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�� Vvedenie

Nasto�wa� stat�� posv�wena probleme razlo�eni� processov
Ito v r�dy Te�lora�Ito� �ta problema �vl�ets� dostatoqno
novo� v teorii sluqa�nyh processov	 tak kak pervye raboty	
posv�wennye e�	 otnos�ts� k 
���� godam 
Mil�xte�n 
��
��	
Vagner i Platen 
��
�	 �����	 Platen 
����	������� Razlo�enie
Te�lora�Ito	 predstavl��wee sobo� razlo�enie gladkogo be�
zynercionnogo neline�nogo preobrazovani� rexeni� stohasti�
qeskogo differencial�nogo uravneni� Ito v r�d po povtornym
stohastiqeskim integralam s ispol�zovaniem formuly Ito	 by�
lo vpervye poluqeno i ispol�zovano v rabotah ��	 �� Vagnerom
i Platenom�
Nasto�wa� stat�� posv�wena postroeni�	 na osnove rezul��

tatov	 poluqennyh avtorami v �
	 �	 ��� unificirovannogo raz�
lo�eni� Te�lora�Ito� Po�snim	 qto zdes� imeets� v vidu� De�
lo v tom	 qto povtornye stohastiqeskie integraly	 vhod�wie
v razlo�enie Te�lora�Ito iz ��	 ��	 mogut byt� preobrazova�
ny k sisteme kanoniqeskih povtornyh stohastiqeskih integra�
lov Ito men�xe� kratnosti s polinomial�nymi podyntegral��
nymi funkci�mi� �ti preobrazovani� osuwestvl��ts� v �
	 ���
na osnove formul zameny por�dka integrirovani� dl� povtor�
nyh stohastiqeskih integralov Ito	 poluqennyh avtorami ����
Rezul�tat	 poluqa�wi�s� posle privedeni� podobnyh slagae�
myh i �vl�ets� upom�nutym vyxe unificirovannym razlo�e�
niem Te�lora�Ito� Va�no otmetit�	 qto ko�fficienty unifi�
cirovannogo razlo�eni� Te�lora�Ito opredel��ts� rekurrent�
nymi sootnoxeni�mi� Drugo� va�no� osobennost�� unificiro�
vannogo razlo�eni� Te�lora�Ito �vl�ets� to	 qto ono soder�it
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znaqitel�no men�xee koliqestvo razliqnyh povtornyh stoha�
stiqeskih integralov	 ne�eli razlo�enie Te�lora�Ito v forme
Vagnera i Platena ��	 ��� Dl� sravneni� otmetim	 qto unifici�
rovannoe razlo�enie Te�lora�Ito do qlenov tret�ego por�dka
malosti soder�it �� razliqnyh povtornyh stohastiqeskih in�
tegralov	 v to vrem�	 kak analogiqnoe razlo�enie Te�lora�Ito
v forme Vagnera i Platena soder�it �
 razliqnyh povtornyh
stohastiqeskih integralov� Pri �tom	 qem bol�xe uder�ivaets�
qlenov v razlo�enii	 tem suwestvennee pro�vl�ets� �to razli�
qie� �to preimuwestvo unificirovannogo razlo�eni� Te�lora�
Ito �vl�ets� osobenno va�nym	 poskol�ku approksimaci� po�
vtornyh stohastiqeskih integralov �vl�ets� slo�no� teoreti�
qesko� i vyqislitel�no� problemo� ��	 �	 �	 ����

�� Opredeleni� i soglaxeni�

Pust� ���F � P � vero�tnostnoe prostranstvo	 a ft � f �t� �� � Rm

izmerimy� dl� vseh t � ����� vinerovski� process tako�	 qto�

Mfdftdf
T
t g � ��

fdt�

��
f � diagf��f� � �

�
f� � � � � � �

�
fmg� ��fi ��� i � 	� 
� � � � �m�

gde Mf�g � operator matematiqeskogo o�idani��
Rassmotrim sistemu stohastiqeskih differencial�nyh urav�

neni� Ito vida�

dxt � a�xt� t�dt���xt� t�dft� x� � x���� 
��

gde xt � x�t� �� � Rn rexenie uravneni� 
��� funkcii a�x� t� � Rn

i ��x� t� � Rn�m mnogokratno nepreryvno differenciruemy po
oboim argumentam i udovletvor��t uslovi�m suwestvovani� i
edinstvennosti rexeni� uravneni� 
���
Sluqa�ny� process gt � R� budem nazyvat� neupre�da�wim k

vinerovskomu processu ft � Rm na �a� b� 	 esli dl� l�byh momen�
tov �� t� s � �a� b� takih	 qto� � � t � s znaqeni� processa g� stoha�

stiqeski nezavisimy s priraweni�mi f
�i�
s � f

�i�
t �i � 	� � � � �m�	 gde

f
�i�
t � i�� komponenta vinerovskogo processa ft�
Budem govorit�	 qto process gt nepreryven v srednem stepeni

m na �a� b� esli dl� l�byh momentov t� � � �a� b� spravedlivo
sledu�wee uslovie�

lim
t��

M fj gt � g� j
mg � �
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Pust� a � t�� t�� t�� � � � � tN � b razbienie prome�utka �a� b� takoe	
qto� ti � ti��� � � i � N � 	 i 
N � max��i�N�� jti�� � tij�
Obobwennym stohastiqeskim integralom Ito ot sluqa�nyh

processov gt i qt po vinerovskomu processu f
�i�
t � R��i � 	� � � � �m�

nazyvaets� 
R� L� Stratonoviq ���� sledu�wi� srednekvadrati�
qeski� predel�

bZ
a

gtdf
�i�
t qt � l�i�m�

�N��

N��X
k��

gtk

�
f
�i�
tk�� �f

�i�
tk

�
qtk�� � 
��

Pust� processy qt i gt udovletvor��t sledu�wim uslovi�m�
A	� qt � 	�
A
� Process gt �vl�ets� neupre�da�wim k vinerovskomu pro�

cessu f
�i�
t � R��i � 	� � � � �m��

A�� Process gt srednekvadratiqeski nepreryven na �a� b��
A�� M

�
g�t
�
�� dl� vseh t � �a� b��

Netrudno pokazat�	 qto v �tih uslovi�h stohastiqeski� in�
tegral 
�� suwestvuet� Netrudno tak�e pokazat�	 qto v �tih �e
uslovi�h suwestvuet stohastiqeski� integral vida

bZ
a

gtdtqt � l�i�m�
�N��

N��X
k��

gtk �tk�� �tk� qtk�� � 
��

Opredelenie 
� Process �s � R�xs� s� nazyvaets� nepreryvno
differenciruemym po Ito v srednekvadratiqeskom smysle na s �
��� T � na traektori�h uravneni� �	�� esli dl� vseh s� t � ��� T �takih�
qto s � t sledu�wee predstavlenie�

�s � �t �

sZ
t

B�fR�x� � � �gd� �
mX
i��

sZ
t

B
�i�
� fR�x� � � �gdf

�i�
� 
��

spravedlivo s vero�tnost�� 	 i integraly v pravo� qasti ��� su�
westvu�t v srednekvadratiqeskom smysle	

V ��� x� 
 rexenie uravneni� �	�� B�fR�x� � � �g� B
�i�
� fR�x� � � �g�

i � 	� � � � �m nepreryvnye v srednekvadratiqeskom smysle proces�
sy na ��� T �� nazyvaemye sistematiqesko� i diffuzionnymi pro�
zvodnymi processa �s po Ito	
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Lemma 
 
Formula Ito�� Pust�

	�	 Qastnye proizvodnye �
�tR�x� t��

�
�x�i�

R�x� t�� ��

�x�i��x�j�
R�x� t��

i� j � 	� 
� � � �� n suwestvu�t i nepreryvny na Rn � ��� T �	


�	 Funkcii a
�i��x� t�� ��ij��x� t� i processy a

�i��xt� t�� ��ij��xt� t�
�i � 	� � � � � n� j � 	� � � � �m� takovy� qto dl� processov LfR�xt� t�g�

G
�j�
� fR�xt� t�g� j � 	� � � � �m vypolneny uslovi� A�� A�	

Togda process �s � R�xs� s� nepreryvno differenciruem po
Ito v srednekvadratiqeskom smysle na �
�T� i ego proizvodnye

B�fR�xt� t�g� B
�i�
� fR�xt� t�g� i � 	� � � � �m ime�t vid�

B�fR�xt� t�g � LfR�xt� t�g�B
�i�
� fR�x� t�g � G

�i�
� fR�x� t�g�

gde

Lf�g �
�f�g

�t
�

nX
i��

a�i��x� t�
�f�g

�x�i�
�

�
	




mX
j��

nX
l�i��

��fj�
�lj��x� t���ij��x� t�

��f�g

�x�l��x�i�
� 
��

G
�i�
� f�g �

nX
j��

��ji��x� t�
�f�g

�x�j�
� i � 	� � � � �m 

�

i dl� vseh s� t � ��� T � takih� qto s � t ravenstvo

�s � �t �

sZ
t

L fR�x� � � �gd� �
mX
i��

sZ
t

G
�i�
� fR�x� � � �g df

�i�
�

spravedlivo s vero�tnost�� 	 i integraly v pravo� qasti suwe�
stvu�t v srednekvadratiqeskom smysle	

Budem nazyvat� sovokupnost� k�indeksnyh �lementov matri�
ce� k�go ranga �k�A � �k�A �

��A�i����ik�
��m����� �mk

i����� �ik��
� �sno	 qto ���A

skal�r� ���A matrica razmera m� � 	� ���A matrica razmera
m��m� i t�d� Oboznaqenie �k�A �

���k���A�i��
��m�

i���
	 gde �k���A�i�� ���A�i����ik�

��m����� �mk

i����� �ik��
sleduet ponimat� kak bloqnu� matricu s �le�

mentami k � 	�go ranga� V dal�ne�xem inogda u skal�rov i
matric�stolbcov rang ukazyvat� ne budem�
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Budem nazyvat� matricu �k�C svertko� matric �k�l�A i �l�B i

oboznaqat� ee v vide� �k�C � �k�l�A�l�� �l�B� gde

�k�C �

������
m����� �mlX
i����� �il��

A�i����ik�l�B�i����il�

������
ml������ �ml�k

il������ �il�k��

Opredelenie �� Process �s � R�xs� s� nazyvaets� N raz nepre�
ryvno differenciruemym po Ito srednekvadratiqeskom smysle
na ��� T � na traektori�h uravneni� �	� esli dl� vseh l � �� 	� � � � � N�
	� s� t � ��� T � takih� qto s � t spravedlivo s vero�tnost�� 	 pred�
stavlenie

�rl�B�l�����fR�xs� s�g�
�rl�B�l�����fR�xt� t�g�

sZ
t

�rl�B��l�����fR�x� � � �gd��

�

sZ
t

�rl���B��l�����fR�x� � � �g
�
� df� �

gde integraly v pravo� qasti suwestvu�t v srednekvadrati�

qeskom smysle� 	q � �� 	� rl �
lP

i��
	i�

�rq�B�q �����fR�xt� t�g� q �

	� 
� � � �N nepreryvnye v srednekvadratiqeskom smysle matriqnye
sluqa�nye processy� nazyvaemye q�mi proizvodnymi processa �s
po Ito v srednekvadratiqeskom smysle na traektori�h sistemy
�	�� ���B�������z	

q

fR�xt� t�g sistematiqesko� sostavl��we� q�� proiz�

vodno�� �q�B�������z	
q

fR�xt� t�g diffuzionno� sostavl��we�� a vse drugie

�rq�B�q�����fR�xt� t�g smexannymi sostavl��wimi q�� proizvodno�	

Dl� q � � polagaem� rq � �� �rq�B�q����� f�g
def
� �� �rq�B��q�����f�g

def
�

���B�f�g�
�rq���B��q�����f�g

def
� ���B� f�g	

Pust� ���Djf�g �
���D�i�

j f�g
���m
i��

� j � 	� � � � � k � vektornye diffe�
rencial�nye operatory	

Apf�g �



Cpf�g
�

� p � 	� � � � � k � 	�
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gde Cpf�g � skal�rny� differencial�ny� operator� Dalee budem
oboznaqat�����Ak��

n
D

�ik�
k

n
Ak

n
� � �
n
D

�i��
� fA� f�gg

o
� � �
ooo���m

i�����ik��

def
�

def
� �k�Ak��DkAk � � �D�A�f�g � Ak��

n
�k�DkAk � � �D�A�f�g

o
�

Ak��

n
���Dk

n
�k���Ak � � �D�A�f�g

oo
� � � �

� � � � Ak��

n
���Dk

n
Ak � � �

n
���D� fA�f�gg � � �

ooo
�

Lemma �� Pust� uslovi� lemmy 	 vypolneny	 Pust� dl� vseh
l � �� 	� � � � � N � 
 processy �rl���Hl��Hl � � �H�fR�xs� s�g i funkcii
�rl���Hl��Hl � � �H�fR�x� s�g pokomponentno udovletvor��t uslovi�
�m 	�� 
� lemmy 		 Togda process �s � R�xs� s� N raz nepreryvno
differenciruem po Ito v srednekvadratiqeskom smysle na ��� T �
i ego proizvodnye ime�t vid�

�rl���B�l�� �����fR�xs� s�g �
�rl���Hl��Hl � � �H�fR�xs� s�g�

gde Hpf�g �
���G�f�g� Lf�g� rl�� �

l��P
p��

	p� 	p � 	 pri Hpf�g �
���G�f�g

i 	p � � pri Hpf�g � Lf�g� differencial�nye operatory ���G�f�g i
Lf�g takie �e� kak v lemme 	� l � �� 	� � � � � N � 		

�� Povtornye stohastiqeskie integraly i ih svo�stva

Rassmotrim nekotorye svo�stva povtornyh stohastiqeskih
integralov	 neobhodimye dl� dal�ne�xego izlo�eni�� Dokaza�
tel�stva �tih utver�deni� mo�no na�ti v ��	 ����
Soglasno 
��	 
�� rassmotrim povtorny� stohastiqeski� in�

tegral vida�

J
�k�
ab

def
�

bZ
a


k���t�� � � �

tk��Z
a


��tk���

tk��Z
a

�tkdW
�ik�
tk dW

�ik���
tk��

� � �dW
�i��
t� �

gde 
j�t�� j � 	� � � � � k� 	 � nekotorye funkcii	 �t nekotory� slu�

qa�ny� process	 a W
�q�
t � f

�q�
t pri q � 	� � � � �m i W

�q�
t � t pri

q � �� f �q�t � nezavisimye skal�rnye vinerovskie processy�
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Sformuliruem dostatoqnye uslovi� suwestvovani� v sred�
nekvadratiqeskom smysle povtornyh stohastiqeskih integralov

J
�k�
ab ��	 ����

Lemma �� Pust� funkcii 
j�t�� j � 	� � � � � k�	 nepreryvny na �a� b��
a process �t �vl�ets� neupre�da�wim k vinerovskim processam

f
�q�
t �q � 	� � � � �m� i nepreryven v srednekvadratiqeskom smysle na
�a� b�� Pust� tak�e M

�
��t
�
�� dl� vseh t � �a� b��Togda povtorny�

stohastiqeski� integral J
�k�
ab � k � 	� 
� � � � suwestvuet v sredne�

kvadratiqeskom smysle	

Rassmotrim svo�stvo zameny por�dka integrirovani� v po�
vtornyh stohastiqeskih integralah�

Opredelenie �� Srednekvadratiqeski� predel

l�i�m�
�N��

N��X
j��

��j

�
W �ik�

�j��
�W �ik�

�j

�
S
�k���
�j��b

�

gde

S
�k���
t�b

def
�


R b
t�

��t��dW

�ik���
t� � � �

R b
tk��


k���tk�dW
�i��
tk pri k � 	

	 pri k � 	

nazyvaets� integralom

I
�k�
ab

def
�

bZ
a

�t�dW
�ik�
t�

bZ
t�


��t��dW
�ik���
t� � � �

bZ
tk��


k���tk�dW
�i��
tk �

Suwestvovanie integrala I
�k�
ab i svo�stvo zameny por�dka inte�

grirovani� v povtornyh stohastiqeskih integralah ustanavliva�
ets� sledu�we� teoremo�	

Teorema 
� Pust� funkcii 
l�t�� l � 	� � � � � k � 	 i process �t udo�

vletvor��t uslovi�m lemmy �� togda integral I
�k�
ab suwestvuet

v srednekvadratiqeskom smysle i ravenstvo

I
�k�
ab � J

�k�
ab

spravedlivo s vero�tnost�� 		

Iz teoremy � vytekaet sledstvie�
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Sledstvie� V uslovi�h teoremy 	 spravedlivo s vero�tnost�� 	
ravenstvo

bZ
a

t�Z
a

��dW
�j�
� dW

�ik�
t�

S
�k���
t�b

�

bZ
a

��dW
�j�
�

bZ
�

dW
�ik�
t�

S
�k���
t�b

�

gdej � �� � � � �m	

Dokazatel�stvo� Rassmotrim process Fat �
R t
a
��dW

�j�
� � Togda v

uslovi�h teoremy � imeem

bZ
a

Fat�dW
�ik�
t� S

�k���
t�b

�

�

bZ
a


k���t�� � � �

tk��Z
a


��tk���

tk��Z
a

FatkdW
�ik�
tk dW

�ik���
tk��

� � �dW
�i��
t� �

Dalee ostaets� lix� primenit� teoremu � k pravo� qasti po�
slednego ravenstva�
Dalee budet ispol�zovat�s� sledu�wee svo�stvo povtornyh

stohastiqeskih integralov�

Lemma 
� Pust� uslovi� teoremy 	 vypolneny i h�t� nepreryvna�
na �a� b� funkci�	 Togda spravedlivo s vero�tnost�� 	 sledu�wee
ravenstvo

bZ
a

�tdW
�ik�
t h�t�S�k���

tb �

bZ
a

�th�t�dW
�ik�
t S

�k���
tb �

gde k � 	 i integraly
R b
a
�tdW

�ik�
t h�t�S�k���

tb �
R b
a
�th�t�dW

�ik�
t S

�k���
tb

suwestvu�t v srednekvadratiqeskom smysle	

Rassmotrim v uslovi�h lemmy � nekotorye svo�stva integra�

lov J �k�
ab �

MfJ �k�
ab g � �� 
��

Mf
�
J
�k�
ab

��
g � ��fi�

��fi�
� � ���fik

�

�

bZ
a


�
k���t�� � � �

tk��Z
a


�
��tk���

tk��Z
a

Mf��tkgdtkdtk�� � � �dt��

��
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Vvedem oboznaqeni�
J
�i����ik�
l� ���lks�t

�

�

��



sR
t

�s � ���l�df
�i��
��

sR
��

�s � ���l�df
�i��
�� � � �

sR
�k��

�s � �k�lkdf
�ik�
�k � k � �

	� k � �

i
�k�Jl����lks�t �

���J �i����ik�
l����lks�t

���m
i����� �ik��

�

Iz teoremy � i svo�stv 
�� i 
�� vyteka�t suwestvovanie i

sledu�wie svo�stva integralov J �i����ik�
l����lks�t

pri k � � �

MfJ
�i����ik�
l����lks�t

g � ��

M


�
J
�i����ik�
l����lks�t

���
�

�
��fi�

��fi�
� � � ��fik

�s � t���l������lk��k

�
lk � 	��
�lk � lk��� � 
� � � � �
�lk � � � �� l�� � k�
� 
���

sZ
t

�s � � �jdf �p�� J
�i����ik�
l����lks��

� J
�pi����ik�
jl����lks�t

� p � 	� � � � �m� 
���

sZ
t

�s� � �jd�J
�i����ik�
l����lks��

�
�s � t�j��

j � 	
J
�i����ik�
l����lks�t

�
	

j � 	
J
�i����ik�
l��j��l����lks�t

� 
���

J
�i����ik�
l����lks�t

�

sZ
t

�s � ���
lk � � �

�k��Z
t

�s � �k�
l�df �i���k

� � �df �ik���
�

Vvedem v rassmotrenie matricu k�go ranga vida�

�k��s�t�jl� ���lk �
����s � t�

�i����ik�
jl����lk

���m
i����� �ik��

�

���� �s � t�j

j�
J
�i����ik�
l����lks�t

����
m

i����� �ik��

�

Rassmotrim sovokupnost� matric k�go ranga�

CB �
n
�k�Cjl����lk � �k� j� l�� � � � � lk� � B

o
�

B �
n
�k� j� l�� � � � � lk� � k� j� l�� � � � � lk � Z� 	 N

�
f�g

o
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i vvedem sledu�wu� operaci� nad mno�estvom matric k�go ran�
ga �

CB 
DB
� def
�

X
�k�j�l����� �lk��B

�k�Cjl����lk

k
� �k�Djl����lk �

Netrudno videt�	 qto vvedenna� operaci� obladaet peremesti�
tel�nym i raspredelitel�nym svo�stvami� Dalee budem obozna�
qat�

�s� t�B � f�k��s � t�jl����lk � �j� l�� � � � � lk� k� � Bg

�� Razlo�enie processov Ito

Doka�em teoremu o rzlo�enii processa �s � R�xs� s��

Teorema �� Pust� process Ito �s � R�xs� s�� poro�denny� rexe�
niem uravneni� �	�� r�	 raz nepreryvno differenciruem po Ito v
srednekvadratiqeskom smysle na ��� T � na traektori�h uravneni�
�	�	 Togda on razlagaets� v okrestnosti fiksirovannogo momenta
t � ��� T � v r�d vida�

�s �
rX

q��

�
CAqf�tg 
 �s � t�Aq

�
�Dr��s�t� 
���

priqem ravenstvo spravedlivo s vero�tnost�� 	� prava� qast�
�	�� suwestvuet v srednekvadratiqeskom smysle i v �	�� vvede�
ny oboznaqeni��

Dr��s�t �

sZ
t

�
QArf��gd� 
 �s� � �Ar

�
�

�

sZ
t

��
HArf��g��df�

�

 �s � � �Ar

�
� 
���

gde

CAqf��g �
n
�k�Cjl����lkf�tg � �j� l�� � � � � lk� � Aq

o
�

QAqf��g �
n
L
n
�k�Cjl����lkf��g

o
� �j� l�� � � � � lk� � Aq

o
�

HAqf��g �
n
���G�

n
�k�Cjl����lkf��g

o
� �j� l�� � � � � lk� � Aq

o
�
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�k�Cjl����lkf�tg �


 �k�LjGl� � � �Glkf�tg pri k � �

Ljf�tg pri k � �
�

Aq � f�k� j� l�� � � � � lk� � k�j� l�� � � �� lk � q� k� j� l�� � � � � lk � �� 	� � � �g�

Ljf�g
def
�

��



LfLf� � �fL� �z 	
j

f�gg � � �gg pri j � �

� pri j � �

�

���Gpf�g �
	

p

�
���Gp��Lf�g �

���LGp��f�g
�
� p � 	� 
� � � � �

���G�f�g i Lf�g opredeleny sootnoxeni�mi ��� i ���	

Dokazatel�stvo� Dokazatel�stvo provedem po indukcii� Pri�
menim k processu �s formulu Ito�

�s � �t �D�s�t �
�
CA�f�tg 
 �s � t�A�

�
�D�s�t� 
���

gde

D�s�t �

sZ
t

Lf��gd� �

sZ
t

G�f��g��df� �

�

sZ
t

�QA�f��gd� 
 �s� � �A�� �

sZ
t

��
HA�f��g��df�

�

 �s � � �A�

�
� 
���

Sootnoxeni� �	�� i �	�� �vl��ts� qastnymi sluqa�mi �	�� i �	��
pri r � �� Primenim formulu Ito k podyntegral�nym processam
v D�s�t �

D�s�t � D��s�t �D�s�t� 
�
�

D��s�t � �s � t�Lf�tg� G�f�tg��J�s�t � �CA�f�tg 
 �s � t�A��� 
���

D�s�t �

sZ
t

�
�

s�Z
t

L�f��gd� �

s�Z
t

G�Lf��g��df�

�
A ds��

�

sZ
t

�
� s�Z

t

LG�f��gd� �

s�Z
t

���G�G�f��g
��df�

�
A ��dfs� � 
���
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Zamenim por�dki integrirovani� v 
��� v sootvetstvii s teore�
mo� 	�

D�s�t �

sZ
t

L�f��gd� �s� � � �

sZ
t

LG�f��gd�
��J�s���

�

sZ
t

G�Lf��g
��df� �s � � � �

sZ
t

�
���G�G�f��g��df�

�
��J�s�� �

�

sZ
t

�
QA�f��gd� 
 �s � � �A�

�
�

sZ
t

��
HA�f��g��df�

�

 �s � � �A�

�
� 
���

Ob�edin�� sootnoxeni� 
����
��� pridem k predstavleni��

�s �
�X

q��

�
CAqf�tg 
 �s � t�Aq

�
�D�s�t� 
���

D�s�t �

sZ
t

�
QA�f��gd� 
 �s� � �A�

�
�

�

sZ
t

��
HA�f��g��df�

�

 �s � � �A�

�
� 
���

Netrudno videt�	 qto 
��� i 
��� �vl��ts� qastnymi sluqa�
�mi 
��� i 
��� pri r � 	� Takim obrazom utver�denie teoremy
spravedlivo dl� r � �� 	� Prodol�a� naqaty� process razlo�e�
ni� poluqim na sledu�wem xage sootnoxeni��

�s �
�X

q��

�
CAqf�tg 
 �s � t�Aq

�
�

	



�s � t��L� f�tg�

��G�L f�tg � LG� f�tg�
�
� J�s�t �

���G�G� f�tg
�
� ���J��s�t�

��s � t�LG� f�tg
�
� J�s�t �D	s�t �

�
�X

q��

�
CAqf�tg 
 �s � t�Aq

�
�
�
CA�f�tg 
 �s � t�A�

�
�D	s�t
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�
�X

q��

�
CAqf�tg 
 �s � t�Aq

�
�D	s�t� 
���

gde

D	s�t �

sZ
t

L	 f��gd�
	



�s� � �� �

sZ
t

L�G� f��gd�
�
� J�s�� �s� � ��

�

sZ
t

�
LG�L f��g � L�G� f��g

�
d�

�
� J�s���

�

sZ
t

���LG�G� f��g d�
�
� ���J��s�� �

sZ
t

�
G�L

� f��g
�
� df�

� 	



�s � � ���

�

sZ
t

�
���G�LG� f��g

�
� df�

�
�
� J�s�� �s � � ��

�

sZ
t

��
���G�G�L f��g �

���G�LG� f��g
�

�
� df�

�
�
� J�s���

�

sZ
t

�
�	�G�G�G� f��g

�
� df�

�
�
� ���J��s�� �

�

sZ
t

�
QA�f��gd� 
 �s � � �A�

�
�

sZ
t

��
HA�f��g��df�

�

 �s � � �A�

�
�


���
Sledovatel�no utver�denie teoremy spravedlivo i pri r � 
�

Predpolo�im	 qto utver�denie teoremy spravedlivo pri neko�
torom n � r i doka�em ego spravedlivost� pri n � r�	� Prime�
n�� formulu Ito k podyntegral�nym procesam v 
��� poluqim

Dr��s�t � D�r��s�t �Dr��s�t �

D�r��s�t �

�
�QArf�tg 


sZ
t

d� �s� � �Ar

�
A�
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�

�
�
�
�HArf�tg��

sZ
t

df�

�
A
 �s� � �Ar

�
A �

Dr��s�t �

sZ
t

�
�

��Z
t

dUArf��gd�� 
 �s� ���
Ar

�
A�

�

sZ
t

�
�
�
�

��Z
t

dV Arf��g��df��

�
A 
 �s� ���

Ar

�
A � 
���

gde
dUArf��g �

�
n
�k�Xjl����lkf��gd� �

�k���Yjl����lkf��g
��df� � �j� l�� � � � � lk� k� � Ar

o
�

dV Arf��g �

�
n
�k���Zjl����lkf��gd� �

�k���Wjl����lkf��g
��df� � �j� l�� � � � � lk� k� � Ar

o
�

�k�Xjl����lkf��g �
�k�Lj��Gl� � � �Glkf��g�

�k���Zjl����lkf��g �
�k���LG�L

jGl� � � �Glkf��g�

�k���Yjl����lk� � �k���G�L
j��Gl� � � �Glkf��g�

�k���Wjl����lk� � �k���G�G�L
jGl� � � �Glkf��g�

Zamenim	 soglasno sledstvi� iz teoremy �	 por�dki integriro�
vani� v povtornyh stohastiqeskih integralah v 
����

Dr��s�t �

sZ
t

�
�
�
�dUArf��g

sZ
�

d��

�
A 
 �s � ���

Ar

�
A�

�

sZ
t

�
�
�
�dV Arf��g��

sZ
�

df��

�
A
 �s � ���

Ar

�
A � 
���

Rassmotrim
R s
� d���s � ���

�i����ik�
jl����lk

i
R s
� df

�q�
�� �s � ���

�i����ik�
jl����lk

d��� q �
	� � � � �m�
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Soglasno svo�stvam 
��� i 
��� imeem

sZ
�

d���s� ���
�i����ik�
jl����lk

�

�

��



�s � � ��i����ik�j��l����lk
� �

�s���j��
�s � � ��i����ik�j���l��j���l����lk

pri k � �

�s���j��

�j���
 pri k � �
�


�
�
sZ

�

df �q��� �s � ���
�i����ik�
jl����lk

�
	

�s � � �j
�s� � �

�qi����ik�
jjl����lk

� k � �� 	� � � � � 
���

Podstavim 
�
� i 
��� v 
��� i zametim	 qto poluqa�wi�s� re�
zul�tat �kvivalenten zapisi�

Dr��s�t �

sZ
t

�
QAr��f��gd� 
 �s� � �Ar��

�
�

�

sZ
t

��
HAr��f��g��df�

�

 �s � � �Ar��

�
�

Takim obrazom 
��� dokazano� Iz 
��� sleduet	 qto

Dr��s�t � D�r��s�t
�Dr��s�t �

D�r��s�t �

�
�QArf�tg

sZ
t

d� 
 �s � � �Ar

�
A�

�

�
�
�
�HArf�tg��

sZ
t

df�

�
A
 �s� � �Ar

�
A � 
���

Posle podstanovki 
�
� i 
��� pri � � t v 
��� poluqim

D�r��s�t �
�
CAr��f�tg 
 �s � t�Ar��

�
�

Takim obrazom sootnoxenie 
��� dokazano� Teorema dokazana�
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	� Unificirovanny� r�d Te�lora
Ito

Netrudno videt�	 qto qast� qlenov v summe v pravo� qa�
sti 
��� imeet bol�xi� por�dok malosti v srednekvadratiqe�
skom smysle pri s � t� qem por�dok malosti ostatoqnogo qlena
Dr��s�t � �to zakl�qenie vytekaet iz svo�stva 
���� Sledu�wa�
teorema pokazyvaet	 kak neobhodimo vidoizmenit� razlo�enie

��� qtoby upor�doqit� ego qleny po por�dkam malosti� Pri
�tom novy� ostatoqny� qlen razlo�eni� budet imet� naibol��
xi� por�dok malosti�

Teorema �� V uslovi�h teoremy 
 spravedlivo s vero�tnost��
	 sledu�wee unificirovannoe razlo�enie Te�lora
Ito processa
�s � R�xs� s�� s � ��� T � v okrestnosti fiksirovannogo momenta
t � ��� T ��

�s �
rX

q��

�
CDqf�tg 
 �s � t�Dq

�
�Hr��s�t�

gde
Hr��s�t

def
�
�
Cf�tg

Ur 
 �s � t�Ur
�
�Dr��s�t�

Dr��s�t �

sZ
t

�
QAqf��gd� 
 �s � � �Ar

�
�

�

sZ
t

��
HAqf��g��df�

�

 �s � � �Ar

�
�

Dq � f�k� j� l�� � � � � lk� � k � 
�j � l� � � � �� lk� � q�

k� j� l�� � � � � lk � �� 	� � � �g �

Ur � f�k� j� l�� � � � � lk� � k � j � l� � � � �� lk � r�

k � 
�j � l� � � � �� lk� � r � 	� k� j� l�� � � � � lk � �� 	� � � �g �q
M
�
�Hr��s�t�

�
�
� Cr�s � t��r������ Cr � const ��� r � �� 	� � � � �

a drugie oboznaqeni� takie �e kak v teoreme 
	

Dokazatel�stvo� Netrudno videt�	 qto razlo�enie 
��� mo�et
byt� predstavleno v sledu�we� forme�

�s �
rX

q��

�
CDqf�tg 
 �s � t�Dq

�
�Hr��s�t�
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gde

Hr��s�t
def
�
�
CUrf�tg 
 �s � t�Ur

�
�Dr��s�t�

s pomow�� neravenstva Minkovskogo imeem�q
M
�
�Hr��s�t�

��
�
�

�

r
M
n
�CUrf�tg 
 �s� t�Ur�

�
o
�
q
M
�
�Dr��s�t�

�
�
� 
���

Rassmotrim veliqiny v pravo� qasti 
���� Poskol�ku�
CUrf�tg 
 �s � t�Ur

�
�

�
X

�k�j�l����� �lk��Ur

�s� t�j

j�

mX
i����� �ik��

LjG
�i��
l�

� � �G
�ik�
lk

f�tg J
�i����ik�
l����lks�t

�

to v malo� okrestnosti momenta t iz svo�stva 
��� i neravenstva
Minkovskogo poluqaemr

M
n
�CUrf�tg 
 �s� t�Ur �

�
o
� C

�

r�s � t�z� C
�

r � const ���

gde

z � min
�k�j�l����� �lk��Ur



k



� j � l� � � � �� lk

�
�
r � 	



�

Takim obrazomr
M
n
�Cf�tgUr 
 �s � t�Ur��

o
� C

�

r�s � t�
r��
� �

C
�

r � const ���


���

Rassmotrim Dr��s�t �

Dr��s�t �

sZ
t

�
QArf��gd� 
 �s� � �Ar

�
�

�

sZ
t

��
HArf��g

�
� df�

�

 �s � � �Ar

�
�
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�
X

�k�j�l����� �lk��Ar

mX
i����� �ik��

�
�

sZ
t

Lj��G
�i��
l�

� � �G
�ik�
lk

f��g�

�
�s � � �j

j�
d�J

�i����ik�
l����lks��

�

�
mX
p��

sZ
t

G
�p�
� LjG

�i��
l�

� � �G
�ik�
lk

f��g
�s � � �j

j�
df �p�� J

�i����ik�
l����lks��

�
A �

V malo� okrestnosti momenta t s pomow�� teoremy �	 svo�stva

��� i neravenstva Minkovskogo imeem�q

M
�
�Dr��s�t �

�
�
� C

��

r �s � t�z
�

� C
��

r � const ���

gde

z
�

� min
k�j�l������lk�r���k�r



	 �

k



� j � l� � � � �� lk�

	



�
k



� j � l� � � � �� lk

�
�
r � 	



�

Takim obrazomq
M
�
�Dr��s�t�

�
�
� C

��

r �s � t�
r��
� � C

��

r � const ��� 
���

Iz 
����
��� poluqaemq
M
�
�Hr��s�t�

�
�
� Cr�s � t�

r��
� � Cr � const ���

Teorema dokazana�

Literatura

�� R� L� Stratonoviq� Uslovnye markovskie processy i ih primenenie k

teorii optimal�nogo upravleni�� Moskva� Izdatel�stvo Moskovskogo
Universiteta� 	����

�� G� N� Milstein� Approximate integration of stochastic di�erential equations� The�
or� Prob� Appl� �� ���	
� ��	�����

�� W� Wagner� E� Platen� Approximation of Ito integral equations� Preprint ZIMM�
Akad� der� Wiss der DDR� Berlin� ��	��


� E� Platen� W� Wagner� On a Taylor formula for a class of Ito processes� Prob�
Math� Statist� � ������� �	����



�

 O� �� KUL�QICKI
� D� F� KUZNECOV

�� G� N� Mil�xte�n� Qislennoe integrirovanie stohastiqeskih differen�

cial�nyh uravneni�� Sverdlovsk� Izdatel�stvo Ural�skogo Universi�
teta� 

� s�� 	����

�� P� E� Kloeden� E� Platen�Numerical Solution of Stochastic Di�erential Equations�
Berlin Heidelberg New York� Springer�Verlag� �����

	� O� �� Kul�qicki�� D� F� Kuznecov� Razlo�enie processov Ito v r�d

Te�lora�Ito v okrestnosti fiksirovannogo momenta vremeni� VINI�
TI� 	���� No� 
����V���

�� O� �� Kul�qicki�� D� F� Kuznecov� Approksimaci� kratnyh stohasti�

qeskih integralov Ito� VINITI� 	���� No� 	����V���
�� O� �� Kul�qicki�� D� F� Kuznecov� Povtornye stohastiqeskie inte�

graly i ih svo�stva� VINITI� 	���� No� �����V���
�
� O� �� Kul�qicki�� D� F� Kuznecov� Obobwenie razlo�eni� Te�lora

na klass sluqa�nyh processov� poro�dennyh rexeni�mi stohastiqeskih

differencial�nyh uravneni� Ito� VINITI� 	���� No� �����V���
��� D� F� Kuznecov� Metod razlo�eni� i approksimacii povtornyh sto�

hastiqeskih integralov Stratonoviqa� osnovanny� na kratnyh r�dah

Fur�e po polnym ortonormirovannym sistemam funkci�� �lektronny�
�urnal� Differencial�nye uravneni� i processy upravleni�� 	����
No� 	�

Kulchitski O� Yu�� Kuznetsov D� F� The uni�ed Taylor�Ito Expansion�
The problem of the Taylor�Bnj expansion of Ito processes in vicinity

of a �zed moment of the time is considered� The Taylor�Ito expansion�
which is known in a literature is transformed to the uni�ed Taylor�Ito
expansion using the system of the special repeated stohastic Ito integrals
with polynomial weight functions� The uni�ed Taylor�Ito expansion in�
clude a smaller number of di�erent types of repeated stohastic integrals�
than the Taylor�Ito expansion� which is known in a literature� There are
the recurrent relations between the coe�cients of the uni�ed Taylor�Ito
expansion� Therefore the uni�ed Taylor�Ito expansion is more convenient
for synthesis of algorithms of numerical solution of stochastic di�erential
Ito equations�
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