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Let J[¢)®)]7; be a multiple Ito stochastic integral:

T to

T = [oelt) . [oalt)awi) . awil),
t t
where every ¢;() (I = 1,...,k) is a continuous function on [t,T]; w{) =£f® fori=1,...,m
and w{® = 7; f, is a standard m-dimensional Wiener stochastic process with independent
components £ (i =1,...,m); i,...,i =0, 1,...,m.

Define the following function on a hypercube [t, T]* :

(1) - (b)), t1 < ...<tg
K(tl,...,tk): ;tl,...,tkE[t,T];kZQ,
0, unade

and
K(t1) = i(t); t € [t, T

Suppose that {@;(x)} 2, is a complete orthonormal system of functions in Ly([t,77]). The

function K (ti,...,1) is sectionally continuous in the hypercube [t, T]*. At this situation it
is well known, that the multiple Fourier series of K (ti,...,t;) € Lo([t, T]¥) is converging to
K(ti,...,t) in the hypercube [t, T]* in the mean-square sense, i.e.
P1 Pk k
ST UNRRARD SRR ooy | EA0) R
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where \
Cjkjl == / K(tl,...,tk) H¢jl(tl)dtl .. .dtk, (1)
Ak =
I£1* = / fPs o ty)dty . dty
[t TT*
Consider the partition {7;}X, of [¢,T] such that
t:T0<...<TN:T, AN: max ATj—)OifN—)OO, ATJ’:TJ’_H—T]'. (2)

0<j<N-1
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Theorem 1 (see [1], [2] - [9]). Suppose that every () (I =1,...,k) is a continuous on
[t,T] function and {¢;(x)}52, is a complete orthonormal system of continuous functions in
Ly([t, T)). Then
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1yeen —00
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where

gk:%k\ﬁk; Hk:{(ll,...,lk)l ll,...,lk:O, 1,...,N—1};
Lr={(,.. ;) b,....; =0, 1,...,N=1; l;#l (g#7r); gr=1,...,k};

Li.m. is a limit in the mean-square sense; i1,...,1, = 0,1,...,m; every
T
¢ = [ oils)awl?
t

1s a standard Gaussian random variable for various i or j (zfz # 0); Cj,..jr is the Fourier
coefficient (1); AW(Z) = %)ﬂ — wg) (1=0, 1,...,m); {Tj}jlzo is a partition of [t,T], which
satisfies the condztwn (2).

It was shown in [2] - [9] that theorem 1 is valid for convergence in the mean of degree
2n, n € N.

In order to evaluate significance of the theorem 1 for practice we will demonstrate its

transformed particular cases for k =1,...,6:

J$W)r, = Lim, Z C Y, (4)
J[’lﬁ( )]Tt = pll ;;_I)loo Z Z Chh( 71 Cjz g 1{11 12750}1{]1 J2}) (5)
Jj1=032=0
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—ig=is 20} L{jo=js} L{ir=ia0} L (j1 =ja} L {in=is 0} L (jo=3s}
—Liig=is 20} L {jo=js} L{i1 =in£0} L (1 =jo} L{iz=ia£0} 1 {ja=ja}

—Lfig=is 20} Ljo=js} L{in=is 0} L (j1=3s} 1{i2—i4¢0}1{j2:j4}> : (9)

where 14 is the indicator of the set A.

Note, that rightness of formulas (4) — (9) can be verified by the fact, that if i; = ... =
ig =1 =1,...,m and ¥(s),...,%s(s) = 9¥(s), then we can deduce (see [1], [2] - [9]) the
following well known classical equalities which are right with probability 1:

1
J[/l/J(l)]T,t = FdT,ta
1
Ty = 5 (67 — Ary)

1
Ty = 5 (07 = 30r4A1y)
O] = = (84, — 652 Ay + 3A2,)
T = 41 \OTt Tt=Tht Tt)»
1
J[]r, = 5! (5% - 105%,tAT¢ + 155T’tA%’t) ’

1
T ke = g (00 — 1607, Az, + 4507, A%, — 154, )
where

T T
ora = [V(5)dD, Ay = [(s)ds,
t t

which can be independently obtained using the Ito formula and Hermite polynomials [10].
Let’s generalize formulas (4) — (9) for the case of any arbitrary multiplicity of J[¢)®)] ;.
In order to do it we will introduce several denotations.
Let’s examine the unregulated set {1,2,...,k} and separate it up in two parts: the first
part consists of r unordered pairs (sequence order of these pairs is also unimportant) and
the second one — of the remains k£ — 2r numbers.

So, we have:
({:[91, g2} {g2r—1, g2r];}, {fh, . ,Qk—21;}), (10)
pa;t 1 pa;ju 2
where {g1,92, -, 92r—1,92r, G15 - - - Gr—2r} = {1,2,...,k}, curly braces mean unordered set,

and the round braces mean ordered set.
Let’s call (10) as partition and examine the sum using all possible partitions:

Z Qg1 92,sg2r—192r,q1--- Q27 * (11)

({{91-92}>---{92r—1,92r }}:{a1:- a0k -2+ 1)
{91,925--92r—1,92r 91 >-- 9k — 2, }={1,2,....k}

Let’s give an example of sums in the form (11):

Z Qgi9, = Q12,

({91,92})
{91,92}={1,2}



Z Qg1 gagags — 01234 T Q1324 + Go314,

({{91-92},{93,94}})
{91,92,93,94}={1,2,3,4}

Z Qg192,q1q2 = (12,34 + Q1324 + Q14,23 + 023,14 + Q24,13 + A34,12,

({91-92}:{a1,92})
{91,92,91,92}={1,2,3,4}

Z Ggyg2,q1q2q5 — 012,345 T 013,245 + Q14,235 + G15234 + Q23,145 + G24,135+

({91.92}.{a1.92.93})
{91,92,91,92,93}={1,2,3,4,5}

+a95,134 + Q34,125 + 435,124 + 45,123,

Z Qg192,9394,q1 — 012,345 T Q13245 + Q14,235 + Q12354 + G13254 + G1523 4+

({{91-92}:{93,94}},{a1})
{91.92.93,94,01}={1,2,3,4,5}

+a12543 + A1524,3 T G14253 T Q15342 + Q13542 + Q14,532 + A52,34,1 + A53 24,1 + A54231-

Now we can formulate the theorem 1 (formula (3)) using alternative and more comfortable
form.

Theorem 2 (see (2] - [9]). In conditions of the theorem 1 the following converging in the
mean-square SEnse erpansion is valid:

J[¢(k)]T,t = l Lm, Z Z Ciy i (H C]Zl)-i-

Jk=

[k/2] k—2r i
+ Z Z H {igy, 1= tgy, 7’50} {Jog, 1= Jog, } H CJ N ) )

({{91,92}:--{92r —1,927 }}:{a1 -0 —2,}) S=1
{91:925--:927 - 1,927,491 >-- 9 — 2, }={1,2,...,k}

In particular from (12) if £ = 5 we obtain:

J[w(S)]T,t = Z 035 J1 (H Cj”) Z 1{"91: Z92;’&0}1{791_ Jgy } H Cqul +

J1y-J5=0 ({91-92}:{91,92,93})
{91,92,91,92,93}={1,2,3,4,5}

(Zq1)
+ Z 1{i91: i92 750}1{-791: j92}1{i93: i94#0}1{j!]3: j94 C.]th
({{91,92}-{93,94}}.,{a1})
{91,92,93,94,91}={1,2,3,4,5}

The last equality obviously agree with (8).
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