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1. (€2, F,P) — is a probability space;

2. W, = {Wzgl), L ,ng)}, s € |0,T] — is Fy-measurable
for all ¢ € [0, T] Wiener process with independent components;

3. W\ &y (time).
Let’s analyze the Ito Stochastic differential equation (SDE):

¢ m 1 .
Xy =Xo+ [ AX,, s)ds+ > [ Bi(X,, $) AW X, =X(0,w),
0 =10

(1)
where A, By, ..., By - R" x [0,T] — R" satisfy the standard
conditions of existence and uniqueness of strong solution X; €

R" of SDE (1); Xy and Wy — Wy(t > 0) — are independent.

From iterative application of Ito formula we have:
X Xt -+ Z B Xt; /dW + A Xt7 /dT‘|‘
i=1 t

+ 3 GiB(X1 V[ [ AW aw )+
i,J tt

+ 2 (GA X, t) [ [ AW dr + LBy(X,,t ]S/TdeWf))Jr
t i t i

s T 0
GiG;Bi(Xy,t) [ [ [dAWWaWPaW ) + . wp.1,
ttt
(2)

m
+ X
k=

i,5,k=1

where s > t and L, G; — are differential operators.
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The expansion (2) can be rewritten in terms of multiple

Stratonovich stochastic integrals.

S0, our goal is mean-square approximation of multiple Ito and
Stratonovich stochastic integrals in the form:

r 7 (1) (i)
[rlte) .. [r(t)dWED ..aW P,

i s (i1 (1)
| Ui(te) - .. t/ Yi(t)dWy V. dW Y,

where

1. Y1(7), ..., ¥x(7) — are continuous or smooth functions

at the interval [t, T';
T . .
2. [ — s [to stochastic integral;

x . . ..
3. [ —s Stratonovich stochastic integral;

4.91,...,55=0,1,....m.



1. EXPANSION OF

MULTIPLE ITO

STOCHASTIC INTEGRALS

(Main Theorem)

[1] Kuznetsov D.F. Numerical Integration of
Stochastic Differential Equations. 2 (In Russian).
2006, 764 pp. S.-Petersburg: Polytechnical Univer-
sity Press. ISBN: 5-7422-1191-0.

Available at (Free):

http://www.math.spbu.ru/diffjournal /pdf/kuznetsov_book3.pdf

http://www.math.spbu.ru/diffjournal /pdf/kuznetsov_book2.pdf
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Denotations

1. ¢¥1(7), ..., ¥r(T) — are continuous functions at [¢, T.

2. K(tr, ... t) =

Vi(ty) . p(ty), t<ti <...<tp<T
- = L2([t7T]k)
0, otherwise

3. Cj= [ K(t1,....te)d;,(t1) ... ;. (tk)dt1 ... dty

[t 7]

— 1s a Fouriler coefficient.

4. {¢j(r)}32y — is a full orthonormal system of continuous
functions in the space Lao([t, T).

S.t=1<...<1m7w=T1T, ANZOS%%{_1|TJ'+1_TJ —
0if N = oo.

6. N;inq(0,1) —is an independent standard Gaussian random
values.

7. 1.i.m. — is a limit in mean-square.



Theorem 1 ([1], Kuznetsov D.F.) Assume, that:
L. 1(7), ..., U(T) — are continuous functions at [t,T].

2. {¢j(x)}329 — is a full orthonormal system of continu-
ous functions in the space Lo([t,T]).

Then the multiple [to stochastic integral
/zpk (t) - /zpl (t)dWY . W

k

15 expanded in the multzple sertes converging in the mean-
square sense

T to i) -
t/lbk(tk) . -t/%(h)dwtll L AWEE =

k

{1 (i) (k) _

= lim. > . Z C]k J1( g1t Sk

P1y--Pk—0 41 =0 ]k =0

—lim. > a ¢j1<Tl1)AW ¢]k(le)AW( ))7

le

where Gy = Hy\Ly;
Hk:{(ll,...,lk)l ll,...,lkZO, 1,...,N—1},

Lk:{(ll,...,lk>2 ll,...,lk:O, 1,...,N—1;
lg#l’r(g#r)) g,?":].,...,k};



Particular cases of the theorem 1 (k=1, 2, 3, 4):
T () _ (i1)
t/¢1(t1)th11 = X GGy

1=

to

/ () w2 (i1) (i2)
[a(ts) [ r(0)dW iAW" = > O (G-

J1 572
t J1,J2=0

—1 i —i20} L (ji=o})

/¢3 t;). /zpl L)WY AW =

— Z OJ3J2J1< 3(1 Y ](;2) J('3 ) — 1{’i1:'i27é0}1{j1=j2}cj(';3)_
J1,J2,J3=0

(in) i
~14ipminz0y Linmint O = Liinmigroy Liimin} ),

T 15

[iatts).. / Dal) WS W)
J1see-J4=

1{11 22#0}1{11 JQ}CJ J4 - 1{21 23750}1{]1—93}CJ
1{21 24750}1{31 34}CJ2 Js)

J4
Liip— 23750}1{32—.73}CJ .74)
Lo Lz GG = Ligmiaroy Lismin G G+
T =0y L=y Laz=iaz20} Lgs=jy +

L6 =i3200 L {i=js) Lio=iazt0} L go=a)

1 {i1=i20) L=} L im0} L omi})
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2. EXPANSION OF
MULTIPLE STRATONOVICH

STOCHASTIC INTEGRALS
(Theorems for integrals of 2-4 multiplicity)

[2] Dmitriy F. Kuznetsov. Multiple Stochastic Ito
and Stratonovich Integrals and Multiple Fourier Se-
rieses (In Russian). Electronic Journal ”Differen-
tial Equations and Control Processes” (ISSN 1817-
2172). N3. 2010. 257 pp.

[3] Dmitriy F. Kuznetsov. Strong Approximation
of Multiple Ito and Stratonovich Stochastic Inte-
grals: Multiple Fourier Series Approach. 2-nd Edi-
tion (In English). 2011, 284 pp. S.-Petersburg: Poly-
technical University Publishing House. ISBN: 978-
5-7422-3162-2.

[4] Kuznetsov D.F. Stochastic Differential Equa-
tions: Theory and Practice of Numerical Solution.
With MATLAB Programs. 5-th Edition. (In Rus-
sian). Electronic Journal ”Differential Equations
and Control Processes” (ISSN 1817-2172). N2. 2017.
1000 pp.

Available at (Free):

http://www.math.spbu.ru/diffjournal /pdf/kuznetsov_book3.pdf

http://www.math.spbu.ru/diffjournal /pdf/kuznetsov_book2.pdf

9



Theorem 2 ([2, 3, 4] Kuznetsov D.F.) Assume, that
the following conditions are met:

1. The function ¥y(T) is continuously differentiated at the
interval [t,T) and the function ¥1(T) is two times continu-
ously differentiated at the interval [t,T)].

2. {¢;(x)}329 — is a full orthonormal system of Legen-
dre polynomuals or system of trigonometric functions in the
space Lo(|t,TY).

Then, the multiple Stratonovich stochastic integral of the
second multiplicity s expanded into the converging in the
mean-square sense multiple series

w1 *t9

[ lta)] Wy (t) AWV AW =

. p1 P2 i
— l.l.rg. Z Z Cliajy _71) 3(22)
(21,72 = 1,...,m), where the meaning of notations intro-

duced 1n the formulations of theorem 1 is remained.
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Theorem 3 ([2, 3, 4] Kuznetsov D.F.) Assume,
that {¢;(x)}52q — s a full orthonormal system of Legen-
dre polynomials in the space Lo([t,T]). Then, for multiple
Stratonovich stochastic integral of 3rd multiplicity the fol-
lowing converging in the mean-square sense expansion

*1' xt3 *tg

[(E—ta)] (t—t2)"] (¢ — 1) AW AW D W) =

b1 P2 D3 i i
= lim. IDRED DD CJ3J231 91) 7(22) 3(33)

pl,pQ,p3—>OO jl 0]2 0j3 0

(21,992,723 = 1,...,m) is reasonable for each of the following
cases:

.7:1#7;2, 7;2%7;3, ’1:17&’1:3&72,dl1, lz, l3:O, 1, 2,...;

.ilzig#igandllzlg#lgClndll, lg, l3:0, 1, 2,...;
.il#igzigandll#lgzlgandll, lz, l3:O, 1, 2,...;
.il,i2,i3:1,...,m;l1:l2=l3=landl:O, 1, 2,...,

B~ QO DN —

where

Cj3j2j1 —

~

S1

= [(t — 5)B3¢;,(s) z/ (t — 51)2¢),(51) [(t — 59)1¢;, (52)ds2ds1ds.

t

H-\
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In [2, 3, 4] (Kuznetsov D.F.) also the variant of case 4
(1,99,723 = 1,...,m; Iy = ly = I3 = 0) from the theorem 3
for trigonometric functions is proven.

Theorem 4 ([3, 4] Kuznetsov D.F.) Assume, that
{¢j(z)}32y — is a full orthonormal system of Legendre poly-
nomials or trigonometric functions in the space Lso([t,T)),
function 1o(s) — is continuously differentiated at the inter-
val [t, T and functions ¥1(s),v¥s(s) — are two times contin-
uously differentiated at the interval [t,T).

Then, for multiple Stratonovich stochastic integral of 3rd
multiplicity the following converging in the mean-square
Sense erpansion

*1 xt3 D) (i1)
1

K t3/ s t2/ 1 (t)dW VAW D dW s =

t

(i1) +(i2) »(i3)

= Lim. Z C; -
ARSI jajeiSa Sga Sis
P00 §1,42,73=0
(41,149,723 = 1,...,m)is reasonable, where
Oj3j2j1 —

|

V3(8) s () 1t/S Va(51)Pjy (1) 21¢1(82)¢j1(82)d82d51ds.
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Theorem 5 ([2, 3, 4] Kuznetsov D.F.). Assume, that
{9j(z)}320 — is a full orthonormal system of Legendre poly-
nomials or trigonometric functions in the space Lo([t,T]).

Then, for multiple Stratonovich stochastic integral of 4th
multiplicity the following converging in the mean-square
Sense erpansion

1" xty xt3 xto ) ) ) )
[ dwgil)dwgﬁdw(%)dwézlﬁ _

i3
t t t t

—lim. Y G (i1) »(i2) »(i3) (i)

L e 4739291571 Sj2 Sj3 Sia
P=0 j1,59,53,44=0
(¢1,1%92,%3,54 = 0,1,...,m) is reasonable, where

Cligjsjais =

—[61(9) [ 8a(51) [ @5(s2) [ dn (s0)dsadsadsnds
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3. EXACT AND ESTIMATE
CALCULATION OF
MEAN-SQUARE ERRORS OF
APPROXIMATIONS
BASED ON THEOREM 1

[4] Kuznetsov D.F. Stochastic Differential Equa-
tions: Theory and Practice of Numerical Solution.
With MATLAB Programs. 5-th Edition. (In Rus-
sian). Electronic Journal ”Differential Equations
and Control Processes” (ISSN 1817-2172). N2. 2017.
1000 pp.

[5] Dmitriy F. Kuznetsov. Multiple Ito and
Stratonovich Stochastic Integrals: Fourier-Legendre
and Triginometric Expansions, Approximations,
Formulas. (In English). Electronic Journal ”Dif-

ferential Equations and Control Processes” (ISSN
1817-2172). N1. 2017. 385 pp.

Available at (Free):

http://www.math.spbu.ru/diffjournal /pdf/kuznetsov_book3.pdf

http://www.math.spbu.ru/diffjournal /pdf/kuznetsov_book2.pdf
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Denotations

1. Y1(7), ..., ¥p(T) — are continuous functions at |t,T).
2. K(ty,... ty) =

Vit . p(ty), t<ti<...<tp<T

= c Ly([t, T]").
0, otherwise

3. Cj. = /kK(tl,...,tk)g/)jl(tl)...¢jk(tk)dt1...dtk
7]

— 1s a Fourier coefficient.

4. {¢j(x)}32y — is a full orthonormal system of continu-
ous functions in the space Lo([t,T]).

S.t=m <..<7y =T, Ay = max [rn—7]—=
0 N — o0.

6. N;ng(0,1) — is an independent standard Gaussian ran-
dom values.

7. C](i) = 7L{Tqu(s)alwgi) ~ Nina(0,1) for various i or j (if
i % 0).
8. =

Zay summation according to derangements.
J15--30k
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Theorem 6 ([4], Kuznetsov D.F.) Assume, that:
L. 1(7), ..., ¥(T) — are continuous functions at [t,T].

2. {¢;(x)}529 — 1s a full orthonormal system of continu-
ous functions in the space Lo([t,T]).

3. %1,...,0,=1,...,m.
Then

M{(J[¢<k>]T,t—J[zb(k)]%,t)?}: [ K*(ty,... tp)dty ... dt—

[t 7]

o .Z Z C]k g1 X
J1=0 ]k =0

k

T .
x M {J[w(k)]T,t( 3 t/quk tk /Qbﬂ tl dWﬁ ) . dwgzk) ,

T W, = fm(m () AW L aw ),

p P ; .
J[@b(k)}%t B z—: o 2_: Cjk---jl( 9(11) T J(kk)_
J1=0 Jr=0

—lim. X ¢ (n) AW g (n,) AW )

N—0o (Iy,...1z)€Cy 1 "l

(approximation based on theorem 1)
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Corrolary 1. If i1,...,1. — are patrwise different, then

= [ Kty,... t)dt...dtp— > ... ¥ 2

. . JkeJ1°
[t,T]F =0 =0 ¥

Corrolary 2. If 11 = ... =1, then

[t 7]
p p

2. 2 Cjy --.7'1( > Cjy 31)
=0 j;=0 (J15---2Jk)

= [ KXty b, ts)dtydtodts — 3. C2

[t, T3 J3rjag1=0 T3

D
— X Cy15Csnin-

J3,J2,J1=0
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Case of 4th multiplicity. Example (i1 = iy # i3 = i4).

M (T W] — T ,) ) =

= [ K*(ti,...,t)dt; ... dt,—
T

[t, T4
p
= Y Cigpil X (X Ciyaisir))-
91,J2,73,J4=0 (73,54) (J1,J2)

Case of 5th multiplicity. Example (i; = iy = i5 #
is = i4).

M {(J[¢(5)]T,t — J[¢(5)]Z%,t)2} =
=/
[t,T]

— 0y Cals (s Cu)

J15--,J5=0 (43.54) (J1,92:75)

K*(t1, ..., t5)dty ... dts—
)

18



Mean-Square Estimates for the Cases ¢;,...,i; =

l,....moriy,....,5;=0,1,....m (T —t<1).

_k;E/ K2tr,... te)dty . .dty— 5 ... % C2 ]1),

t,T]k J1=0 ]k =0

<l€!(/ K2(t17--->tk)dt1---dtk_. % OCJZk---h)’

t’T}k J1s--4 Jk=

where
b1 i
J[w(k)]%%---,pk = 2 . Z C]k ]1( 1(1 2 e ](kk)_
71=0 ]k 0

—lim. ¥ qﬁﬂ(nl)AW 5 (T, ) AW )

N—oo (Iy,...1z)€Cy "l
(approximation based on theorem 1)
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4. MEAN-SQUARE APPROXIMATION
OF CONCRETE MULTIPLE
ITO AND STRATONOVICH
STOCHASTIC INTEGRALS.
CASES OF LEGENDRE POLYNOMIALS
AND TRIGONOMETRIC FUNCTIONS

[4] Kuznetsov D.F. Stochastic Differential Equa-
tions: Theory and Practice of Numerical Solution.
With MATLAB Programs. 5-th Edition. (In Rus-
sian). Electronic Journal ”Differential Equations
and Control Processes” (ISSN 1817-2172). N2. 2017.
1000 pp.

[5] Dmitriy F. Kuznetsov. Multiple Ito and
Stratonovich Stochastic Integrals: Fourier-Legendre
and Triginometric Expansions, Approximations,
Formulas. (In English). Electronic Journal ”Dif-

ferential Equations and Control Processes” (ISSN
1817-2172). N1. 2017. 385 pp.

Available at (Free):

http://www.math.spbu.ru/diffjournal /pdf/kuznetsov_book3.pdf
http://www.math.spbu.ru/diffjournal /pdf/kuznetsov_book2.pdf
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Denotations

(i1.ip) T+ l v l (i1) (%)
[ll---lkT,t — t/(t - tk) k .o t/(t —_ tl) 1th1 “ . thk 3
winig)  F L L o (i) (ix)

I, ng/; — t/ (t —tg)% .. t/ (t —t1)" dWy" ... dW ",

For example:

T .
5 = / dWY,

~

I{Tz :t/(t—t AW,
*x1' st
Ip? = [] dW w2,
*x1 o
I =/ (t- t)dW VW),

1 xt3 xto

Ipgoe2 = t/ t/ [ AW aW P aw ().
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Case of Legendre Polynomials

1§ = VT — 1",

. T —)%2( V3 1
7lin) ( (i1) (i1) (i1)
2 (Co T G+ 2\/5@ ;

Tt 3
Iogr,"
L=t i ; L i) ~(0 i1) (4
= T [C(() 1)C(() 2) + z‘§1 7 { i(—ll)Ci( 2) _ Cz'( 1)@(_2%}] 7
o I =t px(ini (T —t)? is) (i
]1(ng,t2)q I Io(ng,tQ)q S [\/§C0 2 d )y
(i + DA - (@ +2)¢P ¢ N (i)l
i=0 V(20 + 1)(22 +5)(21 + 3) (26 — 1)(2¢ + 3)

(4172) x(irin)g\ 2| (T_t)2 1 q 1
M{<]0° = Joor, >}_ o L A _1)

O7 ¢ Tt

:(T—t)4(5 oL 1 1

M {<[1 (4192) 115112‘2)61)2} _

16 9 i§2 432 — 1 zzl (20 — 1)%(2¢ + 3)2_
¢ (i+2)24(i+1) )

=0 (26 4 1)(2¢ + 5)(2¢ + 3)?
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Coefficients Cy;y,

Flof1 234 |5]|6
o s |-2| 2] 0| 0]0] O
1lo|2|-2|&=]0]0]|O
2| ~%5| 15 | 5 |~ |35 | O | O
31 0 | =% % | 515 | | ges| 0
410 10 |=55] & | @ |~u0| owr
s5lofo] 0 |- 2 |4 -3
6 00| 0| 0 |—55| 15 | 5z

(1) ~(i2) ~(i3)

*(112213)q
[0( = Z 0939291 71 Sj2 Sis

00 =
LT da,93=0

(il,ig,igzl,...,m)

ijz' _ \/(2Z 1)(2] )(Qk + 1)(T . t)3/2ékji7

8
_ 1 z Yy
Crji = | Pe(z) | Pi(y) | Pix)dzdydz,
1 1 1

Pi(x); i =0, 1, 2,... — Legendre polynomials.
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Trigonometric Case (More Complex Formulas)
I = VT =",

l(h) 1 ( (1) )
3C0 +\/§7r = 2l + Bq/i

1 g 1 (1) i
7w L S VA

i) = (T — 1) {

Tt

1 ¢

191 ]- 1 7 ].
[oéﬁtl)q—§( — 1) {ColC 2 +7TE17“{ S — Ghe?

f (CQ’I" 1 0 COZl 2r 1)} + f\/a_q <§(521)C(()22) T C(()Zl)géw))

i L) 1 i i
RS = (7 17 (6Pl - S el +

1 / 9 i9) ~(11) i1) ~(12)
—|—ﬁ Bq( ,LL512)C01 _,LL((Jl)CO2>+
1 q

ﬁr 1{— {C2r 160" — \szr 1G5 \[Cz el 1}

+7T21T2( ¢Sl oglielin) 2\[C2r 1y — 2\[< o )]

1 q 1 (i1)
+§ klzllg 2 { o 21 - —C2k 1 21 1]
.y
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where

5 — 2. — 2r—1s
T Qg =gt
2 % 1
Qg = — — —
K 6 r=172

C(()Z)a C2(:’)7 CQ(:")—la géz)) Méz) ~ Nznd(07 ]-)

r=1,...,q;1=1,...,m; 11,19,23=1,...,m.
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5. COMPARISON WITH
G.N.MILSTEIN
METHOD OF STRONG
APPROXIMATION
OF MULTIPLE
ITO AND STRATONOVICH
STOCHASTIC
INTEGRALS

[6] Milstein G.N. Numerical Integration of
Stochastic Differential Equations. (In Russian).
Sverdlovsk: Ural University Publ., 1988. 224 pp.

[7] Kloeden P.E., Platen E., Wright I.W. The ap-
proximation of multiple stochastic integrals. Stoch.
Anal. Appl. 10: 4 (1992), 431-441.

8] Kloeden P.E., Platen E. Numerical solution
of stochastic differential equations. Berlin, Springer-
Verlag Publ., 1992. 632 pp.
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The Idea of G.N.Milstein Method

Let’s analyze the Brownian bridge process

)b e (i :
W,ELKW(A), te[0,A, A>0i=1,...,m. (3)

Let’s consider the expansion of (3) into the trigonometric
Fourier series converging in the mean-square sense

; t ; 1 00 2mrt . 2mrt
Wg ) _ KW(A) — 50,2-,0 + El (ai,rcosA + bi,rsm A ) : (4)
2 4 : S : 27rs
o (1) _ 2 W)
Qi Ao/ (Ws AWA)COS A ds,
2 4 A S (i) . 2TTS
bir = Al (Wg) — KW(A)> sin— ds; =0, 1,...
According to (4):
i i)p 1 2mrt . 2wt
W,E) ~ Wg) W(A)A+ azo+ Z (ai,rcosA + b; psin A )
(5)
Then |7, §):
FPaw i) o P W) (i)
/.. /th AWRE [ AW AW PR
t t t
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Disadvantages of G.N.Milsten method in compar-
ison with the method, based on the theorem 1 [1-5]
(D.F.Kuznetsov).

I. There is no obvious formula for calculation of
expansion coefficients of multiple stochastic inte-
grals.

II. Practically impossible to calculate exactly the
mean-square errors of approximations of multiple
stochastic integrals. It is possible only in simplest
cases.

II1. The basis functions is only trigonometric func-
tions.

IV. G.N.Milstein method leads to repeated series
(in contrast with multiple series taken from theorem
1 [1-5]) starting at least from the 3rd multiplicity of
multiple stochastic integral:

P1 Pk

lim. Y ... Y in the theorem 1
P1y--Pk™70 4, =0 71=0

im $ ... lim % in G.N.Milstein method
=0 PE0 =0

So, expansions from the theorem 1 [1-5] converges
under condition
p1=...=py=p—> 00, (6)
but expansions from G.N.Milstein method may not
converges under condition (6).
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