m)

for il in range(m)],

dt *x 3 / 6 * L(a, b, L(a, b, a[i, 0], dxs), dxs)
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126 Returns

127

128 sympy . Expr

129 e

130 return StrongTaylorlto2p5 (xself.args, xxhints)

Listing 120: Strong Taylor—It6 scheme with convergence order 3.0 modeling subpro-

gram
1 |import logging
2 |from time import time
3
4 |import numpy as np
5 |[from sympy import Matrix, symbols, MatrixSymbol, lambdify
6
7 |from mathematics.sde.nonlinear.q import get_q
8 |[from mathematics.sde.nonlinear.symbolic.schemes.strong_taylor_ito_-3p0 import
StrongTaylorIto3p0
9
10

11 | def strong_taylor_-ito-3p0(y0: np.array, a: Matrix, b: Matrix, k: float, times: tuple):
12 »»»

13 Performs modeling of Strong Taylor—Ito scheme with convergence order 3.0
14 Parameters

15

16 y0 : numpy.ndarray

17 initial conditions

18 a : numpy.ndarray

19 vector fumction a

20 b : numpy.ndarray

21 matriz function b

22 k : float

23 precision constant

24 times : tuple

25 integration limits and step

26 Returns

27 —

28 Yy : numpy.ndarray

29 vector of solution

30 t : list

31 list of time moments

32 77y

33 start_time = time ()

34

35 logger = logging.getLogger(__name__)
36

37 logger.info (f” [{(time() — start_-time):.3f} seconds]| Strong Taylor—Ito 3.0 start”)
38

39 # Ranges

40 n = b.shape[0]
41 m = b.shape[1]
42 tl = times [0]
43 dt = times[1]
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t2 = times [2]
# Defining context
args = symbols(f”x1:{n + 1}”)
ticks = int ((t2 — t1) / dt)
q = get-q(dt, k, 3)
logger .info (f” [{(time() — start_time):.3f} seconds] Using C = {k}”)
logger.info (f” [{(time() — start_time):.3f} seconds] Using dt = {dt}”)
logger .info (f” [{(time() — start_time):.3f} seconds] Using q = {q}”)
# Symbols
sym_i, sym_t = symbols(”i t”)
sym_ksi = MatrixSymbol(”ksi”, q[0] + 3, m)
sym.y = StrongTaylorIto3p0 (sym-i, Matrix(args), a, b, dt, sym_ksi, args, q)
args_extended list ()
args_extended . extend (args)
args_extended .extend ([sym-t, sym_ksi])
# Compilation of formulas
y-compiled = list ()
for tr in range(n):
y-compiled .append (lambdify (args_extended , sym_y.subs(sym_i, tr), ”numpy”))
logger.info (f” [{(time() — start_-time):.3f} seconds]| Strong Taylor—Ito 3.0 subs are
finished”)
# Substitution values
t = [tl + i * dt for i in range(ticks)]
y = np.zeros ((n, ticks))
y[:, 0] = y0[:, 0]
# Dynamic substitutions with integration
for p in range(ticks — 1):
values = [*y[:, p], t[p], np.random.randn(q[0] + 3, m)]
for tr in range(n):
y[tr, p + 1] = y-compiled[tr](*values)
logger.info (f” [{(time() — start_time):.3f} seconds] Strong Taylor—Ito 3.0 calculations
are finished”)
return y, t
Listing 121: Strong Taylor—It6 scheme with convergence order 3.0
from sympy import Function, sympify, Add
from mathematics.sde.nonlinear.symbolic.g import G
from mathematics.sde.nonlinear.symbolic.ito.i0 import I0
from mathematics.sde.nonlinear.symbolic.ito.i00 import 100
from mathematics.sde.nonlinear.symbolic.ito.i000 import 1000
from mathematics.sde.nonlinear.symbolic.ito.i0000 import 10000
from mathematics.sde.nonlinear.symbolic.ito.i00000 import 100000
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10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63

from
from
from
from
from
from
from
from
from
from
from
from
from
from
from

from

mathematics.
mathematics .
mathematics.
mathematics .
mathematics.
mathematics.
mathematics .
mathematics .
mathematics.
mathematics.
mathematics .
mathematics .
mathematics .
mathematics.
mathematics .

mathematics .

sde.
sde.
sde .
sde .
sde.
sde.
sde .
sde .
sde.
sde .
sde .
sde .
sde.
sde .
sde .
sde.

nonlinear .
nonlinear .
nonlinear .
nonlinear .

nonlinear .

nonlinear

nonlinear .
nonlinear .
nonlinear .
nonlinear .
nonlinear .
.symbolic.ito.i1000 import 11000

nonlinear

nonlinear .
nonlinear.
nonlinear .

nonlinear .

symbolic.ito.i000000 import I000000
symbolic.ito.i0001 import 10001
symbolic.ito.i001 import 1001
symbolic.ito.i0010 import 10010

symbolic.ito.i01 import I01

.symbolic.ito.i010 import 1010
symbolic.ito.i0100 import 10100

symbolic.ito.i02 import 102
symbolic.ito.il import I1
symbolic.ito.i10 import I10

symbolic.ito.i100 import 1100

symbolic.ito.ill import I11
symbolic.ito.i2 import 12
symbolic.ito.i20 import 120
symbolic.]l import L

class StrongTaylorIto3pO(Function):

9

”

Strong Taylor—Ito scheme with convergence order 3.0

22

”

nargs = 8

def __new__(cls,

299

*args ,

xkkwargs) :

Creates mew StrongTaylorIto3p0 object with given args

Parameters

i oant

component of stochastic process

yp : numpy.ndarray

initial conditions

a : numpy.ndarray

algebraic ,

b : numpy.ndarray

algebraic ,
dt : float

given in the

given in the

integration step

ksi : mumpy.ndarray

variables x and t

variables z and t

matriz of Gaussian random variables

q : tuple

amounts of q for stochastic integrals approximations

Returns

sympy . BExpr

formula to simplify and substitute

299

i7 yp7 a" b7

dt,

ksi, dxs,

q = sympify (args)

n, m = b.shape[0], b.shape[1]

return Add(
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64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118

«[b[i, i1]

x 10 (il ,

dt, ksi)

for il in range(m)],

*[G(b[:, i1], b[i,
100 (il, i2, q[0], dt, ksi)

for i2 in

range (m)

i2], dxs) =

for il in range(m)],

*[G(b[:, il], ali,

(dt * 10(i

L(a, b, b[i, il],

I1(il, dt,

ksi)

0], dxs) =

1, dt, ksi) + I1(il, dt, ksi)) —

dxs) =*

for il in range(m)],

*[G(b[:, i1], G(b[:, i2], b[i, i3], dxs), dxs) =

1000 (il ,
for i3 in

for i2 in

i2 |

range (m)

range (m)

i3, q[1], dt, ksi)

for il in range(m)],

dt **x 2 / 2 % L(a, b, a[i, 0], dxs),

*[G(b[:, i1], L(a, b, b[i, i2], dxs), dxs) =

(110(il, i2, q[2], dt, ksi) — I01(il, i2, q[2], dt, ksi)) —
L(a, b, G(b[:, i1]
G(b[:, il], G(b][:,

(101 (i1,

for i2 in

range (m)

, bli, i2], dxs), dxs) % I10(il, i2, q[2], dt, ksi) +
i2], al[i, 0], dxs), dxs) =

i2, q[2], dt, ksi) 4+ dt x I00(il, i2, q[O], dt, ksi))

for il in range(m)],

*[G(b[:, i1], G(b[:, i2], G(b[:, i3], b[i, i4], dxs), dxs), dxs) =*

10000 (il ,
for i4 in
for i3 in
for i2 in

for il in

i2, i3,

range (m)
range (m)
range (m)

range (m)

i4, q[3], dt, ksi)

] )

*[G(b[:, i1], L(a, b, a[i, 0], dxs), dxs) =

(12 (i1, dt,

ksi) / 2 4+ dt = I1(il, dt, ksi) + dt *x 2 / 2 x I0(il, dt, ksi)) +

L(a, b, L(a, b, b[i, i1], dxs), dxs) = I2(il, dt, ksi) / 2 —
L(a, b, G(b[:, il]

for il in range(m)],

, a[i, 0], dxs), dxs) = (I2(il, dt, ksi) + dt = I1(il, dt, ksi))

*[G(b[:, i1], L(a, b, G(b[:, i2], b[i, i3], dxs), dxs), dxs) =

(1100 (i1,

i2, i3,

G(b[:, i1], G(b[:,

(1010 (il ,

i2, i3,

G(b[:, il1], G(b][:,
(dt = 1000(il, i2,
L(a, b, G(b[:, il]

1100 (il ,
for i3 in

for i2 in

i2,

range (m)

range (m)

q[6], dt, ksi) — I010(il, i2, i3, q[5], dt, ksi)) +

i2], L(a, b, b[i, i3], dxs), dxs), dxs) =*

a[5], dt, ksi) — 1001(il, i2, i3, q[4], dt, ksi)) +

i2], G(b[:, i3], a[i, 0], dxs), dxs), dxs) =

i3, q[1], dt, ksi) + 1001(il, i2, i3, q[4], dt, ksi)) —
, G(b[:, i2], b[i, i3], dxs), dxs), dxs) =

i3, q[6], dt, ksi)

for il in range(m)],
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119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173

x[G(b[:, il], G(b[:, i2], G(b[:, i3], G(
b[:, i4], b[i, i5], dxs), dxs), dxs), dxs) =x

100000 (i1, i2, i3, i4, i5, q[7],
for i5 in range(m)
for i4 in range(m)
for i3 in range(m)
for i2 in range(m)

for il in range(m)],

dt *+x 3 / 6 * L(a, b, L(a, b, a[i,

«*[G(b[:, i1], G(b[:, i2], L(a, b,

dt, ksi)

0], dxs), dxs),

ali, 0], dxs), dxs), dxs) =x

(102 (i1, i2, q[6], dt, ksi) / 2 + dt = I01(il, i2, q[2], dt, ksi) +

dt =% 2 / 2 = 100(il, i2, q[2],
L(a, b, L(a, b, G(b[:, il], b[i,
120 (i1, i2, q[10], dt, ksi) +

dt, ksi)) +
i2], dxs), dxs), dxs) / 2 =«

G(b[:, il], L(a, b, G(b[:, i2], a[i, 0], dxs), dxs), dxs) =
(I111(il, i2, q[9], dt, ksi) — 102(il, i2, q[8], dt, ksi) +

dt = (110(il, i2, q[2], dt, ksi)
L(a, b, G(b[:, il1], L(a, b, b[i,

— 101(il, i2, q[2], dt, ksi))) +
i2], dxs), dxs), dxs) =

(I11(il, i2, q[9], dt, ksi) — I20(il, i2, q[10], dt, ksi)) +

G(b[:, il], L(a, b, L(a, b, b[i,

i2], dxs), dxs), dxs) =

(102 (i1, i2, q[8], dt, ksi) / 2 + 120(il, i2, q[10], dt, ksi) / 2 —

111 (i1, i2, q[9], dt, ksi)) —

L(a, b, G(b[:, i1], G(b[:, i2], a[i, 0], dxs), dxs), dxs) =x

(dt * I110(il, i2, q[2], dt, ksi) 4+ I11(il,

for i2 in range(m)

for il in range(m)],

i2, q[9], dt, ksi))

*[G(b[:, il1], G(b[:, i2], G(b[:, i3], G(b[:, i4], ali, 0], dxs), dxs), dxs), dxs) =

(dt = 10000(il, i2, i3, i4, q[3],
10001 (il , i2, i3, i4, q[11], dt,

G(b[:, il], G(b[:, i2], L(a, b, G(b[:, i3], b[i, i4], dxs), dxs

(Io1oo (i1, i2, i3, i4, q[13], dt,

L(a, b, G(b[:, il1], G(b[:, i2], G(b[:, i3], b[i, i4], dxs), dxs

11000 (il , i2, i3, id, q[14], dt,

G(b[:, il1], L(a, b, G(b[:, i2], G(b[:, i3], b[i, i4], dxs), dxs

(11000 (i1, i2, i3, i4, q[14], dt,

G(b[:, i1], G(b[:, i2], G(b[:, i3], L(a, b, b[i, i4], dxs), dxs

(10010 (i1, i2, i3, i4, q[12], dt,
for i4 in range(m)
for i3 in range(m)
for i2 in range(m)

for il in range(m)],

dt, ksi) +
ksi)) +
), dxs), dxs) =x
ksi) — 10010 (il, i2, i3, i4, q[12], dt, ksi)) —
), dxs), dxs) =
ksi) +
), dxs), dxs) =
ksi) — 10100(il, i2, i3, i4, q[13], dt, ksi)) +
), dxs), dxs) =
q

ksi) — 10001 (il, i2, i3, i4, q[11], dt, ksi))

#*[G(b[:, il], G(b[:, i2], G(b[:, i3], G(b[:, i4], G(
b[:, i5], b[i, i6], dxs), dxs), dxs), dxs), dxs) =
1000000 (i1, i2, i3, i4, i5, i6, q[15], dt, ksi)

for i6 in range(m)
for i5 in range(m)
for i4 in range(m)
for i3 in range(m)
for i2 in range(m)

for il in range(m) ]
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174
175
176
177
178
179
180
181
182
183

def doit(self, xxhints):
” N
Tries to expand or calculate function
Returns

sympy . Expr

9999

return StrongTaylorIto3p0 (xself.args, *xhints)

6.2.7 Source Codes for Strong Taylor—Stratonovich Numerical

Schemes with Convergence Orders 1.0, 1.5, 2.0, 2.5, and 3.0
for Ito SDEs

Listing 122: Strong Taylor—Stratonovich scheme with convergence order 1.0 modeling

subprogram

0 g O Ut W N

10
11

12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29

import logging

from time import time

import numpy as np

from sympy import Matrix, symbols, MatrixSymbol, lambdify

from mathematics.sde.nonlinear.q import get_q
from mathematics.sde.nonlinear.symbolic.schemes.strong_taylor_stratonovich_1p0 import

StrongTaylorStratonovichlpO0

def strong_taylor_stratonovich_1p0(y0: np.array, a: Matrix, b: Matrix, k: float, times:
tuple):
Performs modeling of Strong Taylor—Stratonovich scheme with convergence order 1.0

Parameters

y0 : numpy.ndarray
initial conditions
a : numpy.ndarray
vector fumction a
b : numpy.ndarray
matriz function b
k : float
precision constant
times : tuple
integration limits and step

Returns

Yy : numpy.ndarray

vector of solution
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30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84

t o list
list of time moments

2999

start_time = time ()

logger = logging.getLogger(-_name__)

logger.info (f” [{(time() — start_time):.3f} seconds]

# Ranges

n = b.shape [0]
m = b.shape [1]
t1 = times[0]
dt = times[1]
t2 = times [2]

# Defining context

args = symbols(f”x1:{n + 1}”)
ticks = int ((t2 — t1) / dt)
q = get_q(dt, k, 1)

logger.info (f” [{(time() — start_time):.3f} seconds]
logger .info (f” [{(time() — start_time):.3f} seconds]
logger .info (f” [{(time() — start_time):.3f} seconds]

# Symbols
sym_i, sym_t = symbols(”i t”)
sym_ksi = MatrixSymbol(”ksi”, q[0] + 2, m)

sym.y = StrongTaylorStratonovichlpO (sym-i,

args_extended = list ()
args_extended . extend (args)
args_extended . extend ([sym_-t, sym_ksi])
# Compilation of formulas

y-compiled = list ()

for tr in range(n):

y-compiled .append (lambdify (args-extended , sym-y.subs(sym-i,

logger.info (f” [{(time() — start_time):.3f} seconds]
f? Taylor—Stratonovich 1.0 subs are finished”)

# Substitution wvalues

t = [tl + i * dt for i in range(ticks)]
y = np.zeros ((n, ticks))
yl:, 0] =y0[:, 0]

# Dynamic substitutions with integration
for p in range(ticks — 1):
(*y[:. p],

for tr in range(n):

values =

y[tr, p + 1] = y-compiled[tr](*values)

logger .info (f” [{(time() — start_time):.3f} seconds]

f” Taylor—Stratonovich 1.0 calculations

Matrix (args), a, b, dt,

Taylor—Stratonovich 1.0 start”)

Using C = {k}”)
Using dt = {dt}”)
Using q = {q}”)

sym_ksi, args, q)

tr), "numpy”))

9

Strong

t[p], np.random.randn(q[0] + 2, m)]

”

Strong

are finished”)
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return y, t

Listing 123: Strong Taylor—Stratonovich scheme with convergence order 1.0

from sympy import Function, sympify, Add
sde .
sde.
sde .

sde .

from mathematics. nonlinear .symbolic.aj import Aj

from mathematics. nonlinear.symbolic.g import G

from mathematics. nonlinear .symbolic.stratonovich

from mathematics. nonlinear.symbolic.stratonovich

class StrongTaylorStratonovichlpO (Function):

2999

Strong Taylor—Stratonovich scheme with convergence

999 9

nargs = 8

def __new__(cls, *args,

PR

xkkwargs) :

Creates new StrongTaylorStratonovichip0 object with given args

Parameters

v oant
component of stochastic process
yp numpy . ndarray

initial conditions
a : numpy.ndarray
algebraic, given in the variables z and t
b : numpy.ndarray
algebraic , in the variables x and t
float
integration step
kst

matriz of Gaussian random variables

given
dt

numpy . ndarray

q : tuple
amounts of q for stochastic integrals

Returns

sympy . Expr

formula to simplify and substitute
ypP, b, dt, ksi, q =
n, m = b.shape[0], b.shape[1]

i, a, dxs , sympify (args)

aj = Aj(i, a, b, dxs)
return Add(

ypli, 0], aj[i, O] = dt,

«[b[i, il] * JO(il, dt,

for il in range(m)],

ksi)

approximations

.j0 import JO

.j00 import JOO

order 1.0
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50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65

#*[G(b[:, il], b[i, i2], dxs) =*
J0O(il, i2, q[0], dt, ksi)
for i2 in range(m)

for il in range(m) ]

def doit(self, *xhints):

299

Tries to expand or calculate function

Returns

sympy . Expr

299

return StrongTaylorStratonovichlpO (xself.args, *xhints)

Listing 124: Strong Taylor—Stratonovich scheme with convergence order 1.5 modeling

subprogram
1 |import logging
2 |from time import time
3
4 |import numpy as np
5 |[from sympy import Matrix, MatrixSymbol, symbols, lambdify
6
7 |from mathematics.sde.nonlinear.q import get_q
8 |from mathematics.sde.nonlinear.symbolic.schemes.strong_taylor_stratonovich_1p5 import
StrongTaylorStratonovichlp5
9
10
11 |def strong-taylor_stratonovich_1p5(y0: np.array, a: Matrix, b: Matrix, k: float, times:
tuple) :
12 7y
13 Performs modeling of Strong Taylor—Stratonovich scheme with convergence order 1.5
14 Parameters
15
16 y0 : numpy.ndarray
17 initial conditions
18 a : numpy.ndarray
19 vector function a
20 b : numpy.ndarray
21 matriz function b
22 k : float
23 prectsion constant
24 times : tuple
25 integration limits and step
26 Returns
27
28 y : numpy.ndarray
29 vector of solution
30 t o list
31 list of time moments
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32
33
34
35
36
37

38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85

99 9

start_time = time ()
logger = logging.getLogger(_-_name__)

logger.info (f” [{(time() — start_-time):.3f} seconds| Strong Taylor—Stratonovich 1.5
start”)

# Ranges

n = b.shape[0]
m = b.shape [1]
tl = times [0]
dt = times [1]
t2 = times [2]

# Defining context

args = symbols(f"x1:{n + 1}”)

ticks = int ((t2 — t1) / dt)

q = get_q(dt, k, 1.5)

logger.info (f” [{(time() — start_time):.3f} seconds] Using C = {k}”)
logger.info (f” [{(time() — start_-time):.3f} seconds]| Using dt = {dt}”)
logger .info (f” [{(time() — start_time):.3f} seconds] Using q = {q}”)

# Symbols

sym_i, sym_t = symbols(”i t”)

sym_ksi = MatrixSymbol(”ksi”, q[0] + 2, m)

sym_.y = StrongTaylorStratonovichlp5(sym_i, Matrix(args), a, b, dt, sym._ksi, args, q)

args_extended = list ()
args_extended . extend (args)

args_extended . extend ([sym_t, sym_ksi])

# Compilation of formulas
y-compiled = list ()
for tr in range(n):

y-compiled .append (lambdify (args_extended , sym-y.subs(sym-i, tr), ”numpy”))
logger.info (f” [{(time() — start_time):.3f} seconds] Strong ”
f? Taylor—Stratonovich 1.5 subs are finished”)

# Substitution wvalues

t = [tl + i * dt for i in range(ticks)]
y = np.zeros ((n, ticks))

y[:, 0] = yo[:, 0]

# Dynamic substitutions with integration
for p in range(ticks — 1):
values = [*xy[:, p], t[p], np.random.randn(q[0] + 2, m)]
for tr in range(n):
y[tr, p + 1] = y_compiled[tr](xvalues)
logger .info (f” [{(time() — start_time):.3f} seconds] Strong ”

f”? Taylor—Stratonovich 1.5 calculations are finished”)

return y, t
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Listing 125: Strong Taylor—Stratonovich scheme with convergence order 1.5

from sympy import Function, sympify, Add
sde .
sde.
sde.
sde .
sde .
sde.
sde.
sde .

from mathematics. nonlinear.symbolic.aj import Aj

from mathematics. nonlinear.symbolic.g import G

from mathematics. nonlinear .symbolic.]l import L

from mathematics. nonlinear .symbolic.1j import Lj

from mathematics. nonlinear.symbolic.stratonovich

from mathematics. nonlinear.symbolic.stratonovich

from mathematics. nonlinear.symbolic. stratonovich

from mathematics. nonlinear.symbolic.stratonovich

class StrongTaylorStratonovichlp5 (Function):

2929

Strong Taylor—Stratonovich scheme with convergence

999 9

nargs = 8

def __new__(cls, xkkwargs) :

999 9

xargs ,

Creates new StrongTaylorStratonovichlpb object with given args

Parameters

v oant
component of stochastic process
yp numpy . ndarray
initial conditions
a : numpy.ndarray
algebraic, given in the variables z and t
b : numpy.ndarray
algebraic , in the variables x and t
float
integration step
kst

matriz of Gaussian random variables

given
dt

numpy. ndarray

q : tuple
amounts of q for stochastic integrals

Returns

sympy . Expr

formula to simplify and substitute

999

yp, b, dt, ksi, dxs, q = sympify(args)

n, m = b.shape[0], b.shape[1]

i7 a,

aj = Aj(i, a, b, dxs)

return Add(

ypli, 0], aj[i, O] = dt,

«[b[i, il] * JO(il, dt,

for il in range(m)],

ksi)

approrimations

.jo
.j00 import JOO

.j000 import J0OOO
Ljl

import JO

import J1

order 1.5
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54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
"
78
79
80
81
82
83

#*[G(b[:, il], b[i, i2], dxs) =*
J0O(il, i2, q[0], dt, ksi)
for i2 in range(m)

for il in range(m)],

*[G(b[:, il], aj[i, 0], dxs) =

(dt = JO(il, dt, ksi) + J1(il, dt, ksi)) —
Lj(a, b[i, il], dxs) =

J1(i1, dt, ksi)

for il in range(m)],

#«[G(b[:, il], G(b[:, i2], b[i, i3], dxs), dxs) =
J000(il, i2, i3, q[1], dt, ksi)

for i3 in range (m)

for i2 in range(m)

for il in range(m)],

dt *x 2 / 2 % L(a, b, a[i, 0], dxs)

def doit(self, xxhints):

9999

Tries to expand or calculate function

Returns

sympy . Expr

299

return StrongTaylorStratonovichlp5(xself.args, #xhints)

Listing 126: Strong Taylor—Stratonovich scheme with convergence order 2.0 modeling

subprogram

0 N O Ot W N

10
11

12
13
14
15
16
17

import logging

from time import time

import numpy as np

from sympy import symbols, Matrix, MatrixSymbol, lambdify

from mathematics.sde.nonlinear.q import get_q
from mathematics.sde.nonlinear.symbolic.schemes.strong_taylor_stratonovich_2p0 import

StrongTaylorStratonovich2p0

def strong-taylor_stratonovich_2p0(y0: np.array, a: Matrix, b: Matrix, k: float, times:
tuple):
Performs modeling of Strong Taylor—Stratonovich scheme with convergence order 2.0

Parameters

y0 : numpy.ndarray

initial conditions
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18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37

38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71

a : numpy.ndarray
vector fumction a
b : numpy.ndarray
matriz function b
k : float
precision constant
times : tuple
integration limits and step

Returns

y : numpy.ndarray
vector of solution

t o list
list of time moments

2999

start_time = time ()

logger = logging.getLogger(-_name__)

logger.info (£f” [{(time() — start_time):.3f} seconds]

start”)

# Ranges

n = b.shape[0]
m = b.shape[1]
t1 times [0]
dt = times[1]
t2 = times[2]

# Defining context

args = symbols(f’x1:{n + 1}”)
ticks = int ((t2 — t1) / dt)
q = get_q(dt, k, 2)

logger.info (f” [{(time() — start_time):.3f}
logger.info (f” [{(time() — start_time):.3f}
logger.info (f” [{(time() — start_-time):.3f}

# Symbols
sym_i, sym_t = symbols(”i t”)

sym_ksi = MatrixSymbol(” ksi”, q[0] + 2, m)
sym.y = StrongTaylorStratonovich2p0 (sym-i,

args_extended = list ()
args_extended . extend (args)

args_extended . extend ([sym_t

# Compilation of formulas
y-compiled = list ()

for tr in range(n):

y-compiled .append (lambdify (args_extended , sym_y.subs(sym-i, tr), "numpy”))

logger.info (f” [{(time() — start_-time):.3f} seconds]
f? Taylor—Stratonovich 2.0 subs are finished”)

# Substitution wvalues

sym_ksi])

Matrix(args), a, b, dt, sym_ksi, args, q)

Strong Taylor—Stratonovich 2.0

Using C = {k}”)
Using dt = {dt}”)
Using q = {q}”)

”

Strong
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t = [tl + i * dt for i in range(ticks)]
y = np.zeros ((n, ticks))
yl:, 0] =y0[:, 0]

# Dynamic substitutions with integration
for p in range(ticks — 1):
values = [*xy[:, p], t[p], np.random.randn(q[0] + 2, m)]
for tr in range(n):
y[tr, p + 1] = y_compiled[tr](xvalues)
logger .info (f” [{(time() — start_time):.3f} seconds] Strong ”

f”? Taylor—Stratonovich 2.0 calculations are finished”)

return y, t

Listing 127: Strong Taylor—Stratonovich scheme with convergence order 2.0

from sympy import Function, sympify, Add

from mathematics.sde.nonlinear.symbolic.aj import Aj

from mathematics.sde.nonlinear.symbolic.g import G

from mathematics.sde.nonlinear.symbolic.lj import Lj

from mathematics.sde.nonlinear.symbolic.stratonovich.jO0 import JO

from mathematics.sde.nonlinear.symbolic.stratonovich.jO00 import J0O
from mathematics.sde.nonlinear.symbolic.stratonovich.j000 import JO0O
from mathematics.sde.nonlinear.symbolic.stratonovich.j0000 import J000O
from mathematics.sde.nonlinear.symbolic.stratonovich.j0l import JO1
from mathematics.sde.nonlinear.symbolic.stratonovich.jl import J1

from mathematics.sde.nonlinear.symbolic.stratonovich.jl10 import J10

class StrongTaylorStratonovich2p0 (Function):

2999

Strong Taylor—Stratonovich scheme with convergence order 2.0

799

nargs = 8

def __new__(cls, *args, sxkwargs):
Creates new StrongTaylorStratonovich2p0 object with given args

Parameters

v oant

component of stochastic process
yp : numpy.ndarray

initial conditions
a : numpy.ndarray

algebraic, given in the wvariables z and t
b : numpy.ndarray

algebraic , given in the wvariables = and t
dt : float

integration step

ksi : numpy.ndarray
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37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88
89
90
91

matriz of Gaussian random variables
q : tuple
amounts of q for stochastic integrals approzimations

Returns

sympy . Expr

formula to simplify and substitute
i, yp, a, b, dt, ksi, dxs, q = sympify(args)
n, m = b.shape[0], b.shape[1l]

aj = Aj(i, a, b, dxs)
return Add(
ypli, 0], ajl[i, 0] x dt,

«[b[i, i1] * JO(il, dt, ksi)

for il in range(m)],

*[G(b[:, i1], b[i, i2], dxs) =x
J0O(il, i2, q[0], dt, ksi)
for i2 in range(m)

for il in range(m)],

*[G(b[:, il], aj[i, 0], dxs) =

(dt * JO(il, dt, ksi) + J1(il, dt, ksi)) —
Lj(a, b[i, il], dxs) =

J1(il, dt, ksi)

for il in range(m)],

«[G(b[:, i1], G(b[:, i2], b[i, i3], dxs), dxs) =x
J000(il, i2, i3, q[1], dt, ksi)

for i3 in range(m)

for i2 in range(m)

for il in range(m)],
dt *x 2 / 2 x Lj(a, aj[i, 0], dxs),

*[G(b[:, 11], Lj(a, b[i, i2], dxs), dxs) =

(J10(il, i2, q[2], dt, ksi) — JO1(il, i2, q[2], dt, ksi)) —

Li(a, G(b[:, il], b[i, i2], dxs), dxs) * J10(il, i2, q[2], dt, ksi) +
G(b[:, il], G(b[:, i2], aj[i, 0], dxs), dxs) =

(JO1(il, i2, q[2], dt, ksi) + dt = JOO(il, i2, q[0], dt, ksi))

for i2 in range(m)

for il in range(m)],

*[G(b[:, i1], G(b[:, i2], G(b[:, i3], b[i, i4], dxs), dxs), dxs) =
J0000 (i1, i2, i3, i4, q[3], dt, ksi)

for i4 in range(m)

for i3 in range(m)

for i2 in range(m)

for il in range(m) |
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94
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96
97
98
99
100

def doit(self, #xhints):

299

Tries to expand or calculate function

Returns

sympy . Expr

9999

return StrongTaylorStratonovich2p0(*self.args, *xhints)

Listing 128: Strong Taylor—Stratonovich scheme with convergence order 2.5 modeling

subprogram
1 |import logging
2 |from time import time
3
4 |import numpy as np
5 |from sympy import Matrix, symbols, MatrixSymbol, lambdify
6
7 |from mathematics.sde.nonlinear.q import get_q
8 [from mathematics.sde.nonlinear.symbolic.schemes.strong_taylor_stratonovich_2p5 import
StrongTaylorStratonovich2p5b
9
10
11 | def strong-taylor_stratonovich_2p5(y0: np.array, a: Matrix, b: Matrix, k: float, times:
tuple) :
12 7nr
13 Performs modeling of Strong Taylor—Stratonovich scheme with convergence order 2.5
14 Parameters
15
16 y0 : numpy.ndarray
17 initial conditions
18 a : numpy.ndarray
19 vector function a
20 b : numpy.ndarray
21 matriz function b
22 k : float
23 prectsion constant
24 times : tuple
25 integration limits and step
26 Returns
27
28 y : numpy.ndarray
29 vector of solution
30 t o list
31 list of time moments
32 7
33 start_time = time ()
34
35 logger = logging.getLogger(_-_name__)
36
37 logger .info (f” [{(time() — start_time):.3f} seconds] Strong Taylor—Stratonovich 2.5

start”)
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1
2

# Ranges

n = b.shape[0]
m = b.shape [1]
t1 = times[0]
dt
t2

times [1]

times [2]

# Defining context

args = symbols({”x1:{n + 1}”)

ticks = int ((t2 — t1) / dt)

q = get_q(dt, k, 2.5)

logger.info (f” [{(time() — start_time):.3f} seconds] Using C = {k}”)
logger.info (f” [{(time() — start_-time):.3f} seconds]| Using dt = {dt}”)
logger .info (f” [{(time() — start_time):.3f} seconds] Using q = {q}”)

# Symbols

sym_i, sym_t = symbols(”i t”)

sym_ksi = MatrixSymbol(” ksi”, q[0] + 3, m)

sym_.y = StrongTaylorStratonovich2p5(sym_.i, Matrix(args), a, b, dt, sym._ksi, args, q)

args_extended = list ()
args_extended . extend (args)

args_extended . extend ([sym_t, sym_ksi])

# Compilation of formulas
y-compiled = list ()
for tr in range(n):

y-compiled .append (lambdify (args_extended , sym-y.subs(sym-i, tr), ”numpy”))
logger.info (f” [{(time() — start_time):.3f} seconds] Strong ”
f? Taylor—Stratonovich 2.5 subs are finished”)

# Substitution values

t = [tl + i = dt for i in range(ticks)]
y = np.zeros ((n, ticks))

y[:, 0] = yo[:, 0]

# Dynamic substitutions with integration
for p in range(ticks — 1):
values = [xy[:, p], t[p], np.random.randn(q[0] + 3, m)]
for tr in range(n):
y[tr, p + 1] = y_compiled[tr](*values)
logger.info (f” [{(time() — start_time):.3f} seconds] Strong ”

f” Taylor—Stratonovich 2.5 calculations are finished”)

return y, t

Listing 129: Strong Taylor—Stratonovich scheme with convergence order 2.5

from sympy import Function, sympify, Add

Electronic Journal. http://diffjournal.spbu.ru/ 394



Differential Equations and Control Processes, N. 1, 2021

© 0 N O Ut ok W

10

12
13
14
15
16
17
18
19
20
21
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23
24
25
26
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57

sde.
sde.
sde .
sde .
sde.
sde.
sde .
sde .
sde.
sde .
sde .
sde .
sde.
sde .
sde .
sde.

from mathematics. nonlinear.symbolic. aj import Aj

from mathematics. nonlinear.symbolic.g import G

from mathematics. nonlinear.symbolic.l import L

from mathematics. nonlinear.symbolic.lj import Lj

from mathematics. nonlinear.symbolic. stratonovich

from mathematics. nonlinear.symbolic.stratonovich

from mathematics. nonlinear.symbolic.stratonovich

from mathematics. nonlinear.symbolic.stratonovich

from mathematics. nonlinear.symbolic. stratonovich

from mathematics. nonlinear .symbolic.stratonovich

from mathematics. nonlinear.symbolic.stratonovich

from mathematics. nonlinear.symbolic.stratonovich

from mathematics. nonlinear.symbolic. stratonovich

from mathematics. nonlinear .symbolic.stratonovich

from mathematics. nonlinear.symbolic.stratonovich

from mathematics. nonlinear.symbolic.stratonovich

class StrongTaylorStratonovich2p5 (Function):

99 9

Strong Taylor—Stratonovich scheme with convergence

2929

nargs = 8

def __new__(cls,

299

xargs , *xkwargs):

.jO0 import JO

.j00 import JOO

.j000 import J00O
.j0000 import JO0O0OO
.j00000 import JO0O000O
.j001 import JOO1
.j01 import JO1

.j010 import JO10

1
.j10
.j100 import J100
.j2

import J1
import J10

import J2

order 2.5

Creates mew StrongTaylorStratonovich2p5 object with given args

Parameters

i oant
component of stochastic process
yp numpy. ndarray

initial conditions
a : numpy.ndarray
algebraic , given in the wvariables = and t
b : numpy.ndarray
algebraic , in the variables x and t
float
integration step
ksi

matriz of Gaussian random variables

given
dt

numpy . ndarray

q : tuple
amounts of q for stochastic integrals

Returns

sympy . BExpr

formula to simplify and substitute
yp, b: dt? kSi’
n, m = b.shape[0], b.shape[1]

i, a, dxs, q = sympify(args)

aj = Aj(i, a, b, dxs)

return Add(

approximations
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59
60
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100
101
102
103
104
105
106
107
108
109
110
111
112

yp[i, 0], aj[i, 0] = dt,

«[b[i, i1] * JO(il, dt, ksi)

for il in range(m)],

*[G(b[:, i1], b[i, 12], dxs) =x
J0O(il, i2, q[0], dt, ksi)
for i2 in range(m)

for il in range(m)],

*[G(b[:, il], aj[i, 0], dxs) =

(dt * JO(il, dt, ksi) + J1(il, dt, ksi)) —
Lj(a, b[i, il], dxs) =

J1(il, dt, ksi)

for il in range(m)],

«[G(b[:, i1], G(b[:, i2], b[i, i3], dxs), dxs) =x
J000(il, i2, i3, q[1], dt, ksi)

for i3 in range(m)

for i2 in range(m)

for il in range(m)],
dt *x 2 / 2 % Lj(a, aj[i, 0], dxs),

*[G(b[:, 11], Lj(a, b[i, i2], dxs), dxs) =

(J10(il, i2, q[2], dt, ksi) — JO1(il, i2, q[2], dt, ksi)) —

Li(a, G(b[:, il], b[i, i2], dxs), dxs) * J10(il, i2, q[2], dt, ksi) +
G(b[:, il1], G(b[:, i2], aj[i, 0], dxs), dxs) =

(JO1(il, i2, q[2], dt, ksi) + dt = JOO(il, i2, q[0], dt, ksi))

for i2 in range(m)

for il in range(m)],

*[G(b[:, il1], G(b[:, i2], G(b[:, i3], b[i, i4], dxs), dxs), dxs) =
J0000 (i1, i2, i3, i4, q[3], dt, ksi)

for i4 in range(m)

for i3 in range(m)

for i2 in range(m)

for il in range(m)],

*[G(b[:, il1], Lj(a, aj[i, 0], dxs), dxs) =

(J2(il, dt, ksi) / 2 + dt * J1(il, dt, ksi) + dt =x 2 / 2 * JO(il, dt, ksi)) +
Lj(a, Lj(a, b[i, il], dxs), dxs) * J2(il, dt, ksi) / 2 —

Lj(a, G(b[:, il], aj[i, 0], dxs), dxs) % (J2(il, dt, ksi) + dt % J1(il, dt, ksi))

for il in range(m)],

*[G(b[:, i1], Lj(a, G(b[:, i2], b[i, i3], dxs), dxs), dxs) x

(J100(il, i2, i3, q[6], dt, ksi) — JO10(il, i2, i3, q[5], dt, ksi)) +
G(b[:, il], G(b[:, i2], Lj(a, b[i, i3], dxs), dxs), dxs) =x

(JO10(il, i2, i3, q[5], dt, ksi) — JOO1(il, i2, i3, q[4], dt, ksi)) +
G(b[:, i1], G(b[:, i2], G(b[:, i3], aj[i, 0], dxs), dxs), dxs) =

(dt * JO0O(il, i2, i3, q[1], dt, ksi) + JOO1(il, i2, i3, q[4], dt, ksi)) —
Lj(a, G(b[:, il1], G(b[:, i2], b[i, i3], dxs), dxs), dxs) =x

J100 (i1, i2, i3, q[6], dt, ksi)

for i3 in range(m)

for i2 in range(m)
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113 for il in range(m)],

114

115 *[G(b[:, i1], G(b[:, i2], G(b[:, i3], G(

116 b[:, i4], b[i, i5], dxs), dxs), dxs), dxs) =x
117 J0ooooo (i1, i2, i3, i4, i5, q[7], dt, ksi)
118 for i5 in range(m)

119 for i4 in range(m)

120 for i3 in range(m)

121 for i2 in range(m)

122 for il in range(m)],

123

124 dt *x 3 / 6 * L(a, b, L(a, b, a[i, 0], dxs), dxs)
125

126 )

127

128 def doit(self, *xhints):

129 nrr

130 Tries to expand or calculate function

131 Returns

132

133 sympy . Expr

134 77

135 return StrongTaylorStratonovich2p5 (xself.args, **xhints)

Listing 130: Strong Taylor—Stratonovich scheme with convergence order 3.0 modeling

subprogram

import logging

from time import time

import numpy as np

from sympy import Matrix, symbols, MatrixSymbol, lambdify

from mathematics.sde.nonlinear.q import get_q

0 N O Ut W N

from mathematics.sde.nonlinear.symbolic.schemes.strong_taylor_stratonovich_3p0 import

StrongTaylorStratonovich3p0

9

10

11 |def strong-taylor_stratonovich_3p0(y0: np.array, a: Matrix, b: Matrix, k: float, times:
tuple) :

12 77y

13 Performs modeling of Strong Taylor—Stratonovich scheme with convergence order 3.0

14 Parameters

15

16 y0 : numpy.ndarray

17 initial conditions

18 a : numpy.ndarray

19 vector fumction a

20 b : numpy.ndarray

21 matriz function b

22 k : float

23 precitsion constant

24 times : tuple
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47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
"
78

integration limits and step

Returns

y : numpy.ndarray
vector of solution

t : list
list of time moments

» N
start_time = time ()

logger = logging.getLogger(__name__)

logger.info (f” [{(time() — start_time):.3f} seconds] Strong Taylor—Stratonovich 3.0
start”)

# Ranges
n = b.shape[0]
m = b.shape[1]

tl = times [0]
dt = times [1]
t2 = times [2]

# Defining context

args = symbols(f”x1:{n + 1}”)

ticks = int ((t2 — t1) / dt)

q = get_q(dt, k, 3)

logger.info (f” [{(time() — start_time):.3f} seconds] Using C = {k}”)
logger.info (f” [{(time() — start_time):.3f} seconds] Using dt = {dt}”)
logger.info (f” [{(time() — start_-time):.3f} seconds]| Using q = {q}”)

# Symbols

sym_i, sym_t = symbols(”i t”)

sym_ksi = MatrixSymbol(” ksi”, q[0] + 3, m)

sym_.y = StrongTaylorStratonovich3p0 (sym_i, Matrix(args), a, b, dt, sym._ksi, args, q)

args_extended = list ()
args_extended . extend (args)

args_extended .extend ([sym_t, sym_ksi])

# Compilation of formulas
y-compiled = list ()
for tr in range(n):

y-compiled .append (lambdify (args_extended , sym_y.subs(sym-i, tr), ”numpy”))
logger.info (f” [{(time() — start_time):.3f} seconds] Strong ”
f? Taylor—Stratonovich 3.0 subs are finished”)

# Substitution values

t = [tl + i * dt for i in range(ticks)]
y = np.zeros ((n, ticks))
yl:, 0] =y0[:, 0]

# Dynamic substitutions with integration

for p in range(ticks — 1):

values = [xy[:, p|], t[p], np.random.randn(q[0] + 3, m)]
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for tr in range(n):

y[tr, p + 1] = y_compiled[tr](*values)

”

logger.info (f” [{(time() — start_time):.3f} seconds] Strong

f” Taylor—Stratonovich 3.0 calculations are finished”)

return y, t

Listing 131: Strong Taylor—Stratonovich scheme with convergence order 3.0

from sympy import Function, sympify, Add

from mathematics.sde.nonlinear.symbolic.aj import Aj

from mathematics.sde.nonlinear.symbolic.g import G

from mathematics.sde.nonlinear.symbolic.1lj import Lj

from mathematics.sde.nonlinear.symbolic.stratonovich.jO0 import JO

from mathematics.sde.nonlinear.symbolic.stratonovich.j00 import J0O
from mathematics.sde.nonlinear.symbolic.stratonovich.j000 import JO0O
from mathematics.sde.nonlinear.symbolic.stratonovich.j0000 import J0000
from mathematics.sde.nonlinear.symbolic.stratonovich.j00000 import J0O0000
from mathematics.sde.nonlinear.symbolic.stratonovich.j000000 import J000000
from mathematics.sde.nonlinear.symbolic.stratonovich.j0001 import J00O1
from mathematics.sde.nonlinear.symbolic.stratonovich.j001l import J0O1
from mathematics.sde.nonlinear.symbolic.stratonovich.j0010 import J0010
from mathematics.sde.nonlinear.symbolic.stratonovich.jO0l import JO1
from mathematics.sde.nonlinear.symbolic.stratonovich.j010 import J010
from mathematics.sde.nonlinear.symbolic.stratonovich.j0100 import J0100
from mathematics.sde.nonlinear.symbolic.stratonovich.j02 import J02
from mathematics.sde.nonlinear.symbolic.stratonovich.jl import J1

from mathematics.sde.nonlinear.symbolic.stratonovich.jl0 import J10
from mathematics.sde.nonlinear.symbolic.stratonovich.j100 import J100
from mathematics.sde.nonlinear.symbolic.stratonovich.jl1000 import J1000
from mathematics.sde.nonlinear.symbolic.stratonovich.jll import J11
from mathematics.sde.nonlinear.symbolic.stratonovich.j2 import J2

from mathematics.sde.nonlinear.symbolic.stratonovich.j20 import J20

class StrongTaylorStratonovich3p0 (Function):

299

Strong Taylor—Stratonovich scheme with convergence order 3.0

99 9

nargs = 8

def __new__(cls, *args, sxkwargs):
” N
Creates new StrongTaylorStratonovich3p0 object with given args

Parameters

i oint

component of stochastic process
yp : numpy.ndarray

initial conditions

a : numpy.ndarray
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79
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87
88
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90
91
92
93
94
95
96
97
98

algebraic, given in the wvariables = and t
b : numpy.ndarray
algebraic, given in the variables z and t
dt : float
integration step
ksi : numpy.ndarray
matriz of Gaussian random variables
q : tuple
amounts of q for stochastic integrals approximations
Returns

sympy . Expr

formula to simplify and substitute
i, yp, a, b, dt, ksi, dxs, q = sympify(args)
n, m = b.shape[0], b.shape[1]

aj = Aj(i, a, b, dxs)
return Add(
yp[i, 0], aj[i, 0] = dt,

«[b[i, il] % JO(il, dt, ksi)

for il in range(m)],

*[G(b[:, il], b[i, i2], dxs) =
J0o(il, i2, q[0], dt, ksi)
for i2 in range(m)

for il in range(m)],

#*[G(b[:, il], aj[i, 0], dxs) =

(dt = JO(il, dt, ksi) + J1(il, dt, ksi)) —
Lj(a, b[i, il], dxs) =*

J1(il, dt, ksi)

for il in range(m)],

*[G(b[:, i1], G(b[:, i2], b[i, i3], dxs), dxs) =
J000(il, i2, i3, q[1], dt, ksi)

for i3 in range(m)

for i2 in range(m)

for il in range(m)],
dt *x 2 / 2 % Lj(a, aj[i, 0], dxs),

*[G(b[:, i1], Lj(a, b[i, i2], dxs), dxs) =x

(J10(il, i2, q[2], dt, ksi) — JO1(il, i2, q[2], dt, ksi)) —

Lj(a, G(b[:, il], b[i, i2], dxs), dxs) * J10(il, i2, q[2], dt, ksi) +
G(b[:, i1], G(b[:, i2], aj[i, 0], dxs), dxs) =

(JO1(il, i2, q[2], dt, ksi) + dt = JOO(il, i2, q[0], dt, ksi))

for i2 in range(m)

for il in range(m)],

*[G(b[:, i1], G(b[:, i2], G(b[:, i3], b[i, i4], dxs), dxs), dxs) =x
J0000(il, i2, i3, i4, q[3], dt, ksi)
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99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153

for
for
for

for

#[G(b[:,
(J2(i1,
Lj(a

i4
i3
i2
il

)

in
in
in

in

range (m)
range (m)
range (m)

range (m) |

i1]7 Lj(a7
dt, ksi) /

Lj(a, b[i, il

)

aj[i, 0], dxs), dxs) =x
2 + dt * J1(il, dt, ksi) + dt *x 2 / 2 x JO(il, dt, ksi)) +
], dxs), dxs) = J2(il, dt, ksi) / 2 —

Lj(a, G(b[:, il1], aj[i, O], dxs), dxs) * (J2(il, dt, ksi) + dt = J1(il, dt, ksi))

for il in range(m)],

*[G(b[:,

il]’ Lj(a’

(J100 (i1,
G(b[:,
(J010 (il ,
G(b[:,
(dt * JO0O(il, i2,

Lj(a, G(b[:,

il

il

J100 (il ,

I, G(b[:,

i2, i3, q

]7 G(b[:,

G(b[:, i2], b
i2, i3, q[6], dt, ksi) — JOl0(il, i2, i3, q[5], dt, ksi)) +
[
)
1

i1], @

[i, i3], dxs), dxs), dxs) =

i2], Lj(a, b[i, i3], dxs), dxs), dxs) =x

[5], dt, ksi) — JOO1(il, i2, i3, q[4], dt, ksi)) +

i2], G(b[:, i3], aj[i, 0], dxs), dxs), dxs) =

i3, q[1], dt, ksi) + J0OO1(il, i2, i3, q[4], dt, ksi)) —
(b[:, i2], b[i, i3], dxs), dxs), dxs) x

i2, i3, q[6], dt, ksi)

for i3 in range(m)

for i2 in range(m)

for il in range(m)],

*[G(b[:,

bl:

J00000 (i1,

for
for
for
for

for

i5
i4
i3
i2
il

il], G(b[:,
i4], b[i, i5],

in
in
in
in

in

2, i3,
range (m)
range (m)
range (m)
range (m)

range (m) |

dt *x 3 / 6 * Lj(a,

i2], G(b[:, i3], G(
dxs), dxs), dxs), dxs) =
i4, i5, q[7], dt, ksi)

)
Lj(a, aj[i, 0], dxs), dxs),

i2], Lj(a, aj[i, 0], dxs), dxs), dxs) =x
dt, ksi) / 2 4+ dt % JO1(il, i2, q[2], dt, ksi) +

dt *x 2 / 2 % JOO(il, i2, q[2], dt, ksi)) +

*[G(b[:, i1], G(b][:,
(Jo2(il, i2, q[6],

Li(a, Li(a, G(bl:,

J20 (il ,

G(b[:, il], Lj(a, G
(J11(il, i2, q[9],

il], b[i, i2], dxs), dxs), dxs) / 2 =x

i2, q[10], dt, ksi) +

dt = (J1o(il, i2,

Lj(a, G(b][:,
(J11(il, i2, q[9],
G(b[:, il

J11(il,
Lj(a, G(b[:,
(dt * J10(i1,

(b[:, i2], aj[i, 0], dxs), dxs), dxs) =x
dt, ksi) — J02(il, i2, q[8], dt, ksi) +
q[2], dt, ksi) — JO1(il, i2, q[2], dt, ksi))) +

il], Lj(a, b[i, i2], dxs), dxs), dxs) =x

dt, ksi) — J20(il, i2, q[10], dt, ksi)) +

], Li(a, Lj(a, b[i, i2], dxs), dxs), dxs) =
(J02(il, i2, q[8], dt, ksi) / 2 + J20(il, i2, q[10], dt, ksi) / 2 —
i2, q[9], dt, ksi)) —

for i2 in range(m)

il], G
i2, q

(b[:, i2], aj[i, 0], dxs), dxs), dxs) =x
[2], dt, ksi) + J11(il, i2, q[9], dt, ksi))

for il in range(m)],

*[G(b[:,
b[:7

it], G(b[:,
i4 ] b
(dt * J0000(il, i2,

aj[i, 0],

i2], G(b[:, i3], G(
dxs), dxs), dxs), dxs) =x
i3, i4, q[3], dt, ksi) +
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164
165
166
167
168
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172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187

J0001 (il ,
G(b[:, il]
(J0100 (il ,

2, i3, i4, q[11], dt, ksi)) +
, G(b[:, i2], Lj(a, G(b[:, i3], b[i, i4], dxs), dxs), dxs), dxs) x
i2, i3, i4, q[13], dt, ksi) — JOOLl0(il, i2, i3, i4, q[12], dt, ksi)) —

Lj(a, G(b[:, il1], G(b[:, i2], G(b[:, i3], b[i, i4], dxs), dxs), dxs), dxs) =

J1000 (i1,
G(b[:, il]
(J1000 (i1,
G(b[:, il1]
(Joo1o (i1,
for i4 in
for i3 in
for i2 in

for il in

*[G(b[:, il
b[:, i5],
J000000 (il
for i6 in
for i5 in
for i4 in
for i3 in
for i2 in

for il in

def doit (self,

999 9

i2, i3, i4, q[14], dt, ksi) +

, Lj(a, G(b[:, i2], G(b[:, i3], b[i, i4], dxs), dxs), dxs), dxs) =

i2, i3, i4, q[14], dt, ksi) — J0100(il, i2, i3, i4, q[13], dt, ksi)) +
, G(b[:, i2], G(b[:, i3], Lj(a, b[i, i4], dxs), dxs), dxs), dxs) =

i2, i3, i4, q[12], dt, ksi) — J0001(il, i2, i3, i4, q[11], dt, ksi))
range (m)
range (m)
range (m)

range (m) ] ’

], G(b[:, i2], G(b[:, i3], G(b[:, i4], G(
b[i, i6], dxs), dxs), dxs), dxs), dxs) =x
, i2, i3, i4, i5, i6, q[15], dt, ksi)
range (m)

range (m)

range (m)

range (m)

range (m)

range (m) |

xxhints):

Tries to expand or calculate function

Returns

sympy . Expr

299

return StrongTaylorStratonovich3p0 (xself.args, **xhints)

6.3 Source Codes for Linear Stationary Systems of Ito SDEs

© 00 N O Ut ke W N

= = =
N = O

Listing 132: Implementation of supplementary functions

import numpy as np

class NotASquareMatrix (Exception):

pass

def vec_to_eye(vector):

999 9

Converts wvector to eye matrix

Parameters
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vector : iterable

Returns

numpy . ndarray

999 9

n = len(vector)

matrix = np.zeros ((n

for i in range(len(matrix)):

matrix [i][i] = vector[i]

return matrix

def diagonal_to_column (matrix):

99 9

Conwverts diagonal matriz to column wvector

Parameters

matriz : numpy.ndarray
Returns

column : numpy.ndarray

999 9

height = np.shape(matrix) [0]

if height != np.shape(matrix)[1]:

raise NotASquareMatrix ()

column = np.zeros ((height ,
for i in range(height):

column [i][0] = matrix[i][i]

return column

1))

Listing 133: Implementation of Algorithm 11.2 [61]

import numpy as np

import scipy.linalg as sci

def dindet(n: int, k:

999 9

Algorithm 11.2 [61]

Parameters

n : int

k : int

m_a : numpy.array
m_b : numpy.array
dt : float

Returns

m_ad :@ numpy.array

m._a:

np.ndarray , m_b: np.ndarray, dt: float):
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m_bd : numpy.array

m_okn = np.zeros ((k, n))

m_okk = np.zeros ((k, k))

m_idt = np.eye(n + k) = dt

m_aa = np.vstack ((np.hstack((m-a, mb)),
np. hstack ((m-okn, m_-okk))))

m_ex_aah = sci.expm(m_aa.dot(m_idt))

m_ad = m_ex_aah [:n, :n]

m-bd = m_ex_aah[:n, n:(n + k)]

return m_ad, m_bd

Listing 134: Implementation of Algorithm 11.6 [61]

import numpy as np
from mathematics.sde.linear.dindet import dindet

from mathematics.sde.linear.matrix import vec_to_eye

def stoch(n: int, m_a: np.ndarray, m-f: np.ndarray, dt: float):

def algorithm_11_.2(n: int, m-a: np.ndarray, m_f: np.ndarray, dt: float):

999

Root function for set of algorithms implemented below

Parameters

n : int

m-a : numpy.ndarray
m_f : numpy.ndarray
dt : float

Returns

numpy . ndarray

2999

v_12, m.s, m.dl = algorithm_11_2(n, m.a, m_f, dt)
mat_l = vec_-to_eye(np.sqrt(v-12))

return m_s.dot(mat_1)

2929

Parameters

n : int
m_a : numpy.ndarray

m_f : numpy.ndarray

dt : float

Returns

eigenvalues : numpy.ndarray

eigenvectors : numpy.ndarray
m-dl : numpy.ndarray

”»»

m_ac = algorithm_11_5(n, m.a)
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m.-g = m_f.dot(np.transpose(m-_f))

m_gv = algorithm_11_3(n, m-g)

m-dd, m-dv = dindet (int(n * (n + 1) / 2), 1, m_ac, m_gv, dt)
m_dl = algorithm_11_4(n, m.dv)

eigenvalues , eigenvectors = np.linalg.eig(m-dl)

return eigenvalues, eigenvectors, m_dl

def algorithm_11_3(n: int, m_g: np.ndarray):

299

Algorithm 11.3 [61]

Parameters

n : int
m_g : numpy.ndarray

Returns

m_vec : numpy.ndarray
column wvector

i2 =0

v_size = 0

for i in range(n):
n2 =n — i
for j in range(n2):

if v_size < j + i2:
v_size = j + i2

i2 =i2 4+ n — i

m_vec = np.ndarray ((v_size + 1, 1))

i2 =0
for i in range(n):
n2 =n — i
for j in range(n2):
movec[j + i2](0] = mgl[j][j + il
i2 =i2 + n — i

return m_vec

def algorithm_11_4(n: int, m.dv: np.ndarray):

999 9

Algorithm 11.4 [61]

Parameters

n : int
m-dv : numpy.ndarray

Returns

m-dl : numpy.ndarray

” 99
i2 =0

size = 0

for i in range(n):
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95 n2 = n i

96 for j in range(n2):

97 if size < j + i:

98 size = j + i

99 i2 =i2 4+ n — i

100

101 m-dl = np.ndarray ((size + 1, size + 1))
102

103 i2 =0

104 for i in range(n):

105 n2 =n — i

106 for j in range(n2):

107 mdl[j][j + i] = mdv[j + i2][0]
108 mdl[j + i][j] = mdv[j + i2][0]
109 i2 = i2 + n — i

110

111 return m_dl

112

113

114 |def algorithm_11_5(n: int, m.a: np.ndarray):
115 7

116 Algorithm 11.5 [61]

117 Parameters

118

119 n : int

120 m_a : numpy.ndarray

121 Returns

122 | @ ——

123 m-ac : numpy.ndarray

124 7nr

125 r =0

126 v_size = 0

127 h_size = 0

128

129 for i in range(n):

130 n2 =n — i

131 for j in range(n2):

132 o=20

133 for k in range(n):

134 n3 =n — k

135 for m in range(n3):
136 if v_size < m + o:
137 v_size = m + o
138 if h_size < r:

139 h_size =r

140 o=o0+n — k

141 r=r1 + 1

142

143 m_ones = np.zeros ((n, n))
144 m_ac = np.ndarray ((v-size + 1, h_size + 1))
145

146 r =0

147 for i in range(n):

148 n2 =n — i

149 for j in range(n2):
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150 2 = + i
151 m_ones[j|[i2] =1

152 m_ones[i2][j] =1

153 m_one_a = m_ones.dot(np.transpose(m-a)) + m_a.dot(m_ones)
154 o=20

155 for k in range(n):

156 n3 =n — k

157 for m in range(n3):

158 m_ac[m + o][r] = m_one_a[m][m + k]

159 o=o0+mn—k

160 m_ones = np.zeros ((n, n))

161 r=r + 1

162

163 return m_ac

Listing 135: Implementation of the vector function u(?)

1 [import numpy as np

2 |[from sympy import lambdify , sympify

3

4

5 | class AbstractDistortion:

6 def t(self, t: float):

7 raise NotIlmplementedError (”Method t is not implemented”)
8

9

10 | class Symbolic( AbstractDistortion):

11

12 def __init__(self, fn: str):

13 from sympy.abc import t

14 self._u = lambdify (t, sympify(fn), ”"numpy”)
15

16 def t(self, t):

17 return self._u(t)

18

19

20 | class ComplexDistortion( AbstractDistortion):

21 7rr

22 Vector function u(t)

23 nrr

24

25 def __init_-_(self, n: int, mat_u: np.ndarray):
26 self. _mat_u = mat_u

27 self. _mat_ut = np.ndarray(shape=(n, 1), dtype=float)
28

29 def t(self, t: float):

30 i

31 Provides wvector function u(t) at moment t
32

33 Parameters

34

35 t float

36 moment of time
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Returns

numpy . ndarray

column u(t)

9999

for i in range(self._mat_u.shape[0]):
self . mat_u[i][0].t(t)

self. _mat_ut[i][0] =

return self._mat_ut

Listing 136: Modeling of linear system of It6 SDEs

import numpy as np

from numpy import transpose

from mathematics.sde.linear .

class Integral:

999 9

Prowvides numerical integration

2929

def __init__(self, n: int):
self.n, self.t0, self.tk, self.dt, self.t =\
n, 0, 0, 0, O
self .ma, self.m.ad, self.mbd, self.muh, self.m_fd, self.distortion =\
None, None, None, None, None, None
self . mx0, self.mmx0, self.m_dx0, self.m_xt, self.mmx, self.m.dx = \

None, None, None, np.ndarray ((n,

self . v_yt, self.v.my, self.v.dy,

(0, 0, 0,

self.v_ry = []

def integrate (self):

PERY

Performs numerical integration

higher_limit = self.t + int((self.
lower_limit = self.t
self .m_xt = np.hstack ((self.m_xt,
self .mmx = np.hstack (( self .mmx,
self .m_-dx = np.hstack ((self.m-dx,
for self.t in range(lower_limit ,
t = self.t0 + self.t * self.dt
T = 1)

mat_ut =

np.random.randn(self.n,
self.distortion.t(t)

# solution of sde
xt =
self .m_xt[:,

self . t] = xt[:, 0]

matrix import diagonal_to_column

0)), np.ndarray ((n,
self .v_t =\

tk

higher_limit):

self .m_ad.dot(self . mx0) + self.m_bd.dot(mat_ut) + self.m_fd.dot(ft)

# exit process of stochastic system

.ndarray ((self.n,
.ndarray ((self.n,

.ndarray ((self.n,

0)), np.ndarray ((n, 0))

— self.t0) / self.dt + 1)

higher_limit — lower_limit))))
higher_limit — lower_limit))))
higher_limit — lower_limit))))
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self.v_yt.append(self.mh.dot(xt)[0][0])

# expectation of solution of sde

mx = self.m_ad.dot(self . mmx0) + self.m_bd.dot(mat_ut)
# expectation of exit process

self mmx[:, self.t] = mx[:, 0]

self .v_my.append(self . m_h.dot(mx) [0][0])

# dispersion of solution of sde

dx = self.m_ad.dot(self.m-dx0).dot(np.transpose(self.m_ad)) + self.m_fd.dot(np.
transpose (self.m_fd))

# dispersion of exit process

self . m.dx[:, self.t] = diagonal_to_column (dx) [:, 0]

self.v_dy.append(self.m_h.dot(dx).dot(transpose(self.m-h))[0][0])

self.v_t.append(t)

self . mx0, self.mmx0, self.m_dx0 = xt, mx, dx

6.4 Source Codes for Utilities and Initialization

© 00 N O Ut kW N

== =
N = O

© 00 N O Ut B W N

== =
N = O

Listing 137: Initialization module

from config import database
from init.database import initdb

from tools.database import connect, disconnect

def initialization ():

2999

Initializes wvarious components of application

99 9

connect (database)
initdb ()

disconnect ()

Listing 138: Module for database initialization

import csv
import logging

import os

import sympy as sp

import config as c¢
from tools import fsys
from tools.database import execute

from tools.fsys import get_files

logger = logging.getLogger (_-_name__)
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def initdb ():

999

Initializes database with necessary table drivers

299

if not fsys.is_locked (”.db.lock”):
logger.info (” Initializing database...”)
create_files_table ()
create_c_table ()
fsys.lock (”.db.lock”)

else:
logger.info (” Updating database...”)

update_coefficients ()

def create_files_table():

999

Initializes the Fourier—Legendre coefficients table

299

execute ("DROP TABLE IF EXISTS ‘files ‘”)
execute (

"CREATE TABLE ‘files ¢ (”

7 ‘id‘ integer PRIMARY KEY AUTOINCREMENT,”

‘name‘ text unique”

” )w

def create_c_table():

999 9

Initializes the Fourier—Legendre coefficients table
execute ("DROP TABLE IF EXISTS ‘C‘”)
execute (

"CREATE TABLE ‘C‘ (”

?> ‘id ¢  integer PRIMARY KEY AUTOINCREMENT,”

il ¢

‘index ¢ text unique,”
‘value ¢ text ,”

‘value_f ¢ double”

update_coefficients ()

def update_coefficients ():

999

Updates the Fourier—Legendre coefficients table

299

files = get_files(c.csv, r’c-.x\.csv’)
loaded_files = [record [0] for record in execute (”SELECT ‘name‘ FROM °files ‘7)]
difference = [f for f in files if f not in loaded_files]
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69
70
71
72
73
74
75

76
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78
79
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=[]

for file

rows

in difference:

with open(os.path.join(file)) as f:

reader = csv.reader (f, delimiter=";’, quotechar=’"")
for row in reader:
if len(rows) > c.read_buffer_size:
execute (f”INSERT INTO ‘C¢ (‘index‘, ‘value‘, ‘value_f‘) VALUES {’,’.join (rows)}
”)
rows. clear ()
rows.append (f”? ("{row[0]}’, ’{row[1l]}’, {float (sp.sympify(row[1l]).evalf())})”)

execute (f”INSERT INTO ‘files ¢

if len(rows) > 0:
execute (f”INSERT INTO ‘C¢

(‘index ¢, ¢

‘value ', ‘value_f *)

(‘name‘) VALUES (’{file}’)”)

VALUES {’,’.join (rows)}”)

Listing 139: Database module

import logging
import re
import sqlite3

logger = logging.getLogger (__name__)

connection: sqlite3.Connection

cursor: sqlite3.Cursor

def is_connected ():

2999

Checks is connected to database

Returns

if application

True or False

”»

global connection

if connection is None:
return False

else:

return True

def connect(db: str):

” 0

Connects application to database
Parameters

db str

path to database file

999

try:
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34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88

global connection

global cursor

connection = sqlite3.connect (db)

connection.create_function ("REGEXP” , 2, regex)

cursor = connection.cursor ()

logger.info (f”SQLite Database is successfully connected”)

query = ”select sqlite_version ();”

cursor . execute (query)

record = cursor. fetchall ()

logger .info (£”SQLite Database Version is: {record[0][0]}")

query = "PRAGMA foreign_keys = ON;”

cursor . execute (query)

except sqlite3 .Error as error:

logger.error (f”Error while connecting to sqlite:

def disconnect ():

999

Disconnects application from database

299

try:
global connection

global cursor

connection . close ()

logger.info (”The SQLite connection is closed”)

except sqlite3 .Error as error:

logger.error (f”Error while connecting to sqlite:

def execute(query: str):
»»»
Sends query to database and receives data

Parameters

query : str
query to database

Returns

list of tuples (rows)
try:
global connection

global cursor

cursor . execute (query)
records = cursor. fetchall ()
connection .commit ()

return records

{error}”)

{error}”)
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108
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def regex(value,

except sqlite3.Error as error:

logger.error (f”Error while connecting to

pattern):

2929

Regular expression for search in database

Parameters

value

column to apply
pattern

regular expression

Returns

Search results

2999

c_pattern = re.compile(r”\b” + pattern.lower() + r”’\b”)

return c_pattern.search(value)

sqlite:

{error}”)

is not None

Listing 140: File system utilities

def get_files (path,

def is_locked (filename:

import os

import re

import config as ¢

pattern):

999 9

Gives list of files
Returns
list

list of awvailable files

999

return [os.path.join (path, f)
for f in os.listdir (path)

str):

2999

Checks if lock is set
Parameters
filename : str

name of lock file

Returns

True of False

999

if os.path.isfile (os.path.join(c.resources,

containing the Fourier—Legendre

coefficients

if re.match(pattern, f)]

filename) ) :
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31 return True
32 else:
33 return False

34
35
36 |def lock(filename):
37 nrr

38 Performs locking

39 Parameters

40

41 filename : str

42 name of lock file

43 7

44 f = open(os.path.join(c.resources, filename), 7"w”)

45 f.close ()
46
47
48 | def unlock (filename):
a9 |

50 Performs unlocking

51 Parameters

52

53 filename : str

54 name of lock file

55 ar

56 os.remove (os.path.join(c.resources, filename))

7 Future Work

Considering the future work, it is important to say that symbolic algebra gives a
wide field for optimizations of modeling process. Symbolic operations is actually
operations with strings. Such operations has relatively high complexity and
slows down modeling process significantly. One of possible ways to improve
modeling performance is to parallelize computations. Since strong numerical
schemes for Ito SDEs have massive amount of terms this idea appears justified.

The strong numerical schemes for [t6 SDEs seem to be easily optimizable,
on the other hand, superpositions of the differential operators (@), (H), and (23]
are not. They are called recursively during calculation process which is more
difficult to parallelize than strong numerical schemes for [td6 SDEs. Differential
operators obviously include differentiating which is high cost and optimization
of them is a dedicated issue.

In the future, it is possible to improve the SDE-MATH software package in
a number of other directions. In particular, high-order strong numerical meth-
ods of the Runge-Kutta type [2], [7], [42], [61] (including multistep numerical
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methods [2], [7], [42], [61]) for 1t6 SDEs can be implemented. In addition, soft-
ware for solving the filtering problem and the problem of stochastic optimal
control can also be developed. These improvements will lead to changes of the
graphical user interface due to new features.
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